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PREFACE 

The object of this book is to introduce the three main uses of 
group theory in quantum mechanics, which are: firstly, to label 
energy levels and the corresponding eigenstates; secondly, to discuss 
qualitatively the splitting of energy levels as one starts from an 
approximate Hamiltonian and adds correction terms; and thirdly, 
to aid in the evaluation of matrix elements of all kinds, and in 
particular to provide general selection rules for the non-zero ones. 
The theme is to show how all this is achieved by considering the 
symmetry properties of the Hamiltonian and the way in which 
these symmetries are reflected in the wave functions. In Chapter I 
the necessary mathematical concepts are introduced in as elemen- 
tary and illustrative a manner as possible, with the proofs of some of 
the fundamental theorems being relegated to an appendix. The 
three uses of group theory above are illustrated in detail in Chapter 
II by a fairly quick run through the theory of atomic energy levels 
and transitions. This topic is particularly suitable for illustrative 
purposes, because most of the results are familiar from the usual 
vector model of the atom but are derived here in a rigorous and 
precise way. Also most of it, e.g. the introduction of spin functions 
and the exclusion principle, is fundamental to all the later more 
advanced topics. Chapter III is a repository for the theory of group 
characters, the crystallographic point-groups and minor points 
required in some of the later applications. Thus, after selected 
readings from chapter III according to his field of interest, the 
reader is ready to jump immediately to any of the applications of 
the theory covered in later chapters, namely: further topics in the 
theory of atomic energy levels (Chapter IV), the electronic structure 
and vibrations of molecules (Chapter V), solid state physics (Chap- 
ter VI), nuclear physics (Chapter VII), and relativistic quantum 
mechanics (Chapter VIII). 

The level of the text is that of a course for research students in 
physics and chemistry, such as is now offered in many Universities. 
A previous course in quantum theory, based on a text such as 
Schiff Quantum Mechanics, is assumed, but the matrix algebra 
required is included as an appendix. In selecting the material for 
the applications in various branches of physics and chemistry in 
Chapters IV to VIII, I have restricted myself as far as possible to 
topics satisfying three criteria: (i) the topics should be simple 
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applications that illustrate basic principles, rather than complicated 
examples designed to overawe the reader with the power of group 
theory; (ii) the material should be intrinsically interesting and of 
the sort that is suitable for inclusion in a general course of advanced 
quantum mechanics; and (iii) topics must not involve too much 
specialized background knowledge of particular branches of physics. 
The view adopted throughout is that group theory is not just a 
specialized tool for solving a few of the more difficult and intricate 
problems in quantum theory. In advanced quantum mechanics 
practically all general statements that can be made about a com- 
plicated system depend on its symmetry properties, and the use of 
group representations is just a systematic, unified way of thinking 
about and exploiting these symmetries. For this reason I have not 
hesitated to include simple results for which one could easily produce 
ad hoc proofs from first principles: indeed, it must always remain 
true that the use of group theory could be circumvented by detailed 
algebraic considerations on almost all occasions. However, the 
author is convinced that the essential ideas of group theory are 
sufficiently simple to make the time spent on acquiring this way of 
thinking well worth while. 

A series of examples is appended to each section. Some of these 
are simple drill in the concepts introduced in the section; others, 
particularly in later chapters, indicate extensions of the theory and 
further applications. Those marked with an asterisk are more 
difficult or require additional reading, and are often suitable as 
topics for review essays (alias term papers). 

With the three criteria for selection mentioned above, it has 
of course been quite impossible to do real justice to any of the 
applications to various branches of physics and chemistry that are 
touched on in Chapters IV to VIII. This appears to me unavoidable 
because of the amount of background knowledge required for many 
applications. It merely highlights the fact that in each of these 
specialized subjects there is a need for a monograph which uses 
group theory from the beginning as naturally and as freely as the 
Schrodinger equation itself. In this field the chemists have already 
led the way,f and the author hopes that the present book may 
hasten the day when the same applies in physics by providing a 
convenient basic reference text. 

It is a pleasure to acknowledge my indebtedness to Professor 
B. L. Van der Waerden whose elegant book first inspired my interest 
in this subject. Also I am very grateful to Dr. S. F. Boys, 

t See Eyring, Walter and Kimball (1944) Quantum Chemistry; and Wilson, 
Decius and Cross (1955) Molecular Vibrations. 
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NOTATION 

Note: e is taken as the charge on the proton: all angular momentum 
operators such as L = (L x , L y , L z ) have the dimensions of angular 
momentum and thus contain a factor % (except in § 18), whereas 
the quantum numbers L, M L , etc., are of course pure numbers. 



Chapter I 

SYMMETRY TRANSFORMATIONS IN 
QUANTUM MECHANICS 

1. The Uses of Symmetry Properties 

Although this book has been titled "Introduction to the Present 
Use of Group Theory in Quantum Mechanics" in accordance with 
customary usage, a rather more descriptive title would have been 
"The Consequences of Symmetry in Quantum Mechanics". The fact 
that these symmetry properties form what mathematicians have 
termed "groups" is really incidental from a physicist's point of view, 
though it is vital to the mathematical form of the theory. It is in 
fact the symmetries of quantum mechanical systems that we shall 
be interested in. 

The following three simple examples illustrate in a preliminary 
way what is meant by symmetry properties and what their main 
consequences are. 

(i) It can be shown that the wave functions if/fa, r 2 ) (without 
spin) of a helium atom are of two types, symmetric and anti- 
symmetric, according to whether 

0(r 1( r 2 ) = 0(r 2 , r x ) or ^(r^ r 2 ) = -^(r 2 , r^, 

where r 1 and r 2 are the position vectors of the two electrons (Schiff 
1955, p. 234). The corresponding states of the atom are also referred 
to as symmetric and anti-symmetric. Thus the eigenfunctions 
turn out to have well denned symmetry properties which can there- 
fore be used in classifying and distinguishing all the different 
eigenstates. 

(ii) There are three 2p wave functions for a hydrogen atom, 

MP*) = *f(r), MPv)=yf(r), #^)=z/(r), (1.1) 

where f(r) is a particular function of r = |r| only (Schiff 1955, 
p. 85). Now in a free atom there are no special directions and we 
can choose and label the x-, y- and a-axes as we please, so that the 
three functions (1.1) must all correspond to the same energy level. 
If, however, we apply a magnetic field in some particular direction, 
the argument no longer holds, so that we may expect the energy 
level to be split into several different levels, up to three in number. 
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In this kind of way the symmetry properties of the eigenfunctions 
can determine the degeneracy of an energy level, and how such a 
degenerate level may split as a result of some additional perturbation, 
(hi) The probability that the outer electron of a sodium atom 
jumps from the state <p x to the state \fi z with the emission of radiation 
polarized in the re-direction is proportional to the square of 

00 00 00 

M= \ j i^x^dxdydz (1.2) 

— 00 — 00 — 00 

(Schiff 1955, p. 253). If the two states are the 4s and 3s ones, ^ 
and >/i 2 are functions of r only. To calculate M in this case, we 
make the change of variable x' = —x in (1.2) and obtain M = —M, 
i.e. M (4s, 3s) = 0. This transition probability is therefore deter- 
mined purely by symmetry. The situation is rather different when 
the transition probability is not zero. Suppose ^ and i/i z are the 
4p a and 3s wave functions xf x (r) and/ 2 (r). Then (1.2) becomes 



00 00 00 



M(4p x , 3s) = j J* jf,*(r) x*f 2 (r) dx dy dz. (1.3) 



— 00 — 00 — 00 



By making the change of variable x' = y, y' — x, the x 2 in (1.3) 
can be replaced by y 2 or similarly by z 2 . Thus by addition 

00 00 oo 

M(4p x , 3s) = J j j jA*(r) r 2 f 2 (r) dx dy dz. (1.4) 

— 00 —00 —00 

Similarly the probabilities for all possible transitions from any 4p 
state to the 3s state or vice versa, with the emission or absorption 
of radiation, polarized circularly or linearly in any direction, can be 
reduced to the integral occurring in (1.4), the simple numerical factor 
in front being determined purely by the particular direction and 
4kp state chosen. Symmetry properties thus establish the relative 
magnitudes of several matrix elements of the form (1.2), their 
absolute values being then determined by the value of one integral. 
This type of argument explains why the intensities of the various 
components of a composite spectral line are often observed to bear 
simple ratios to one another. 

These examples serve to illustrate what is generally true, namely 
that symmetry properties allow us to classify and label the eigen- 
states of a quantum mechanical system. They enable us to discuss 
qualitatively what splittings we may expect in a degenerate energy 
level under some perturbation. They help in calculating transition 
probabilities and other matrix elements, and, in particular, in setting 
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up selection rules stating when these quantities are zero. In the 
following sections we shall develop these kinds of symmetry argu- 
ment in a systematic fashion, and shall see how they can be used 
for the above three purposes in situations that are less elementary 
than the examples given above. 

The real importance of symmetry arguments in such situations 
lies in the fact that for systems of interest the Schrodinger equation 
is usually too complicated to be solved analytically or even numeri- 
cally without making gross approximations. For instance, for an 
atom with n electrons the equation contains 4w variables (including 
spin) which are not separable. However, the symmetry properties 
of the equation may be relatively simple, so that symmetry argu- 
ments can easily be applied to the problem. Another important 
point about symmetry arguments is that they are based on the 
symmetry of the Schrodinger equation itself, so that they do not 
involve approximations, in particular those used to obtain approxi- 
mate eigenfunctions of the equation. In fact the beauty of the 
method lies in the fact that, for instance, an n electron problem can 
often be treated as simply and as rigorously as a one electron prob- 
lem. At the present time the most spectacular illustrations of these 
two aspects of symmetry arguments occur in nuclear and funda- 
mental particle physics. The shell-model theory of the energy 
levels of nuclei has been developed, with selection rules for various 
transitions, etc., all without an exact knowledge of the interaction 
between two nucleons. Similarly it is possible to discuss tentatively 
the relationships between the various fundamental particles and 
give selection rules for transitions between them, which are based 
purely on symmetry ideas, such as spin, charge conjugation, isotopic 
spin and parity, without the slightest understanding of the field 
equations describing the interactions of all these particles. ' 

2. Expressing Symmetry Operations Mathematically 

Many of the symmetry properties that we shall be concerned with 
involve rotations, so that we shall start by considering how a 
physical operation such as rotating a system is expressed mathe- 
matically. 

Consider a body with a point P on it which has co-ordinates 
(x, y, z). If we rotate the body clockwise by an angle a (Fig. 1), 
i.e. we rotate by — a about the z-axis in the conventional sense, the 
point P moves to the position P'{X, Y, Z), where 

OA=OC = OB cos a — BP' sin a 

AP = CP' = OB sin a + BP' cos «, (2.1) 



4 
i.e. 
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z. 















(2.2) 



z 3 (*,/,/) 




P'U.^Z) 



Fig. 1. Rotation of a point P to P'. 

Here and elsewhere the x-, y- and z-axes are chosen to form a right- 
handed set. However, instead of rotating P, we can also consider 
the body and P as fixed, and refer all co-ordinates to a new pair of 
axes OX and OY which make an angle + a with Ox and Oy (Fig. 2). 




£ 

Fig. 2. Rotation of axes. 

We have analogously to (2.1) 

OE = OD cos a - DP sin a 
EP = 0D sin a + Z>P cos a, 

so that the co-ordinates (X, Y, Z) of P referred to the new axes 
are related to (x, y, z) again by (2.2). 

Thus the single transformation (2.2 ) can represent either the change 
in the co-ordinates of a point when we rotate a body by an angle 
— a, or the change in the co-ordinates of a fixed point when we 
rotate the co-ordinate axes by an angle +a. The close relationship 
between these two operations is directly evident from the similarity 
between Figs. 1 and 2. The two different points of view also arise 
when considering the symmetry properties of a physical system. 
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Consider for instance a perfectly round plate without any markings 
on it: we say it is symmetrical about a vertical axis through its 
centre, say the z-axis. We can express this more precisely by saying 
that if we rotate the plate about its axis, we cannot tell that we 
have rotated it because it is completely round with no markings on 
it. On the other hand we could also say that for a fixed position of 
the plate, the various physical properties such as moments of 
inertia associated with the x- and y-axes must be the same, no 
matter in what directions these axes are chosen. In this example 
the first approach is perhaps more natural, but when discussing the 
symmetry of the Schrodinger equation for a physical system we 
shall adopt the second point of view. Anticipating a little, we shall 
be considering a given equation and the forms it takes when expressed 
in terms of different variables like x, y, z and X, Y, Z which cor- 
respond to using different co-ordinate axes. There are two reasons 
for this choice. Firstly, the Schrodinger equation is a mathematical 
relation and not like a plate so that we cannot rotate it in quite 
the same sense, though we could, of course, write down the equation 
for the rotated physical system. Expressing an equation in terms of 
different sets of co-ordinates is a more familiar concept. Secondly, 
we shall be considering some transformations of co-ordinates that 
have no simple physical analogue. For instance, we can carry out a 
rotational transformation of spin co-ordinates without altering the 
position vectors rj of the electrons in an atom, but what does it 
mean physically to rotate an atom in spin space while holding it 
fixed in ordinary space? Nevertheless the transformations of 
co-ordinates which we shall apply to the Schrodinger equation will 
usually be suggested by and linked with the physical symmetry of 
the system in an obvious way. 

When discussing linear transformations of co-ordinates, it is 
convenient to refer to them by a single symbol such as T. For 
instance, we shall call the transformation (2.2) the transformation R, 
or because it corresponds to a rotation, the rotation R. If it is neces- 
sary to be specific about the angle of rotation, we shall call (2.2) 
the rotation R(x, z) of +a about the z-axis because this sign cor- 
responds to the change-of-axes point of view which we are adopting. 
We have already discussed in connection with Fig. 2 the effect of 
applying a transformation such as R on the co-ordinates of a point, 
and we shall now make the following preliminary definition of what 
it means to apply R(a, z) to a function of x, y, z. In § 5, reasons will 
appear for replacing this definition by a slightly enlarged concept. 
Applying the transformation R(a, z) (2.2) to a function f(x, y, z) 
means to substitute the expressions (2.2) for x, y, z in the function 
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and thus express f in terms of X, Y, Z. This results in a function of 
X, Y, Z which in general displays a different functional form from 
f(x, y, z). For instance applying R(x, z) to the function (x — y) 2 , 
we obtain 

(x — yY = [(X cos a — Y sin a) — (X sin a + Y cos a)] 2 

= [X(cos a — sin a) — 7(cos a + sin a)] 2 , (2.3) 

which is a different function of X, Y, Z. Similarly we can apply 
a transformation to each side of an equation. For instance the 
equation 

^(x-y)* = 2(x-y) (2.4) 

becomesf 

cos a ^ — sin a -y)[Z(cos a — sin a) — F(cos a + sin a)] 2 

= 2[X(cos a — sin a) — F(cos a + sin a)], (2.5) 
which is still a correct equation as can easily be verified. 

Problems 

2.1 Apply the transformation R(<x, z) (equation (2.2)) to each 
of the following functions: (a) exp x; (b) {x + iy)\ (c) a; 2 + y 2 + z 2 ; 
(d) xf(r), yf(r), zf{r). 

2.2 Write down the linear transformation that corresponds to a 
rotation of a about the y-axis, and apply it to each of the functions 
of problem 2.1. 

2.3 The Schrodinger equation for a simple harmonic oscillator 
of frequency to is 

(-£S+* Wa;2 )^ )= ^ (a;) ' 

where >ji(x) is an eigenfunction belonging to the energy value E. 
By operating on the equation with the transformation x = — X, 
show that i/){ — x) is also an eigenfunction belonging to the same energy 
level and so are ip(x) + tf>(— x) and ip(x) — </-(— x). 

3. Symmetry Transformations of the Hamiltonian 

We shall now apply linear transformations like R(a, z) (2.2) to 
the time-independent Schrodinger equation 

^^=^, (3.1) 

■f How to transform dj8x is shown in any elementary calculus text. 
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where Jf is the Hamiltonian operator and E the energy value 
belonging to the eigenfunction if- I* is convenient to consider 
first the effect of a transformation on the Hamiltonian Jt. 

The Hamiltonian for an atom with n electrons, considering the 
nucleus as fixed and omitting spin dependent terms, is (Schiff 
1955, p. 284) 



(3.2) 



where m is the mass of an electron, e the charge on a proton, and 




ga g2 a 2 
V ' 2 = 8x7 2 + 8y? + &?' 



(3.3) 

r l} 2 = (x t - x,) 2 + (y ( - y } )* + (a* - *])*■ (3.4a) 

If we apply the transformation R(<x, z) (2.2) to the co-ordinates 
(Xi, yu zt) of each of the n electrons, we have 

n 2 = x ( 2 + y t 2 + Zi 2 

= (Z« cos a - 7j sin a) 2 + (X f sin a + Y t cos a) 2 + £i 2 
= Xi 2 + Yi 2 + Z t 2 . 

Similarly 

r tj 2 = (X t - Xj) 2 + (Y t - Y } ) 2 + (Z, - Zj) 2 , (3.4b) 

and it can easily be shown thatf 



. + ■ 



8 2 



+ S~i = 



e 2 a 2 a 2 
h aT? + dz?' 



(3.5) 



aari 2 ' ay< 2 ' dzi 2 8X ( 2 

Thus substituting these relations into (3.2), we see that the Hamil- 
tonian has precisely the same form when expressed in terms of the 
(X t , Yi, Zi) co-ordinates as in terms of the (xt, yu z 4 ) co-ordinates, 
i.e. 



*{xt,yt,z t )=jr(X t , Y t ,Zi). 



(3.6) 



This is expressed by saying that the transformation R(a, z) leaves 
■?f(3.2) unchanged, or B(<x, z) leaves J? invariant, or Jlf is invariant 
under R(a, z), or R(a, z) is a symmetry transformation of JP. A 
symmetry transformation of a Hamiltonian is defined as a linear 

t The transformation of differential operators is discussed in any elementary- 
calculus text. 
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transformation of co-ordinates which leaves that Hamiltonian invariant 
in the sense of equation (3.6). 

The reason for applying linear transformations like R(a., z) (2.2) 
to a Hamiltonian now becomes a little clearer. We have seen that 
R{x, z) leaves the Hamiltonian (3.2) invariant. However, R(<x, z) 
applied to the eigenfunctions of the Hamiltonian does not in general 
leave them invariant. Consider for instance the 2p wave functions 
for a hydrogen atom (example (ii) of §1). R(a, z) applied to xf(r) 
gives (X cos a. — Y sin a) f{R) which has a different functional 
form. In particular for a = 90° we obtain — Yf(R) so that R{a, z) 
has changed one eigenfunction into another. More generally con- 
sider a Schrodinger equation 

3f{xu yt, Zi) <Ai(Zi> Vu Zi) = E^{x t , y u z t ). (3.7) 

Applying any symmetry transformation T we obtain 

jr(X u Y u Zi) UXt, Yu Z t ) = E^(X h Y u Z t ), (3.8) 

where ift 2 in general has a different functional form from i/i v Thus 
i/i 2 (Xt, Yt, Zt) is an eigenfunction of Jf (Xu Yt, Zt), but since 
J^(Xt, Yu Zt) and Jif(xt, yu zt) have the same form, we can also say 
from (3.8) that </j 2 {xu yu %t) ** «w eigenfunction of J^(xu yt, zt) and 
belongs to the same eigenvalue E as if> v An alternative method of 
wording this argument is to say that since (3.8) is a differential equa- 
tion in terms of the variables Xt, Yt, Z { , we can replace Xu Yu Zt 
by xt, yt, zt or any other set of symbols throughout without upsetting 
the validity of the equation. Thus (3.8) becomes 

3f{xu yu zt) <A 2 i x u yt fit) = Eip 2 (xu yu zt), (3.9) 

which is just our previous conclusion expressed in symbols. Thus 
we see that the symmetry transformations of a Hamiltonian can be 
used to relate the different eigenfunctions of one energy level to one 
another and hence to label them and to discuss the degree of degen- 
eracy of the energy level. Before we can pursue this further ( § 6), we 
must discuss in greater detail the symmetry transformations of 
Hamiltonians (§§ 3 and 4) and their effect on wave functions (§ 5). 
The Hamiltonian (3.2) has two other types of symmetry trans- 
formation besides the rotation JR. The transformation 



(3.10) 



( X V Vl> Z l) = (^2. Y 2, Z i) 






(x 2 , y 2 , z 2 ) = (X lt Y lt Z t ) 






{xu yu zt) = {X t , Yu Zi), 


i = 3, 4 . 


. n, 
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is called the interchange or permutation of the co-ordinates 1 and 2, 
and is a symmetry transformation of (3.2) as is obvious by inspection. 
Similarly any permutation of the co-ordinates X(, yi, z%, i = 1 to n, 
is a symmetry transformation. The other symmetry transformation 
is the inversion transformation II 



YI: %t — —Xu yi = —Yt, zt — —%i for all i. 



(3.H) 



This can be combined with the rotations. An ordinary rotation such 
as (2.2) is called a proper rotation, and the combination of a proper 
rotation with the inversion II is called an improper rotation. As a 
particular example of an improper rotation, we have i7if(180°, x) 
which is just the reflection m x in the mirror plane x — 0, i.e. 



%: (*«, yu zt) = (—Xi, Y t , Zi) for all i. 



(3.12) 



It can easily be verified that all improper rotations, as well as 
proper ones, leave the Hamiltonian (3.2) invariant. However, 
there are many simple and important transformations that are not 
symmetry transformations of (3.2), for instance the transformation 
to cylindrical polar co-ordinates 

zt = B t cos © 4 , y t — Hi sin ©*, z t = Z t . (3.13) 

This transformation is in any case not a linear one because it involves 
products of Ri with trigonometric functions of ®*. Also Vj 2 becomes 



Rt 8Rt \ Ri 8Rij + Rf 80? + ^i 2 



(** dllj + R?80? + 8Z?' (3 - U) 

which is not identical in form with (3.3), so that (3.13) is not a 
symmetry transformation. Of course we may wish to express the 
Hamiltonian (3.2) in terms of cylindrical polar co-ordinates for some 
problem, but in the future we shall refer to such a transformation 
as a change to polar co-ordinates, so as to avoid confusion with 
symmetry transformations which we will be considering so much 
that it will be convenient to refer to the latter simply as trans- 
formations. 

We must now indicate briefly what the symmetry transforma- 
tions are for the Hamiltonians of physical systems besides free atoms 
and ions which we have been considering so far. An atom has com- 
plete spherical symmetry, i.e. it is invariant to any rotation about 
any axis (cf. problem 3.7), so that it has a higher degree of symmetry 
than molecules and crystal lattices which are usually only invariant 
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to certain rotations about certain axes (cf. problems 3.4 and 3.5). 
Thus the latter have some of the symmetry transformations of the 
atom, but not any radically new ones except for the translational 
symmetry of a crystal lattice. We have therefore already mentioned 
in connection with (3.2) almost all the types of symmetry trans- 
formation which we shall discuss. 

To sum up, the form of a Hamiltonian remains unchanged by 
certain linear transformations which are called symmetry trans- 
formations of the Hamiltonian. Symmetry transformations in 
general change the eigenfunctions of one energy level into one 
another. 

Problems 

3.1 Show that the following co-ordinate changes are not sym- 
metry transformations of the Hamiltonian (3.2). 

(a) (sb,, y h zt) = (2Xi, 2Y t , 2Z t ), i = 1 to to. 

(b) (x v y v z x ) = (-X 1( -r lt -Zj), 

(xt, Vu *) = (Xu Yi, Zi)> t = 2 to n. 

(c) xi = exp X it yt = exp Y t , z t = exp Z it i = 1 to to. 

(d) x x , y x , z x given in terms of X x , Y x , Z x by equation (2.2), 
(*i, yu zt) = (X ( , Y h Z t ), i = 2 to n. 

(e) Xi = R{ sin 6{ cos 0{, yt = R{ sin 0j sin <Pt, 
z t = Ri cos &i, i — 1 to n. 

3.2 Express the Hamiltonian (3.2) in terms of spherical polar 
co-ordinates r, 0, <f>, where 

x = r sin cos <f>, y = r sin sin <f>, z = r cos 0, 

(Schiff 1955, p. 69). 

Show that the inversion transformation 77 takes the form 

r { = R(, 0i=7T— @i, 4>i=TT +®i, i = 1 to TO, 

and express also the rotation (2.2) and the other symmetry trans- 
formations mentioned in § 3 in polar co-ordinates. Hence, verify 
that they again leave the Hamiltonian (3.2) invariant. 

3.3 Write down the Hamiltonian without spin dependent terms 
for an ion of nuclear charge Z with n (not equal to Z) electrons, and 
show that it has the same symmetry transformations as the Hamil- 
tonian (3.2). Do the same for the one-electron Hartree equation 
(Schiff 1955, p. 284) for the single valence electron of a sodium atom. 

3.4 Write down the Hamiltonian without spin dependent 
terms for the two electrons in a hydrogen molecule, considering the 
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two protons as fixed at the points ± (0, 0, a). Show that it is 

(a) invariant under any rotation about the z-axis, but only to 180° 
rotations about the x- or y-axes, (b) invariant under reflections in 
the plane through the origin perpendicular to the z-axis and in any 
plane containing the 2-axis, (c) invariant under the inversion 77 
and the reflection in the z-axis 

(zu yu *i) = (— X u — Y t , Z { ) i = 1, 2, 

and (d) invariant under the interchange of co-ordinates 1 and 2. 

3.5 In problem 3.4, assume that one of the protons has been 
replaced by a deuteron, and suppose that the deuteron has a slightly 
different charge from that of the proton. What effect does this have 
on the symmetry properties of the Hamiltonian? Although in 
reality the deuteron and proton have the same charge, they do have 
different masses and magnetic moments, and this would affect the 
symmetry of the problem in a similar way to the fictitious difference 
in charge if the interaction with the nuclear moments were included 
in the Hamiltonian. 

3.6 Repeat the discussion of problem 3.4 in terms of spherical 
polar co-ordinates and in terms of cylindrical polar co-ordinates 
(equation (3.13)). Which set of co-ordinates do you think is most 
convenient for this problem? 

3.7 A rotation about the origin can be defined mathematically 
as a linear transformation of co-ordinates that leaves invariant the 
distance of an arbitrary point (x, y, z) from the origin. Using this 
definition, show that the Hamiltonian (3.2) is invariant under any 
rotation about any axis. Show that the definition includes the 
improper as well as the proper rotations (Margenau and Murphy 
1943, p. 310). 

3.8 Show that an improper rotation of 180° about any axis is 
the same as a reflection in the plane through the origin perpendicular 
to that axis. 

3.9 Write down the Hamiltonian for a hydrogen atom in small 
uniform electric and magnetic fields parallel to the z-axis (Schiff 
1955, pp. 158, 292) omitting spin dependent terms and considering 
the nucleus as a fixed charge. Also assume that the 2p eigenfunctions 

x -4- iv x — iv 

where f(r) is given by Schiff (1955, p. 85), are still eigenfunctions 
to a first approximation in the presence of the fields. Prove (a) the 
2p level is three-fold degenerate in the absence of the external fields, 

(b) in the presence of the electric field only, 4>i an( i ^2 are degenerate 



12 



GROUP THEORY IN QUANTUM MECHANICS 



with one another but need not be degenerate with <fi 3 , (c) in the 
presence of the magnetic field only, symmetry arguments do not 
require any of the functions tp v >/i 2 and >/j 3 to have the same energy 
so that the 2p level may be split into three levels. Hint: in each of 
the cases (a), (b) and (c) test whether the reflection in the plane 
y = and the rotation of 90° about the y-axis are symmetry trans- 
formations. If they are, use them to apply the argument of equa- 
tions (3.7), (3.8), (3.9) to each of the functions 1( >fi 2 , tjt 3 . Try also 
the inversion 77, rotations about other axes and other reflections to 
ensure as far as possible that no degeneracy required by symmetry 
has been missed. 

4. Groups of Symmetry Transformations 

In this section we shall illustrate and define what is meant by 
a group in the mathematical sense of the word, and shall show what 
relevance this concept has to the symmetry transformations of 
Hamiltonians. 

Example of a group 

Let us first consider the symmetry properties of a particular 
physical object, namely an equilateral triangle cut out of a piece 
of cardboard having the same finish on both sides and lying on the 
table with its vertices at the points 1, 2 and 3 and its centre at the 
origin of co-ordinates (Fig. 3). Ok, 01, Om are three other axes 




Fig. 3. Axes for an equilateral triangle. 

perpendicular to the sides, Oh being identical with the negative 
2/-axis. A rotation A of 120° about the z-axis moves the vertex 
that was at the point 1 to the point 2, etc., and we shall call this an 
equivalent position of the triangle since it is indistinguishable from 
the original position. It can easily be seen that the following 



SYMMETRY TRANSFORMATIONS 13 

rotations all leave the triangle in equivalent positions and that 
there are no other proper rotations that do this. 

A: 120° about 2-axis 

B: 240° or —120° about z-axis 

K: 180° about Ok axis 

L: 180° about Ol axis 

M: 180° about Om axis 

E: 0° or 360° about any axis, i.e. no rotation. (4.1) 

If we apply two rotations successively, for instance first A and then 
K, this moves the top vertex from position 1 first to position 2 and 
then to 3, the vertex at the position 2 to 3 and then to 2, the vertex 
at 3 to 1 and then to 1. Thus the combined operation A followed by 
K is identical with the single rotation L. Similarly K followed by A is 
the same as M , and it can easily be verified that combining any pair 
of the rotations (4.1) in either order gives another rotation which 
is also one of the ones listed in (4.1). If the rotation F applied 
First followed by 8 applied Second is equivalent to the single 
Combined rotation G, we write 

SF = C, (4.2) 

where it is customary to write the S before the F in analogy with 
differential operators. For instance 

«■!/(*) (4.3) 

means first differentiating f(x) and then multiplying the result by 
z 2 . This is clearly not the same as 

^* 2 /(*). (4-4) 

and similarly when combining rotations it is important to follow 
the convention of (4.2). We have already seen that 

KA =L, AK = M, (4.5) 

and similarly it is possible to write down a whole multiplication 
table (Table 1) where the rotation in the top row is applied first and 
the rotation in the left column second. There is an important feature 
of Table 1, namely that for every rotation P, there is also a rotation 
P- 1 , say, which undoes the effect of P, and that P also undoes the 
effect of P _1 , i.e. 

PP-i = p-ip = E. (4.6) 

In fact in every case P and P _1 are just two rotations by the same 
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angle about the same axis but in opposite directions. When the 
angle is 180° this of course makes P and P~ x identical. It can also 
be verified from the multiplication table that the triple products 

Table 1 
Multiplication Table for the Group 32 





E 


A 


B 


K 


L 


M 


applied first 


E 


E 


A 


B 


K 


L 


M 




A 


A 


B 


E 


M 


K 


L 




B 


B 


E 


A 


L 


M 


K 




K 


K 


L 


M 


E 


A 


B 




L 


L 


M 


K 


B 


E 


A 




M 


M 


K 


L 


A 


B 


E 





applied 
second 



P(QB) and (PQ)R are always the same, so that they can be written 
unambiguously as PQR. Alternatively this follows directly from 
the physical nature of rotations as can easily be shown. These 
properties suffice to establish that the rotations E, A, B, K, L, M 
(4.1) are the elements of a group. 

Definition of a group. A group & is a collection of elements 

A, B,G, D, which have the properties (a) to (e) below. The 

elements in the simplest cases may be numbers. They may also 
be any other quantities such as matrices, physical operations like 
rotations, or mathematical operations such as making a linear 
transformation of co-ordinates. 

(a) It must be possible to combine any pair of elements F and S 
in a definite way to form a combination C which we shall write 



C =8F 



(4.7) 



where as before F is the first element, S the second element and C 
the combination, if the order of F and S is important. In our 
example with the elements (4.1), the law of combination was "first 
apply rotation F and then S". With other groups the law of com- 
bination may be matrix multiplication or like addition. If for two 
elements PQ = QP then P and Q are said to commute, and if this 
is so for every pair of elements then the law of combination is 
commutative and the group is Abelian. 

(b) The combination C = 8F of any pair of elements F and S 
must also be an element of the group. Thus a multiplication table 
among the group elements can always be set up like Table 1. 
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(c) One of the group elements, E say, must have the properties of a 
unit element, namely 

EP = PE = P (4.8) 

for every element P. For instance omitting all reference to E would 
make it impossible to set up a complete multiplication table for 
the other rotations of (4.1) (cf. Table 1). This is related to the next 
property. 

(d) Every element P of the group must have an inverse P _1 which 
also belongs to <5 with the property 

PP-i = p-ip = E. (4.9) 

(e) The triple product PQB must be uniquely defined, i.e. 

P(QR) = (PQ) R = PQR. (4.10) 

This is true for all the kinds of elements and laws of combination 
that we shall wish to deal with, but there are examples where it 
does not hold, e.g. 24 4- (6 H- 2) ^ (24 H- 6) 4- 2! 

Two simple examples of groups are all positive rational fractions 
excluding zero with the law of combination being multiplication, and 
all positive and negative integers including zero with the law of 
combination being addition. In the latter case it is interesting that 
zero plays the role of the unit element E. The permutations of n 
objects, i.e. the operations of rearranging them and not their different 
arrangements in a row, say, form the permutation group p n also 
known as the symmetric group S n . The proper rotations by all 
possible angles about a fixed axis form the axial rotation group. 
This is clearly Abelian. The full rotation group (Chapter II) consists 
of all proper rotations about all axes through a point, and this 
becomes the full rotation and reflection group when all improper 
rotations are included. There are thirty-two groups of particular 
interest formed from a finite number of particular rotations about a 
point and are known as point-groups (§ 16). These clearly do not 
include all possible finite groups of rotations because, for instance, 
the rotations by 360 r/n degrees about a fixed axis where r = 1 to n, 
always form a group of n elements. An example of a point-group 
is the group (4.1) which is called 32 (pronounced "three two", not 
"thirty-two") in the international notation, to denote that it 
includes some two-fold axes (rotations by 180°) perpendicular to a 
three-fold axis (120°, 240°). All the proper and improper rotations 
that move a cube to an equivalent position form the full cubic 
group m3m. In the older Schoenfliess notation these two point- 
groups are called D 3 and O h . All square matrices of a given order 
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and with non-zero determinant form a group, the law of combination 
being matrix multiplication. So do all unitary matrices (appendix 
A) of given order, and likewise all unitary matrices of given order 
and with determinant +1, as can easily be verified. Finally linear 
transformations of co-ordinates can form groups as we shall now see. 
The group of symmetry transformations of a Hamiltonian. 
Consider three protons fixed at the points 

r x = [0, 2V3o, 0], r 2 = [-3a, - ^Za, 0], 

r 3 = [3a, -V3«, 0] (4.11) 

forming an equilateral triangle about the origin (Fig. 3). The 
Hamiltonian for one electron moving in the field of the three protons is 



=?f = 



2m 



V 2 + 



■ + 



(4.12) 



This system is not one of physical importance but its symmetry is 
closely related to that of an ozone moleculef or that of an ion situated 
between three water molecules in the hydrated crystal of a salt, to 
which the following discussion can easily be extended (cf. problems 
4.5 and 4.6). The physical system of three protons has the same 
rotational symmetry as the equilateral triangle already discussed, 
which suggests that the linear transformations E', A', B', K', L', 
M' corresponding to the rotations E, A, B, K, L, M (4.1) may be 
symmetry transformations of the Hamiltonian (4.12). These trans- 
formations can easily be found from (2.2) and simple extensions of 
the argument of §2. For instance A' is obtained from (2.2) by putting 
a = — 120° in accordance with § 2 because A (4.1) is a physical 
rotation of +120°. We obtain: 



E' 


(x, y, z) = (X, Y, Z) 


A' 


x = -\X + |V3T B': x = -\X - JV3T 




y = -W3X~iY y = WZX-\Y 




z=Z z=Z 


K' 


(x,y,z) = (-X, Y,-Z) 


L' 


X = p: + Iv^r M' : x = p: - ivsy 




y = \y/ZX-\Y y = -WZX-\Y 




z = ~Z z = -Z 



(4.13) 



t Throughout this book we shall assume for illustrative purpose that the 
three oxygen atoms in ozone form an equilateral triangle, though this is 
not so in actual fact (see end of § 24). 
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It can easily be verified that all these transformations are indeed 
symmetry transformations of (4.12). The V 2 remains invariant 
under each as in § 3, and applying for instance A' to the other terms 
we obtain 

| r _r i | 2 = a; 2 + [2/ _2v'3a] 2 + 2 2 

= (-JX + WW 2 + [-W9X - \Y - 2 v /3a] 2 + Z 2 
= (X + 3a) 2 + [7 + a/3«] 2 + Z* 

= |R-r 2 | 2 , 
|r-r 2 | 2 = |R-r 3 | 2 and |r - r 3 | 2 = |R - r^ 2 , 

whence (4.12) is invariant under A'. 

The result that the transformation A' of (4.13) is a symmetry 
transformation of (4.12) is actually no accident and can be proved 
as follows using the corresponding rotation A without ever writing 
down the form of A' or substituting in (4.12). Let the potential in 
(4.12) due to the protons be 



2e 2 
...|7=JJ- 



and let P{x, y, z) be any point. Consider the physical operation A 
of rotating the point P and the three protons but not the co- 
ordinate axes. The system of protons is moved into an equivalent 
position, one proton from r x to r 2 , one from r 3 to r x and one from 
r 2 to r 3 , and P is moved to the position (X, Y, Z). During this 
rotation the potential at P has remained constant because it depends 
only on the distances of P from the three protons, and these dis- 
tances have not changed because P and the protons have been 
rotated as a rigid whole. Thus V (x, y, z) due to the initial charge 
distribution is equal to the potential at (X, Y, Z) due to the final 
charge distribution. Since, however, A has moved the system of 
protons into an equivalent position, the initial and final charge 
distributions and potentials are identical, so that the potential at 
(X, Y, Z) due to the final charge distribution is V(X, Y, Z), i.e. we 
have 



V(x, y, z) = V(X, Y, Z), 



(4.14) 



where according to Fig. 1 of § 2, x, y, z and X, Y, Z are related by 
equations (2.2) with a = —120°. It only remains to view (4.14) 
and (2.2) in terms of a change A' of co-ordinates, rather than in 
terms of physical rotations. This only involves a change in the 
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interpretation of (4.14) and (2.2) and does not destroy their validity 
as correct mathematical relations. We therefore obtain that V(r) 
is invariant under the co-ordinate transformation A'. This argument 
applies similarly to all the transformations (4.13), and indeed to 
any similar situation (cf. problem 4.8). 

We can also verify from (4.13) or prove by the above type of 
argument that the transformation A' followed by K' is the same 
as the single transformation L'. For in detail this simply means 
that first expressing a function f(x, y, z) in terms of X, Y, Z using 
A' (4.13) and then in terms of f, i\, t, using K' 

(X, T, Z) = (-$, 7,, -{), 

gives the same result as expressing it directly in terms of f, rj, £ 
using the combined transformation 

X = tf+r,V3/2 

y = WU - bl 
z = -L 

namely the transformation L'. In symbols K'A' = L'. Similarly, 
any of the transformations (4.13) can be combined, and their 
multiplication table is exactly the same as Table 1 for the point- 
group 32 of rotations as can be verified most easily by matrix 
multiplication. It is also easy to show that the transformations 
have all the other properties (a) to (e) above required for them to 
form a group, which we shall call the point-group 32 of transfor- 
mations. 

Theorem. We shall now generalize this result and prove that 
the symmetry transformations of a Hamiltonian always form a group. 

Suppose a Hamiltonian 3ff is invariant under each of two sym- 
metry transformations F and S. We shall first show that the 
combined transformation SF (first F, then 8 second) is also a 
symmetry transformation. Let the co-ordinates x v y lt z 1 , x it y 2 . . . 
z» of the Hamiltonian be written for convenience q lt q 2 , . ■ ■ q 3 n, 
and let F be the transformation 

<Zi = Fi)Q) (4.15) 

when written in terms of the summation convention (appendix A), 
and S be the transformation 

qi=S ii Q j . (4.16) 

Now the transformation SF means to substitute first for the qt 
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in terms of the Qt using (4.15) and then to substitute for the Qt 
further in terms of some new variables vt where 

Qi = Stw- (4.17) 

Since F and 8 are both symmetry transformations, 

*(q t )=jr{Q t ) =*(*), (4.18) 

so that the composite transformation S F from the qt direct to the v< 
is also a symmetry transformation. Thus the symmetry trans- 
formations satisfy the group requirements (a) and (b) above. We 
can indeed write down the transformation SF explicitly by eliminat- 
ing the Qt from (4.15) and (4.17), i.e. SF is 

qt = (FuS kj ) V] . (4.19) 

Further we always have the identity transformation 

q l =Q l , i = 1 to 3w, (4.20) 

having the property (4.8) of the unit element E, which verifies (c). 
As regards (d), if we substitute for the qt in the initial Hamiltonian 
in terms of the Qt using F (4.15) and obtain Jf(Q{), then we can get 
back to 3f(qt) by solving (4.15) for the Qt and substituting into 
3^C (Qt). But this is just applying the transformation F~ x 

Qi = {F-^tjq, (4.21) 

which undoes the effect of F, and this is therefore also a symmetry 
transformation. In (4.21 ) the Qt are now the initial variables and the 
qi the new ones, and F _1 is the inverse of the matrix Fy. To make 
the argument quite rigorous, we note that all the transformations 
in which we are interested are unitary (cf. appendix A, problem 
A.9), whence | F\ ^ and (4.15) can actually be inverted to give 
(4.21). This verifies (d), and (e) can easily be verified by writing 
out the transformation TSF 

qi = FuSnTqQ, 

in full without using the summation convention and noting that it 
does not matter where the brackets of (4.10) are inserted. This 
proves the theorem. It is now possible to give a precise meaning 
to the expression "the symmetry properties of a Hamiltonian" 
which has been used in a descriptive way up till now. The symmetry 
properties of a Hamiltonian consist of the group of all symmetry 
transformations of the Hamiltonian. 

We shall now investigate the group of symmetry transformations 
of the Hamiltonian (4.12) in greater detail. Out of the six elements 
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(4.13), the elements E', A' and B' form a group in themselves as 
can easily be seen from the first three rows and columns of Table 1 . 
These elements chosen from the bigger group (4.13) are said to 
form a subgroup of the larger group. Another subgroup of (4.13) 
is the group (E', K'), another one (E', L') etc. Similarly, (4.13) 
does not include all the possible symmetry transformations of the 
Hamiltonian, but is a subgroup of the group of all its symmetry 
transformations. For instance, a symmetry transformation not 
included in (4.13) is the reflection 

(x, y, z) = (-X, Y, Z) 

in the plane x = 0, i.e. in the plane Wz (Fig. 3). Further symmetry 
transformations are the reflections in the planes lOz, mOz and 
z = 0, and combinations of these with the rotations (4.13). These 
all together form the group of 12 elements called the point-group 
6m2 of transformations, and they would appear to be all the sym- 
metry transformations that the Hamiltonian (4.12) has. Incident- 
ally, there is no certain method of ensuring that one has found all 
the symmetry transformations of a given Hamiltonian instead of 
just a subgroup: one can only try all the transformations one can 
think of. Some of the symmetry transformations may not be at 
all obvious, one case being the symmetry property of the pure 
Coulomb 1/r field in a hydrogen atom which gives rise to the degen- 
eracy of all levels with the same principal quantum number n 
irrespective of their angular momentum quantum number I, unlike 
the more general situation in an alkali atom (Schiff 1955, p. 86; 
Fock 1935). Thus some of the more subtle symmetry transforma- 
tions of certain systems have only been discovered relatively 
recently (Jauch and Rohrlich 1955, p. 143; Baker 1956; problem 
24.11). If we now consider n electrons in the field of the three protons 
or of three identical charges of any magnitude similarly arranged, the 
Hamiltonian for this system would have the transformations 6ra2 
applied to each set (x it yu zt), i = 1 to n, as symmetry transforma- 
tions. It also has the n\ permutation transformations of the n 
variables xt etc., and all combinations between the permutations 
and the point-group 6ra2 transformations. Thus the group of all 
symmetry transformations would have a large number (12w!) of 
elements, but it would be a simple combination of the groups 6m2 
and p„. 

Isomorphism 

It was shown above that the elements of the group (4.1), say the 
group (8, and those of the group (4.13), <B' say, both multiply in 
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the same way according to Table 1. This relationship between (8 
and (S' is called an isomorphism and can be described by saying that 
the elements E, A , B, . . . of (5 can be paired off with the elements 
E', A', B', . . . of <S' such that the relationships between E,A,B, . . . 
as regards multiplication are in every way the same as the relation- 
ships between E', A', B' , ... . Actually it requires more care to 
define isomorphism precisely and to distinguish it from the related 
concept of homomorphism (cf. appendix B), but the above des- 
cription is sufficient for the present considerations. That <S and <&>' 
have the same multiplication table is not accidental, but follows 
quite generally from the relationship between a physical rotation 
and the corresponding co-ordinate transformation. For if we 
apply to a system a rotation F which shifts P(x = q lt y = q 2 , 
z = q 3 ) to P (Q lt Q 2 , Q 3 ) related by (4.15), and then a rotation S 
moving P'(# 1; Q 2 , Q a ) to P"{v x , v 2 , v 3 ) related by (4.17), then the 
combined rotation SF shifts P(q x , q 2 , q 3 ) to P"( v x , v 2 , v a ) related by 
(4.19). But we had previously seen that equations (4.15), (4.17) 
and (4.19) represents the combination of linear transformations 
of co-ordinates, which therefore combine in exactly the same way 
as the physical rotations, this argument being quite general. In 
connection with our study of the Schrodinger equation, it is always 
the group of symmetry transformations of the Hamiltonian that we shall 
be interested in (§§ 2, 3). However, the group of physical operations 
which move a system into equivalent positions can be used as an 
aid to the imagination and to suggest what the symmetry trans- 
formations of the Hamiltonian are. Thus in future we shall not 
distinguish the transformations (4.13) by primes from the rotations 
(4.1) and shall simply refer to either group as the point-group 32. 
Another example of isomorphism is afforded by the permutation 
group p 3 of order 3, which consists of all the transformations (ijk) 

(*i. 2/i» «i) = ( x i> Yu Z t ), 
(* 2 > V%, z 2 ) = {Xb Y h z i)> 
(*s, 2/ 3 . z 3 ) = {Xk, Y k , Z t ), (4.22) 

where ijk is some permutation of the numbers 1, 2 and 3. These 
transformations can again be combined according to equations 
(4.15), (4.16), (4.17) and (4.19), where Fy, etc., are now matrices of 
order 9x9. The transformation (132) (231) means as usual the 
permutation transformation (231) followed by the permutation 
(132), and it is equal to the permutation (321) as can easily be 
verified. Similarly the whole multiplication table can be set up 
(Table 2). On examination, this table is seen to have exactly the 
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Table 2 
Multiplication Table for the Group p 3 





(123) 


(231) 


(312) 


(132) 


(321) 


(213) applied first 


(123) 
(231) 
(312) 
(132) 
(321) 
(213) 
applied 
second 


(123) 
(231) 
(312) 
(132) 
(321) 
(213) 


(231) 
(312) 
(123) 
(321) 
(213) 
(132) 


(312) 
(123) 
(231) 
(213) 
(132) 
(321) 


(132) 
(213) 
(321) 
(123) 
(312) 
(231) 


(321) 
(132) 
(213) 
(231) 
(123) 
(312) 


(213) 
(321) 
(132) 
(312) 
(231) 
(123) 



same structure as Table 1. Indeed if we write in Table 2 

E instead of (123), A instead of (231), 
B instead of (312), K instead of (132), 
L instead of (321 ), M instead of (213), 

then Table 2 becomes identical with Table 1, and the group p 3 is 
thus isomorphic with the point-group 32. This situation often arises 
when one is considering groups with a small number of elements, 
but it must not be assumed that every group of six elements is 
isomorphic with the point-group 32. For instance, the group of 
numbers 

1, exp(i7r/3), exp(i27r/3), -1, exp(i47r/3), exp(i57r/3) (4.23) 

is not, the law of combination being multiplication (cf. problem 
4.2). However, it can be shown that any group of six distinct 
elements is isomorphic either with the point-group 32 or with the 
group (4.23). 

References 

All the matrix algebra required for this book is given in appendix 
A. Accounts of groups and their properties, more detailed than 
here but still introductory, may be found in Lederman (1953), 
Birkhoff and MacLane (1941) and other texts (see general references 
at the end of the book). 

Summary 

We have defined what is meant mathematically by a group. 
We have proved that all the symmetry transformations of a 
Schrodinger Hamiltonian form a group. In the examples studied 
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so far, this group of symmetry transformations is directly related to 
the physical symmetry of the system to which the Hamiltonian 
applies. 

Problems 

4.1 Verify the multiplication table (Table 1) for the group of 
transformations (4.13). 

4.2 Construct the multiplication table for the group of elements 
(4.23) and show that it cannot be made to have the same form as 
Table 1 by pairing off each of the elements (4.23) with one of the 
elements (4.1) in some way, i.e. that the groups (4.23) and (4.1) 
are not isomorphic. Note that this result also follows directly from 
the fact that the elements (4.23) all commute whereas the elements 
(4.1) do not. 

4.3 Prove that all unitary matrices of order n X n form a group. 
Prove that all those with determinant +1 form a subgroup of this 
group (cf. problem A.8, appendix A). 

4.4 What are two other simple arithmetic operations besides 
division for which the associative law (4.10) does not hold? 

4.5 Write down the Hamiltonian for all the electrons in an 
ozone molecule omitting spin dependent terms and considering the 
nuclei as fixed in the form of an equilateral triangle. Show that the 
Hamiltonian is invariant under the point-group 6m2 of transforma- 
tions applied simultaneously to the co-ordinates of each electron. 

4.6 In the hydrated crystal of an inorganic salt, three molecules 
of water of crystallization are arranged in an equilateral triangle 
at a distance a from the centre with their permanent electric dipole 
moments pointing in towards the centre. Calculate the potential 
V{r) near the centre in the form of a power series in x, y, z up to 
the cubic terms with the centre as origin, expressing it in the form 

A x + A 2 (x 2 + y 2 + z*) + A 3 z* + A t i[(x + iy) 3 - (x - iy) 3 ]. 

Hence verify that F(r) is invariant under the point-group 6m2 to 
this order of approximation, and show that this is also true for 
the exact expression for V(r). Write down the Hamiltonian for an 
atom at the centre of the triangle and show that it is also invariant 
under 6m2. 

4.7 In the benzene molecule, the carbon nuclei lie in a plane in 
the form of a regular hexagon. Discuss the symmetry of the Hamil- 
tonian for the electrons in a benzene molecule. 

4.8 Write out in clear English a proof of the following theorem. 
If a given distribution of charges remains unchanged by a group of 
physical rotations, then the potential V(r) due to the charges remains 
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invariant under the transformations corresponding to the rotations 
in the sense of § 2, and these transformations also form a group. 

4.9 Which of the point-groups 6, 6, 3, 3m (§ 16) are isomorphic 
with the group (4.1) and which with the group (4.23) 1 

4.10 The elements A, B, C, ... of a group <&> are all distinct. 
If one element P is combined with each element of <S, show that the 
set of combinations PA, PB, PC, ... is identical with the group <S. 
Hence show that each row and each column of the group multi- 
plication table contains all the elements of the group once. Hint: 
every combination is equal to some element of <S by the group 
property (b) ; it is only necessary to show that all the combinations 
are distinct, for then each element of (S must occur exactly once 
among them. (Ledermann 1953, pp. 10, 32). 

4.11 Are the point-groups 32 and 6m2 subgroups of the full 
rotation group ? Is p» a subgroup of p TO if n < to? 

4.12 Prove that all groups consisting of two distinct elements 
are isomorphic. Do the same for all groups of three distinct elements. 
Hint: show that the multiplication table can only have one form by 
using result of problem 4.10. 

5. Group Representations 

Transformation of functions 

In this section we shall study the effect of symmetry transforma- 
tions on wave f unctions or other functions. They do not behave 
in a simple way like the Hamiltonian does, and it will be necessary 
to introduce several new concepts. 

In § 2 we defined applying a transformation R like (2.2) to a 
function ^(x, y, z) to mean substituting the expressions (2.2) for 
x, y, z into ^i(x, y, z), and obtaining in general a new function 
^r 2 (JC, Y, Z). Further in § 3 we saw that if ifi^x, y, z) is an eigen- 
function of a Hamiltonian Jtif (x, y, z) (cf. equation (3.7)) and J? is a 
symmetry transformation of this Hamiltonian, then ^(X, Y, Z) 
is an eigenfunction of 3^(X, Y, Z) (cf. equation (3.8)) with the same 
eigenvalue. Now to carry on using capital letters would be incon- 
venient and we might just as well say that </> 2 (x, y, z) is an eigen- 
function of J^(x, y, z) (cf. equation (3.9)). This reversion to lower 
case letters is particularly useful in discussing the relationship 
between the functions tfi t and <fi 2 . Accordingly we shall in the future 
short circuit the use of capital letters and say that applying the 
transformation R to </ti(x, y, z) changes it into ifi 2 (x, y, z). This is 
written 

Rip x (x, y, z) = tft t (x, y, z), (5.1) 
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i/i 2 is called the transformed function, and we say that B operating 
on X gives >ji 2 , or R transforms ^ into i/t 2 . In more general terms we 
have the new definition: applying a transformation T given by 

qt = T i} Qj (5.2a) 

to a function f(qt) means first substituting (5.2a) for the qt and thus 
obtaining a new function F(Qt) =f(TijQj) of the Qi, and secondly 
replacing each Qi by qt which gives F(qi) = /(Tyg , j). In symbols 



Tf{<Li) =f{Titqj). 



(5.3) 



In this notation the example of equation (2.3) becomes 

iJ(a, z) (x — y) 2 = [a;(cos a — sin a) — y(cos a + sin a)] 2 , 

and (5.2a) itself can be written in the form 

Tq t = T m . (5.2b) 

The transformation (5.2) can also be applied to differential operators 
as in §§ 2 and 3, so that in the new notation T is defined to be a 
symmetry transformation of a HamiUonian JP if\ 



2W(») =■*'(»)■ 



(5.4) 



Representations of a group 

Consider the transformations (4.13) operating on the functions 

x exp(— r), y exp(— r) where r 2 = x 2 + y 2 + z 2 . 

For instance in terms of the notation (5.3) and dropping the prime 
on A in accordance with § 4, we have 

1 V3 

A xe~r = — - xe-r + — ye~ r , 

A ye-* = — xe-r — ^ ye~ r - 

"I" Sometimes it is convenient to adopt a different notation from (5.4) for 
a transformed operator P. We write formally 

T(P$) = (TPT- l )(Ttf, (5.4f) 

and define TPT~ l to be the transformed operator, which operating on the 
transformed function Ti/i, gives the transformed product T(Pifi). This notation 
will only be used on a few occasions in later sections. 
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Thus using the transformation A, we have generated the matrix f 

1 V3n 



Dij(A) 



2 2 

-y/3 _ 1 
L 2 2 J 



(5.6) 



where we have transposed the matrix of the coefficients in accor- 
dance with a convention to be explained below. In this way we can 
generate all the matrices shown in the first row of Table 3. If these 
matrices are multiplied together, it is seen that they have the 
property of multiplying according to Table 1 . For instance 

D ik (K) D kj (A) = D V {L), 

corresponds to the relation 

KA = L. 

Because the matrices multiply in this way, they are said to form a 
representation of the group 32. This particular representation we 
shall call f (Table 3). More generally, the square matrices Dy(A), 
Dij(B), . . . form a representation of a group <&>(A, B, . . .) if the 
matrix Dtj(C) associated with any combination G = SF is always 
equal to Dm(S) DyiF). In terms of the nomenclature of appendix 
B, we can simply say that matrices of a representation form a group 
which is homomorphic to <S. If the matrices are of order n X n, 
the representation is of dimension n. 

We can also operate with the transformations (4.13) on the 
function z exp(— r) and generate the representation si of 1 X 1 
matrices (Table 3). The fact that the matrices are not all different 
does not prevent them from forming a representation, for it is 
easy to verify that they have the essential property, namely, if 
SF = C then D(S) D(F) = D{C) in every case. For instance 
KA = L and 1 X (—1) = — 1. The identity representation J 
(Table 3) is also one-dimensional and consists entirely of ones, and 
could for instance be generated by operating on the function 
(x 2 -\- y 2 ) exp(— r) (cf. problem 5.2). Clearly every group has such 
an identity representation. If the matrices of a representation 
(such as P) are all different, the representation is called faithful: 
if not all different (such as s/ or J), it is unfaithful because we can 
find spurious relations such as D(A) D(K) = D(L) which do not 
correspond to any relation in Table 1. 

t All the matrix algebra and terminology which is assumed in the text is 
contained in appendix A. 
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Although we have introduced representations by transforming 
some functions, a representation is just a group of matrices with 
the right multiplication properties. Indeed the representations of 
Table 3 might have been found by inspection of the multiplication 
table of the group 32 (Table 1) without considering the group 
elements as linear transformations and without operating on any 
functions. Thus in the definition of a representation there is no 
mention of the functions that might have been used to obtain the 
representation. Nevertheless, in this book we are exclusively con- 
cerned with groups of linear transformations and with their effects 
on wave functions and other functions, so that in practice repre- 
sentations always will arise in the way they have been introduced, 
namely, through the transformation properties of some functions. 
To see this in a general way, consider a linearly independent set of 
functions <f> lt fa, . . . fa and a group (8 of linear transformations of 
which a typical one is T. If the functions and transformations are 
such that Tfa can in every case be expressed as a linear combina- 
tion of the set fa, fa, . . . <f> n , i-e. 



Tfa = D t] (T)fa, 



(5.7) 



then we have immediately the set of matrices Dy(T). Furthermore 
these matrices form a representation of (S, for if G = SF, then 

Gfa = SFfa = SD k} {F)fa = D kj (F)8fa = D ik (S)D kj (F)fa 

so that by (5.7)f 

' D t ,(C) = D ik (S)D k] (F). I (5.8) 



The functions fa, fa, . . . fa are said to form a basis for the representa- 
tion Dij(T). We have said "a" basis for there are usually other sets 
of functions that give rise to the same matrices (cf. problems (5.2), 
(5.4)). However, we have used the words "the" representation 
because the matrices are uniquely determined. An alternative 
wording is to say that the functions fa fa, . . . fa transform according 
to the representation Dy(T) of<S. Thus in our first example (equations 

t Although it might at first sight appear more natural to define the matrices 
of a representation by T<f>t = D{j(T)<f>j instead of (5.7), this would lead to the 
relation Dij(C) = Duc(F)Dicj(S) which is the opposite of our convention 
(4.2) for the multiplication of group elements. This explains the necessity 
for using the transposed matrix of coefficients in (5.5), (5.6) and in (5.7). 
It may be helpful to write (5.7) in the form T<j>) = <f>tDi)(T), the set of functions 
$i behaving as a row matrix. 
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(5.5), (5.6)) x exp(— r) and y exp(— r) form a basis for the re- 
presentation r (Table 3) of the group 32, or in other words they 
transform according to the representation r of the group 32. It is 
of course only special sets of functions that have the property 
(5.7) and hence can form a basis for a group representation. For 
instance the functions cos x, sin x, cos y, sin y do not form a basis 
for a representation of the group 32, nor do x 2 exp(-r), y 2 exp(— r). 
The letters D (German, Darstellung) and r are most commonly 
used for representations. 

Problems 5.1 to 5.7 are based on the preceding concepts. 

Vector spaces 

Suppose now that x exp(— r) and y exp(— r) are eigenfunctions 
of a Hamiltonian belonging to the same eigenvalue. If there are 
no further linearly independent eigenfunctions, the level is said to 
be two-fold degenerate. Nevertheless, there are an infinite number 
of different eigenfunctions belonging to this level because any linear 
combination 

c x xe~ r + cg)er r (5.9) 

where c v c 2 are complex numbers is also an eigenfunction. All 
such functions together are said to form the vector space [x exp(— r), 
j/exp(— r)], and it is often more convenient to consider the whole 
vector space rather than a particular pair of functions as being 
associated with the energy level. More generally, the vector space\ 
H (<fr lt <f> 2 , . . . <f>„) consists of all functions 



c l4>l + c 2$2 + • • • + C n <f>n 



(5.10) 



which are linear combinations of the <f> lt <f> 2 , . . . </> n with complex 
coefficients. The functions <f> lt <f> 2 , . . . <f> n are the base vectors in the 
vector space, and they are also said to span the space H to denote 
that any function belonging to H can be expressed as a linear 
combination of the fa. A function (5.10) belonging to H is a vector 
in or of the space H. Now any particular vector space can be 
referred to different sets of base vectors. For consider all the functions 
of the form (5.9). They could equally well be expressed in terms of 
different base vectors {x ± iy) exp(— r) in the form 

c\(x + iy)e~r + c\(x - iy)e-* (5.11) 

where c\ = \{c x — ic 2 ), c\ = \(c x + ic 2 ). Thus the two vector 
t German, Raum. 
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spaces (5.9), (5.11) axe equal and we can write 

(xe-r, ye-*) = [(x + iy)e~ r , (x — iy)e~r\ 

Similarly by choosing other linear combinations, the base vectors 
for this vector space can be chosen in an unlimited number of ways, 
and the same applies to the general vector space (5.10). 

There is an important property of a vector space which is inde- 
pendent of the way the base vectors are chosen, and this is its dimen- 
sion. Consider again the set of functions <£ 1( <j> 2 , . . . <f> n - They are 
said to be linearly independent if it is impossible to find complex 
numbers a v a 2 , . . . a n such that 

«1<I>1 + a 2$2 + • • • «n^n = 0, (5.12) 

i.e. if it is impossible to express one of the functions as a linear com- 
bination of the others. Thus x exp(— r), y exp(— r) are linearly inde- 
pendent functions, but x exp(— r), y exp(— r), (x + iy) exp(— r) 
are not because we have the relation 

— xe~ r — iye~ r + (x + iy)e~ r = 0. 

In fact it can easily be shown (problem 5.11) that it is always 
necessary to have precisely two linearly independent base vectors 
to span the whole space [a;exp(— r), */exp(— r)]. More generally it 
can be proved (appendix C, Theorem 1) that the number n of 
linearly independent base vectors required to span the whole of a 
given vector space is the same no matter how the base vectors are 
chosen, so that n is a well-defined property of the vector space, 
and is called its dimension. Thus we have the definition, the dimen- 
sion of a vector space is the number of linearly independent base 
vectors required to span the space. In the future we shall assume 
that the base vectors of a space have been chosen linearly indepen- 
dently unless the contrary is indicated. We shall also assume for 
convenience that they are orthogonal to one another and normalized. 
This involves no loss of generality. For suppose we are given a set 
of non-orthogonal base vectors j> lt <f> 2 , . . . <£». We can construct 
an orthogonal set <f>\, <f>' 2 , . . . <f>'n as follows. Put <j>\ = <£ 1; then 
^' 2 = <£ 2 + a4\ and determine a such that <f>' 2 is orthogonal to j>' v 
Then put <f>' 3 = <f> z + M.'i + b 2 <f>\ with b± and b 2 such that <j>' 3 is 
orthogonal to <j>\ and <j>\, etc. The functions </>' v <f>' 2 , . . . <f>' n can 
then also be normalized. 

Problems 5.8 to 5.13 are based on the above concepts. 

Transformations in a vector space 

We shall be interested almost exclusively in vector spaces H 
(<f> lt <j> 2 , . . . <j> n ) in which the base vectors fa have the property that 
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for every transformation T of a group <S, Tfa is expressible as a 
linear combination of the fa, i.e. 



Tfa = D t} (T)fa. 



(5.7) 



More concisely, Tfa always belongs to H. Then this property holds 
not only for the base vectors fa but for any vector <£ = Cjfa, for 

T<t> = cjTfa = CjD (] {T)fa 

and thus T<j> belongs to H. Thus any transformation of <B turns 
every vector of K into another vector also belonging to H, and we 
say that the space H is invariant under the group <£> of transformations. 
If H is a one dimensional space (fa), the vector fa is said to be an 
invariant vector. This implies that Tfa = c(T)fa but the constant 
c(T) is not necessarily unity. 

There is another way of looking at transformations of functions 
in the vector space H which we shall mention briefly but have no 
occasion to use except in §§ 20 and 32. Consider any function 
<f> = Cjfa, and let Tfa = faj given by (5.7). Now the faj can be 
used as new base vectors in the space, and the untransformed 
function <f> can be expressed as a linear combination of them with 
coefficients c'j, i.e. 

<f> = Cjfa = c'jfaj. (5.13) 

The question is, how are the coefficients c'j related to the Cj<f> ? From 
(5.13) 

c'jfa] = c'jDij(T)fa = Cifa, 

whence C{ = D(j(T)c'j 

or c' ( =[D(T)]ij-icj, (5.14) 

where [D(T)]- 1 is the reciprocal of the matrix D(T). The difference 
between (5.7) and (5.14) is expressed by saying that the fa trans- 
form as base vectors and the ct as coefficients according to the 
representation Dij(T). 

Equivalence 

We have seen that the functions *exp(— r), yexp(— r) form a 
basis for the representation r (Table 3) of the group 32. If now 
in the vector space [x exp(— r), y exp(— r)] we choose different base 
vectors, say (x ± iy) exp(— r), then we can use the matrices of J 1 to 
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determine the representation according to which the new base 
vectors transform. For instance from (5.5) 

A(x + iy)e~ r = Axe~ r + iAye~ r 

= (-£-i-2-W+"/)e- r > 

and in this way the matrices of the new representation can be written 
down. More generally, consider a vector space 21 which is invariant 
under a group <S of transformations, so that the base vectors fa, fa, . . . 
4> n of H form a basis for the representation Dy(T) according to 
(5.7). The question now arises, if we choose new base vectors <j>'i, 
say, what representation do they transform according to? The new 
base vectors can be expressed in terms of the <j>i, 

</>'] = Pyfa, 

since they belong to H. Also 

fa = Pif^tyi. 
Then 

Tfaj = TP l} fa = PijD m (T)fa = Pi^DnWPvVt. 

Thus the fat transform according to the representation D'y(T) 
where in matrix form 



D'(T) = P-iDi^P, 



(5.15) 



and this representation is said to be equivalent to the representation 
Dt](T). Definition: two representations Dy(T) and D'ij[T) of a 
group are equivalent if a matrix P exists that relates the matrices of 
the two representations in the manner of (5.15). We shall refer to 
(5.15) as the equivalence relation or as an equivalence transformation. 
The equivalent representations Dij(T) and D'y(T) are in fact so 
closely related that we shall usually not wish to distinguish between 
them. It is then convenient to use the expression the representation 
D to mean any or all of the representations that are equivalent to 
Dij(T). In fact if two representations D(T) and D'(T) are equivalent, 
we write 

D = D\ 

Thus we can say that the vector space H transforms according to 
the representation D of H without having to specify a particular 
set of base vectors or the actual representation. On the other hand 
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when we want to discuss a particular set of base vectors fa, fa, . . . fa, 
we shall say that they transform according to the particular representa- 
tion Dij(T). If the matrices of two particular representations D(T) 
and D'(T) are equal, we shall denote this by writing 

D i} {T) = D' t] (T), 

and shall describe the two representations as identical. Thus although 
we have so far used r to denote the particular representation given 
in Table 3, we may in the future also use it to refer to any repre- 
sentation equivalent to this one. It will also be convenient to use 
"different representations" to mean different non-equivalent 
representations, unless it is clearly specified that different particular 
equivalent representations are meant. 

Reducibility of a representation 

Consider the vector space H [#exp(— r), y exp(— r), z exp(— r)] 
which is invariant under the group of transformations 32, so that the 
base vectors x exp(-r), y exp(-r), zexp(-r) form the basis of a 
representation A, say. Here A is a combination of J" and sJ (Table 
3), the matrix corresponding to a transformation T being 



A(T) = 



r t) (T) 












s/(T) 



(5.16) 



Such a representation is said to be reducible, in particular A is 
reducible into F and s/, which is written 

A = r + st. 

If in the vector space K we had used the base vectors (x + y) 
exp(— r), (y + z) exp(— r), (z + x) exp(— r), the matrices of the 
corresponding representation A', say, would not have the simple 
reduced form (5.16), but we still say that A' is reducible into srf 
and r and we write A' — T + s/, because the form (5.16) can easily 
be achieved by choosing different base vectors, i.e. by applying 
a transformation of the type (5.15) to the representation. In general, 
a representation Dy(T) of a group <5 is reducible into the representa- 
tions D a) , D {2> , . . . D {s) if a transformation of the type (5.15) exists 
which brings every matrix Dy(T) of the representation into the form 
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(5.17 



with smaller matrices D H) (T) along the diagonal and zeros elsewhere. 
This is written 



D = £<i> _|_ £>m + Z)(3) + . . . + £<«>, 



(5.18) 



and D is said to contain the representations D (i> or the D {i) occur 
in D. In (5.18) it is quite possible for some of the components to 
be equivalent or equal to one another, i.e. to occur in D more than 
once. For instance if we apply the group 32 of transformations 
(4.13) to the two sets of co-ordinates x lt y lt z x and x z , y 2 , z 2 simul- 
taneously, then the functions 

x x exp(-r 1 ), x 2 expf— r g ), y x exp(— r^, y 2 exp(— r 2 ) 

transform according to a representation which is clearly equivalent 

to r + r. 

A representation that cannot be reduced is termed irreducible. 
For instance any one-dimensional representation is automatically 
irreducible, and we shall prove at the end of this section that the 
representation r (Table 3) is irreducible. In fact the representa- 
tions of Table 3 (and those equivalent to them) are the only possible 
irreducible representations of the point group 32 (cf. § 14). Thus 
every representation of the group 32 can be reduced into a sum of 
the representations r, J& and J, an irreducible representation being 
regarded as already in reduced form. It can also be shown quite 
generally (appendix C, Theorem 3) that if a representation D is 
reduced into irreducible components according to (5.18), the reduction 
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is unique apart from equivalence; i.e. which D {i) occur in D and 
how many times each one occurs is unique, but the order in which 
the matrices Dij w (T) are arranged in (5.17) and the particular 
elements Dtj H) (T) are not unique. 

Reducibility of a vector space 

So far we have discussed what the reducibility of a representa- 
tion means purely in terms of the matrices of the representation. 
Consider a vector space H ($ lt <f> 2 , . . . <j> n ) of which the base vectors 
<f>i transform according to the reducible representation Dy(T) of 
(5.18). A vector space transforming according to a reducible (or 
irreducible) representation is called a reducible (or irreducible) vector 
space, and we shall now discuss what the reducibility of the space 
K implies. Since the representation D{)(T) is reducible, there exists 
by definition some transformation of the type (5.15) which brings 
the matrices of D into the reduced form (5.17). Such a transforma- 
tion is equivalent to choosing new base vectors <f>'i in H, and these 
<f>'i therefore transform according to the matrices (5.17). Let H (1> 
be the space spanned by the first n t vectors <j>t where n x is the 
dimension of the representation D n) . From the form of (5.17), 
K a) transforms according to the representation D (1) , and similarly 
successive sets of vectors span spaces H (<) transforming according 
to the representations D H) . Thus it follows directly from the 
reducibility of the representation Dij(T) that the vector space 21 
can be split up or reduced into a series of invariant subspaces H <() 
transforming according to the representations D H) . Expressed more 
descriptively, the transformations of (S transform the functions of 
each subspace H'" into one another without mixing together the 
functions belonging to different subspaces. The importance of this 
arises very briefly as follows. In § 3 we saw that symmetry trans- 
formations change the eigenfunctions belonging to the same eigen- 
value into one another. If now we consider all the eigenfunctions 
of a Hamiltonian as one big vector space H, then the functions 
belonging to different invariant subspaces H (<) are in general 
associated with different energy levels, as we shall discuss in detail 
in the next section. 

Since the <j>'t span the whole space H, any function in the space H 
can be written as the sum of functions, one from each subspace H (<) . 
This is written in symbols 



U = K (1 > + H< 2) + . . . + WK 



(5.19) 



It can also be shown (appendix C, Theorem 2) that the reduction 
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of H has the further important property that the subspaces H (<) 
can always be made orthogonal to one another, i.e. any function 
from one H <4) is orthogonal to any function from any other H w . 
Physically this corresponds to the fact that eigenfunctions belonging 
to different energy levels of a Hamiltonian are always orthogonal. 
It is also possible to establish the criterion (appendix C, Theorem 
2) that if a space H contains a subspace, then K must be properly 
reducible. 

The various points above are illustrated by the following example 
of a reducible vector space. Consider the space H (a; 2 , y 2 , z 2 , yz, 
zx, xy) where to preserve the symmetry the base vectors have been 
neither orthogonalized nor normalized. This space is invariant 
under the group 32 of transformations (4.13) since H consists of 
all functions of the second degree, so that the base vectors a: 2 , 
y 2 , . . . xy transform according to some representation Z)y(T), say. 
For instance the matrix Dy(A) is 

i I • • • iV3 

I i -iV3 

1 . . 

-W* -I 

-JV3 K/3 • • • -i 

This does not have the reduced form (5.17) and neither do the other 
matrices. However, the space H must be reducible because by 
inspection it contains an invariant subspace, namely the vector 
# 2 + y 2 + z 2 transforming according to the identity representations 
J (Table 3). In fact it can easily be verified that the space is reduced 
by choosing the new base vectors 

f ! = 2xy f 2 = x 2 - y 2 

<£' 3 = 2yz <j>\ = — Izx 

f 5 = (2/15" 2 ) (x 2 + y 2 + 2 2 ) 

f , = (l/3i/ 2 ) [3* 2 - (* 2 + y 2 + z 2 ], (5.20) 

which are all orthogonalized and normalized to 1677-/15 as regards the 
angular variables. For instance any transformation of the group 32 
operating on a linear combination 

gives another linear combination of the same form without intro- 
ducing any components involving the other base vectors. Thus 
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^'i> ^'2 span an invariant subspace, and it may easily be verified 
that they transform according to the irreducible representation J" 
(Table 3). Similarly <j>' 3 , <j>\ transform according to r, <j>' s according 
to J, and <f>' B according to J. The whole set (f>\, . . . <j>' 6 therefore 
transforms according to a representation with matrices D'ij(T) of 
the form 



I r i} (T) 


. 




r«(T) | . 


• 


• i S{T) ! . 


• i S(T) | 



Thus we have 

D = r + r + J r + s, 

and X = (fa v fa 2 ) + (fa 3 , f 4 ) + (fa ,) + (f ,). 



(5.21) 



Irreducibility of J" 

We have so far discussed some of the properties of reducible and 
irreducible representations and vector spaces, without indicating 
how in practice one might reduce a given representation or prove 
it to be irreducible as the case may be. We shall see in § 14 that 
there are very elegant general methods for doing this by setting up 
all the different (i.e. non-equivalent) irreducible representations of 
a group, and testing whether each of them is contained in the given 
representation. However, as an illustration of the concepts of this 
section, we shall give an ad hoc proof from first principles that the 
representation r of Table 3 is irreducible. 

Let <t> lt <f> 2 be two vectors transforming according to the particular 
representation r t j(T) of Table 3. If r were reducible, it would have 
to be reducible into two one-dimensional representations, so that it 
would be possible to find two vectors in the space (fa, fa) each of 
which is invariant under the group 32. It is therefore sufficient to 
prove that there is no vector 



(f> = c t fa + c 2 fa 
which is invariant under all transformations of the group. 



(5.22) 



38 GROUP THEORY IN QUANTUM MECHANICS 

Since <j> lt <£ 2 transform according to the representation r^T), we 
have from Table 3 

&*i = -^i. K +* = *»• ( 5 - 23 ) 

If now we have a relation of the form 

Ci<f>x + c 2 ^ 2 = c'i^x + c' 2 <£ 2 , 
then this implies c x = c' lf c 2 = c' 2 ; as otherwise we would have 

x c 2 ~ f, '« J 

9i = v T ? , 2. 

c i ~~ c i 

which substituted into (5.23) clearly leads to a contradiction. 

Let us now suppose that there exists a vector <j> (5.22) which is 
invariant under all transformations of the group 32. This means 
that 

K<f> = y<f> 

where y is some constant, i.e. from (5.23) 

K(c^ + c 2 <£ 2 ) = yfo^i + c 2 <£ 2 ) = — c^ + c 2 <£ 2 . 
Therefore — c i = 7 c i an( i c 2 = r c 2» 

whence either y = — 1 , c x y= 0, c 2 = 0, 

or 7 = 1,^= 0, c 2 ^ 0: 

i.e. the invariant vector has to be either ^ or <j> 2 . However, from the 
matrix Ty(^4) we see that neither ^ nor <j> 2 is invariant under the 
transformation A, which gives a contradiction. Hence no invariant 
vector exists and the representation J" is irreducible. 

References 

In appendix C, the theorems about representations and vector 
spaces which have been quoted in this section are proved rigorously. 
However, in keeping the proofs as elementary as possible, much 
of the beauty of the theory has been lost, and the reader is referred 
to Van der Waerden (1932) for an elegant treatment, as well as the 
other books mentioned in the list of general references immediately 
preceding the bibliography at the end of the book. Birkhoff and 
MacLane (1941) give an elementary discussion of vector spaces 
which covers some aspects of the present section in more detail. 

Summary 

We have denned what is meant by a representation of a group 
and by a vector space. We have shown how a vector space which is 
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invariant under a group of transformations forms a basis for a 
representation of the group. Using different sets of base vectors in 
the space gives equivalent representations. Vector spaces and the 
corresponding representations may be reducible or irreducible. 
A reducible vector space can be split up into a sum of irreducible, 
mutually orthogonal subspaces. 

This practically completes the number of new mathematical 
concepts required in this book. 

Problems 

Note: Throughout these problems the group 32 is the group of 
transformations (4.13), p 3 is the group of permutation transforma- 
tions (4.22) of order 3, and <S is considered to be a general group 
of linear transformations. 

5.1 Write the answers to problem 2.1 in terms of the new defi- 
nition of transforming a function and the notation of equation (5.3). 

5.2 Verify in detail that the functions a;exp(— r), yexp(-r) 
transform according to the particular representation J" of Table 3 
under the group 32, and that zexp(-r) and (x 2 + y 2 ) exp(— r) 
transform respectively according to the representations jrf and ./. 
Write down some other functions transforming according to s# and 
«/. Verify that the matrices of each of these representations multiply 
according to the group multiplication table (Table 1). 

5.3 Show that the functions x + y, x — y transform according 
to a representation of the group 32. Write down explicitly some of 
the matrices of this representation, and verify that they multiply 
according to the group multiplication table. 

5.4 Show that 2xy and x 2 — y 2 transform according to the 
representation r (Table 3) of the group 32. Show that yz and 
— zx do likewise. ^ and ^ 2 transform according to J": if <f> 2 = xyz, 
what is <£•!? 

5.5 Show that the functions x 2 , y 2 , z 2 do not form a basis for a 
representation of the group 32. 

5.6 Show that the matrices of each of the representations of 
Table 3 form a representation of the group p 3 , and identify the 
group element which each matrix represents. In this case the 
representations ./ and si are called respectively the symmetric and 
antisymmetric representations. More generally if the groups <S X and 
(8 2 are isomorphic with one another, show that a representation of 
the one group automatically forms a representation of the other. 

5.7 Show that the functions x x x$ z — x^y^c^ and x 1 x^y z — y^x^ 
transform according to a representation of the group p 3 and write 
down explicitly some of the matrices of the representation. 
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5.8 Write down five different pairs of functions that span the 
same space [a;exp(— -r), j/exp(— r)], the two functions of each pair 
being orthogonal and normalized to the same value. 

5.9 Show that the two functions of problem 5.7 are not ortho- 
gonal, and write down two functions spanning the same space that 
are orthogonal. 

5.10 Show that the vector space (x 2 — y 2 , y 2 — z 2 , z 2 — x 2 ) 
has only the dimension two and not three. 

5.11 Consider the vector space \x exp(— r), y exp(— r)] and show 
from first principles 

(i) it is impossible to span the whole vector space with one base 
vector; 

(ii) any two vectors of the space always span the whole space 
provided they are not linearly dependent, i.e in this case they are 
not simple multiples of one another; 

(hi) three vectors in the space are always linearly dependent. 

5.12 Prove that the maximum number of linearly independent 
vectors that can be found in a vector space, is equal to the mini- 
mum number of base vectors required to span the whole space. 
(Both are equal to the dimension of the space). 

5.13* Show that all functions of the form (5.10) form a group, 
the law of combination being addition. What is the unit element ? 
Is the group Abelian % Show that viewing a vector space as a group 
in this way is a very powerful concept in setting up the mathematical 
theory of group representations. (Van der Waerden 1932, Chapter 
II.) 

5.14 Using some of the functions of the preceding problems, 
write down some vector spaces that are invariant under the group 
32 and that have dimensions from one up to five. 

5.15 The pairs of functions x exp(— r), y exp(— r) and (x ± iy) 
exp( — r) transform respectively according to the particular re- 
presentations i~y (T) and r'tj(T) under the group 32. What is the 
matrix P which in the manner of equation (5.15) relates the matrices 
jTy(T) and J"y(T)? Verify equation (5.15) for some of the matrices 
r v (T) and r'„(T). 

5.16 Dij(T) and D'ij(T) are the matrices of two equivalent 
representations of a group, defined by equation (5.15). Show that 
Du(T) = D'jj(T) (where the double suffix is summed on each 
side), and verify this relation using the two representations of 
problem 5.15. Verify also that if D(S) D(F) = D(G), then D'{8) 
D'(F) = D'(C), so that D'(T) is really a representation of the group. 

5.17 The vector space (y^x^c^, x 1 y 2 x 3 , x^x^y^ transforms under 
the group p 3 according to the representation D. Express in your 



SYMMETRY TRANSFORMATIONS 41 

own words what is meant by the equation D = r + J. Hint: the 
functions x x x^ 3 - xtf^ and —VWtyfriZ&a + *i2/2*3 — 22/1*2*3) 
transform according to r. See also problem 5.6. 

5.18 Show that the vector space (x*, x 3 y, x 2 y 2 , xy 3 , t/ 4 ) is reduc- 
ible under the group 32 by finding a one-dimensional subspace in it. 

5.19 H is the vector space of equation (5.19). Show that it is 
not true to say that any function of H is equal to some function of 
R (1) or some function of H <2) or . . . etc. 

5.20 Show that the permutation group p 2 has two one-dimen- 
sional representations, the symmetric one in which both elements 
are represented by +1, and the antisymmetric in which the elements 
(12) and (21) are represented by +1 and —1 respectively. Write 
down some functions that transform according to these representa- 
tions, and prove that no other irreducible representations of p 2 exist. 

5.21 Show that the identity transformation E and the inversion 
(3.11) form a group which is isomorphic with p 2 and hence that the 
symmetric and antisymmetric representations of problem 5.20 are 
the only irreducible ones. In the present case the irreducible 
representations are called the even and odd ones, and corresponding 
functions are said to have even or odd parity. 

5.22 By considering functions of the form (x + iy) n exp(— r), 
deduce six different one-dimensional representations of the point- 
group 6 (§ 16). This group consists of rotations by 2ttt/6 radians, 
r = 0, 1, 2, 3, 4, 5. 

5.23 Show that the vector space [xexp(— r), y exp(— r), 
z exp(— r)] is invariant under the full rotation group, and that it 
transforms according to an irreducible representation of the group. 
Hint: if the space were reducible, it would contain an invariant 
vector. Show that this is impossible by considering rotations of 90° 
and 180° about the x-, y-, z-axes. 

6. Application to Quantum Mechanics 

In the last section, we introduced the concepts of representations 
and vector spaces, and we shall now establish what their relevance 
is to quantum mechanics. We have already seen in §§3 and 5 
(e.g. equations (3.7) to (3.9)) that the eigenfunctions of a Hamil- 
tonian belonging to one energy level are transformed into one 
another by symmetry transformations of the Hamiltonian, and this 
suggests that different invariant vector spaces are associated with 
different energy levels. We shall now use the concepts and results 
of the last section to embody this type of argument in three precise 
theorems. 
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Theorem 1. If a HamiUonian is invariant under a group <S of 
symmetry transformations, then the eigenfunctions belonging to one 
energy level form a basis for a representation of <S. 

Let qu i = 1, 2, . . . be the co-ordinates in which the Hamiltonian 
atf is expressed, and let i/ifa) be an eigenfunction belonging to the 
energy level E. 

Jtr+(q { ) = E+(q t ). (6.1) 

If T is any symmetry transformation of <3, then 

TJf^^f. (5.4) 

Also let 

ma) = f (««)• 

Then operating with T on both sides of equation (6.1) we obtain 



JSf f te) = Bf(q t ), 



so that ifi'(qt) is an eigenfunction belonging to the same energy 
level E as <f(qt). Similarly, any eigenfunction belonging to E is trans- 
formed into another eigenfunction by the transformations of (8. 
Also if fa and ifi 2 are eigenfunctions belonging to E, then so is 
c i^i + c 2^2- Hence all eigenfunctions belonging to one energy 
level form a vector space which is invariant under <S and which 
therefore forms a basis for a representation of (8. This proves the 
theorem. 

The importance of this theorem lies in the fact that we can label 
and describe an energy level and its eigenfunctions simply by naming 
the representation associated with it. This clearly does not tell us 
everything we may wish to know about the eigenfunctions such as 
detailed numerical tabulations, but it does indicate their symmetry 
properties which is frequently all that is of interest in establishing 
selection rules for transitions and other qualitative behaviour. For 
example, consider the Hamiltonian for a lithium atom with three 
electrons, including the spin dependent terms which we need not 
write down in detail. Since all electrons are alike, this Hamiltonian 
is invariant under the group P 3 of permutations (4.22) of the electron 
co-ordinates. The group p 3 was shown in § 4 to be isomorphic with 
the point-group 32, and therefore any representation of the group 
32 is automatically also a representation of p 3 . Thus p 3 has the 
three different (i.e. non-equivalent) irreducible representations J", 
J and $4 of Table 3 (cf. problem 5.6). From Theorem 1 the eigen- 
functions associated with one energy level form an invariant vector 
space under the group p 3 , and this vector space can be reduced 
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into subspaces each of which transforms according to one of the 
representations f, ^, stf. A wave function transforming according 
to the representation si is antisymmetric in the usual quantum 
mechanical sense, i.e. it changes sign if we interchange the co- 
ordinates of any two electrons (cf. problem 6.1). Now it is known 
experimentally that these antisymmetric states corresponding to 
the representations si are the only ones ever found in nature, so 
that this sorting out of the wave functions according to the irreducible 
representations of the group p 3 is very important. 

As another example consider the Hamiltonian (3.2) of a free 
atom. This is invariant under the group of transformations con- 
sisting of the identity transformation and the space-inversion II 
(3.11). This group has only two one-dimensional irreducible re- 
presentations, such that the corresponding function is multiplied by 
-j-1 or — 1 by the inversion transformation, in which case the 
function is described as having even or odd parity respectively 
(ef. problem 5.21). As in the preceding example, the eigenfunctions 
associated with each energy level of an atom can be reduced until 
each eigenfunction has either even or odd parity. This, for instance, 
leads to the selection rule for optical transitions that the initial 
and final states must have opposite parity. Similarly, we shall see 
later that angular momentum quantum numbers L, 8, J, mi,, ms, 
m,j are simply labels for the irreducible representations of the 
rotation group. 

Corollary to Theorem 1. If a Hamiltonian is invariant under a 
group <S of transformations, then eigenfunctions of the Hamiltonian 
transforming according to one irreducible representation of (5 belong 
to the same energy level. 

From Theorem 1, the vector space of eigenfunctions belonging to 
one level is either irreducible or can be reduced into subspaces 
each of which transforms according to an irreducible representa- 
tion of <S. It thus never happens that eigenfunctions belonging to 
the same irreducible vector space belong to different energy levels, 
which proves the corollary. 

As a trivial example, consider the 2p wave functions of a hydrogen 
atom 

** = *f(r), ft, = yf{r), ft = zf(r), (6.2) 

where f(r) is some function of r (Schiff 1955, p. 85). The Hamil- 
tonian of a hydrogen atom is invariant under all rotations, and it 
can be shown that the functions (6.2) transform according to an 
irreducible representation of the rotation group (§ 8 or problem 
5.23). They therefore belong to the same energy level. 
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The corollary tells us that eigenfunctions belonging to the same 
irreducible vector space necessarily belong to the same energy 
level. The question naturally arises, do eigenfunctions belonging to 
different irreducible vector spaces always belong to different energy 
levels? In general the answer is that they do not have to belong to 
different energy levels. However, if we find several irreducible vector 
spaces to be associated with each energy level in a systematic 
way, there must be some symmetry property that produces this 
degeneracy. Hence, if we have included all possible symmetry 
transformations in the group (8, we would expect different irreduc- 
ible vector spaces of eigenfunctions to have different energy, simply 
on the grounds that there is no symmetry property remaining to 
make them have the same energy. This conclusion is borne out by 
experience, though occasionally it has not been easy to discover 
all the symmetry transformations of a Hamiltonian, as already 
mentioned in § 4. Nevertheless, a few accidental degeneracies may 
still remain. For instance in a magnetic field two energy levels 
corresponding to different irreducible representations can cross one 
another as the field is varied, so that for a particular value of the 
field they are degenerate. Accidental degeneracies also occur 
among the energy levels in a crystal (problem 26.8). We can 
systematize our conclusion by defining an accidental degeneracy to 
be a degeneracy which is not brought about in the manner of 
Theorem 1 by any symmetry property of the Hamiltonian. With 
this definition we then have: 

Theoeem 2. If the group <5 includes all possible symmetry trans- 
formations of the Hamiltonian, then the eigenfunctions of each energy 
level transform irreducibly under (8, apart from accidental degeneracy. 

Proof: the eigenfunctions of one irreducible vector space are 
certainly degenerate by the corollary to Theorem 1. Furthermore 
they are transformed purely among themselves by <8, and are not 
linked with any outside eigenfunction by any symmetry trans- 
formation. Thus by definition any remaining degeneracy is 
accidental. 

The effect of perturbations 

It is frequently convenient in quantum mechanics when discus- 
sing a complicated Hamiltonian 3^, to split it up 






(6.3) 



into a relatively simple part ^" and a perturbation 3^ p . Then the 
energy levels and eigenfunctions of 3^ can be studied in detail, and 
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hence the effect on them of adding 3^ v to the Hamiltonian can be 
calculated. This is particularly useful if it is possible to choose 
•?T and 3V P so as to make the perturbation of the eigenfunctions 
and energy levels relatively small. Now^f being simpler than^T 
usually means that it has a higher degree of symmetry. For instance 
it is easier to calculate the energy levels of an electron in a spheri- 
cally symmetrical potential than in a potential varying arbitrarily 
in any direction. If 3tf '„ has a higher degree of symmetry than $P, 
it implies in general that the energy levels of ^ are more degenerate 
because there are more symmetry transformations to make more 
eigenfunctions have the same energy in the manner of Theorem 1. 
Thus 3^ v tends to produce a splitting of these levels. 

Theorem 3. In the notation of (6.3), if Jff, 3tf \ and Jf p are all 
invariant under a group <5 of symmetry transformations, and if 
the eigenfunctions of an energy level of JVq transform according to 
the representation D = D {1) + D (2) + . . . + D in) where the D H) are 
the irreducible components of D, then the greatest splitting that the 
perturbation a#* p can cause is into n levels. The eigenfunctions of 
each of these split levels transform according to a sum of the D H) such 
that each D {i) is associated with one of the split levels. 

Consider the eigenfunctions and energy levels of the Hamiltonian 

3Z e = e?T Q ~T~ €JTp 

where e is varied continuously from to 1. It may be possible to 
achieve this variation physically such as by the reduction of a 
magnetic field to zero, or it may be a purely mathematical device. 
For arbitrary e ^ consider an energy level E a . The eigenfunctions 
of this level transform according to some irreducible representation 
D M , or according to some reducible representation D M + D ia,) +... 
if <8 does not contain all the symmetry elements of 3^. As e is 
varied continuously, the energy levels and eigenfunctions vary 
continuously, and the representations D M etc. cannot make a 
discontinuous change to some different (i.e. non-equivalent) re- 
presentation. Thus as e is varied continuously to zero, the only 
thing that can happen is that several energies coalesce into one, 
with the representation D m + D (Z) + . . . + X> (B) of the composite 
level corresponding exactly to the components D (x) , jD (3> , D ly) . . . 
D {v) which have coalesced. Looking at it the other way round 
now, we can say that the degenerate level is split by 3^ p into a 
maximum of n levels associated with the n irreducible components 
Z> (1 > to D (n) . This proves the theorem. By Theorem 2, if the group 
<8 includes all the symmetry transformations of 3tif (but not ^ ), 
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the splitting would.be the maximum allowed, except for possibly 
some accidental degeneracies of the types already mentioned, It 
should also be noted that the result of the theorem is precise and 
does not depend on #F V being small. 

As an example, consider a free hydrogen atom with the electron 
in a 2p level, or any atom or ion with a single electron in a p level 
outside full quantum shells (Schiff 1955, p. 277). The Hamiltonian 
for the electron is 

*° = ~ 2^ V2 ~ eF(r) ' 

where V(r) is the spherically symmetrical potential due to the 
proton or the closed shell ion core respectively. The p eigenfunctions 
have the form (6.2). If now the whole atom or ion is placed in an 
electric potential F 32 (r) with trigonal symmetry corresponding to 
the point-group 32, we have to include in the Hamiltonian MP for 
the electron the term 

Xp = -eV 32 (r). 

If the atom or ion is in a crystal, this potential could be due to the 
surrounding atoms (cf. problem 4.6). Thus Jtfp, J#* and J? = X 
+ Jfp are all invariant under the point group 32. We have already 
seen above that in the free state in the absence of 2P V , the three 
eigenfunctions (6.2) all have the same energy. However, they 
transform according to the reducible representation A = T + J 
(5.16) of the group 32, so that by Theorem 3 we may expect #P V to 
split the triply degenerate level of ^ into a non-degenerate level 
(J) and a doubly degenerate level (P). We shall see in § 10 that the 
wave functions of a many electron atom or ion in a P state (Schiff 
1955, p. 287) transform under rotations in exactly the same way 
as the functions x, y, z. Thus they also transform according to the 
representation A of the group 32, and when the atom or ion is 
placed in a trigonal crystalline electric field, we may expect the P 
level to be split as before into one singly and one doubly degenerate 
level. The (2S + l)-fold electron spin degeneracy and the effects of 
spin-orbit coupling are superposed on this whole picture. 

Summary 

If a Hamiltonian X is invariant under a group (5 of transforma- 
tions, then the eigenfunctions belonging to one energy level E 
form the basis of a representation D of (8. This representation can 
be used to characterize the level. If <S includes all symmetry trans- 
formations of X, then D is irreducible, apart from accidental 
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degeneracy. If 3^^ and ^j> are both invariant under <S where ^ 
is a perturbation on =?f , then 3^ v can split the energy level E of 
J^ according to the number of irreducible components in the 
corresponding representation D. 

These two theorems therefore substantiate the claims (i) and (ii) 
of § 1 for the uses of symmetry properties, and it remains to apply 
the method to particular systems by studying their symmetry 
transformations and the corresponding representations. It is con- 
venient to defer until § 13 the third use of symmetry properties 
mentioned in § 1, namely the calculation of matrix elements and 
selection rules. 

Problems 

6.1 A three electron wave function i/) transforms according to 
the representation stf (Table 3) of the group p 3 (cf. problem 5.6). 
Show in detail that it is antisymmetric in the usual quantum 
mechanical sense, i.e. it changes sign if we interchange the co- 
ordinates of two electrons or make a permutation corresponding to 
an odd number of such interchanges, and remains invariant under a 
permutation corresponding to an even number of such inter- 
changes. 

6.2 Verify that the five d wave functions 

2(x ± iy)zf(r), (x ± iy)Zf(r), V(2/3)(3z a - r*)f(r) (6.4) 

span an invariant vector space under proper and improper rotations 
about the x-, y- and 2-axes. Note that this is not immediately 
obvious from the fact that they are all of the second degree in x, 
y, z, because there is a sixth such linear combination x 2 + y 2 + z 2 . 
This transforms according to a different representation under 
rotations, and therefore does not get mixed in with the d functions. 

6.3 From problem (6.2) and equations (5.20), (5.21) show that 
the five-fold degenerate level of an ion in a D state (neglecting 
spin degeneracy) splits into one singly and two doubly degenerate 
levels when the ion is placed in a crystalline electric field with 
trigonal point-group symmetry 32. This is the case of the Cu ++ 
ion in copper fluorsilicate CuSiF 6 .6H 2 (Bleaney and Stevens 
1953). 



Chapter II 

THE QUANTUM THEORY OF A 
FREE ATOM 

The purpose of this chapter is to illustrate the use of group 
theory in quantum mechanics by giving a brief sketch of the quan- 
tum theory of a free atom or ion. In §§7, 8, and 9 we shall study 
the particular groups of symmetry transformations that we shall 
need, and the mechanics of handling their representations. In 
§§10, 11 and 12 we shall use the theorems of §6 to classify the energy 
levels and their wave functions, and to discuss the splitting of the 
levels by various perturbations. In § 13 we shall develop the third 
use of group theory mentioned in § 1, namely the calculation of 
matrix elements and selection rules. In fact we shall derive rigor- 
ously the usual features of what is known as the vector model of 
an atom (Pauling and Goudsmit 1930), and we shall lay the founda- 
tions of a complete treatment so that any energy level, transition 
probability, etc., can in principle be calculated. For references for 
this whole chapter, the reader is referred to the list of general 
references preceding the bibliography at the end of the book. 

7. Some Simple Groups and Representations 
Cyclic groups 

The simplest type of group is the cyclic group <£„ of order n 
whose elements are (E, A, A 2 , A 3 , . . . A"' 1 ) where A n = E. Let 
D i} (A r ) be a representation of <£„. D t] (A) can always be reduced 
to the diagonal matrix 



A = diag [A 1; A 8 , . . . ] = 



\ 



by an equivalence transformation (5.15) (Van der Waerden 1932, 
p. 26; Margenau and Murphy 1943, p. 316). Since A' must always 
be represented by [D(A)f, the same transformation also transforms 
D(Ar) into Ar — diag [A^, A/, . . . ]. Hence the representation D 
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has been reduced to a sum of one-dimensional representations, 
and we conclude all irreducible representations of <£» are one-dimen- 
sional. Also since A n = E, we must have X m n = 1, whence 



2irim 
A m = exp — — . 



(7.1) 



Thus <£„ has n different irreducible representations. An example of 
the group <£« is the group of n rotations about one axis by 360/w 
degrees and multiples thereof. The permutation group p 2 of order 
two is a cyclic group of order two, and so is the point-group I con- 
sisting of the inversion (x t , y t , z<) = (— X { , —Y t , —Z t ) and the 
identity transformation, and likewise the point-group m consisting 
of a reflection like (3.12) and the identity transformation. From 
(7.1) each of these has two one-dimensional irreducible representa- 
tions in which the identity element is represented by -j-1 and the 
other element by ±1. These representations are called the sym- 
metric or even one and antisymmetric or odd one respectively. 

Abelian groups 

As mentioned in § 4, an Abelian group is one in which any two 
elements commute. A cyclic group is automatically Abelian, but 
all Abelian groups are not isomorphic with one of the cyclic groups. 
For instance the translation group of a three-dimensional crystal 
lattice is not. However, it is shown in appendix E that all of a 
group of commuting matrices can be simultaneously reduced to 
diagonal form, so that all the irreducible representations of an Abelian 
group are one-dimensional. 

The axial rotation group 

The rotations (2.2) by all angles <f> about a fixed axis form the 
axial rotation group. This is Abelian, since a rotation by <f> t followed 
by a rotation by ^ 2 is the same as a rotation by ^ 2 followed by one 
by <f> lt as long as they are about the same axis. Thus the irreducible 
representations are all one-dimensional. Let x(<t>) represent the 
rotation ^ in one of these irreducible representations. Then we 
must have 

xitiMi*) = Xttx + fa) (7.2) 

with x(2ir) = x(0). The solution of this equation is 

(7.3) 



x (^) = e <™*, m = 0, ±1, ±2, 
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and it will be convenient to refer to this as the m th or the exj)(im<f>) 
representation, the latter notation being preferable when the sign 
of the exponent is important. Thus there are an infinite number 
of one-dimensional representations, and every representation is 
reducible into a sum of these. 

The permutation group p„ 

This group is not Abelian for n > 2 and the theory of its re- 
presentations is not simple. We shall only prove here that for any n 
it always has two one-dimensional representations, namely, the 
symmetric and the antisymmetric ones. These two representations 
are the only ones in which we shall be interested, and all other 
irreducible representations have dimensions greater than one. 

Consider two rows of digits (Fig. 4a) and the effect on the diagram 



(a) 



(b) 



X 



3 4 5 

3 4 5 




(c) 



Fig. 4. Odd and even permutations. 



of interchanging pairs of neighbouring digits in the lower row. 
Interchanging the digits 1 and 2, we obtain Fig. 4b, and thus 
introduce one intersection into the diagram of lines joining the 
same digits in the two rows. Further interchanges introduce further 
intersections, but the effect of one interchange is always to add an 
intersection or to remove one. For instance, in the diagram Fig. 4c, 
the interchange of 3 and 4 would add one intersection and the 
interchange of 5 and 1 would remove one. Hence starting with the 
permutation (12345) in the lower row, an odd (or even) number of 
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consecutive interchanges results in a permutation giving a diagram 
with an odd (or even) number of intersections. A given permutation 
can accordingly be classed unambiguously as odd or even. Consider 
now the permutation transformation P(ij . . . ) 



( x i> y» z i) = (%u Yu %i) 
(x 2 , y 2 , z a ) = {X h Y h Z } ) 

\ x a> Va> z a) ~ 



(7.4) 



of the n sets of co-ordinates (x/c, yjc, z/c), k = 1 to n. This trans- 
formation can be obtained as above by a sequence of elementary 
transformations in which only pairs of "neighbouring" co-ordinate 
sets are interchanged. As before, the transformation can be classed 
as odd or even according as the number of elementary interchanges 
is odd or even. Now consider the product P i P 1 of two permutation 
transformations. If P x and P 2 are equivalent to sequences of % 
and « 2 elementary interchanges respectively, then the product 
transformation P^Px * s equivalent to n x + w 2 elementary inter- 
changes. Thus if «! and n 2 are both odd, P^P^ is an even permutation 
transformation. In this way we obtain the following skeleton 
multiplication table for permutations: 

(odd) X (odd) = (even), (even) X (even) = (even), 
(even) x (odd) = (odd), (odd) X (even) = (odd). (7.5) 

This table shows immediately that there exists a one-dimensional 
representation of the group p» in which each even permutation is 
represented by +1 and each odd one by —1. This is known as 
the antisymmetric representation. As always, there is also the identity 
representation, here called the symmetric representation, in which 
each group element is represented by +1. When n is greater than 
2, there are in addition irreducible representations with higher 
dimensions (cf. problem 5.6). 

Summary 

All the representations of Abelian groups are one-dimensional, 
the representations of the cyclic groups and the axial rotation 
group being particularly simple. The permutation group of any 
order always has the symmetric and antisymmetric representations. 

Problems 
7.1 Consider the group consisting of all rotations which are 
multiples of 2njn radians, and write down the number representing 
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a rotation by </> in the m th irreducible representation. Thus obtain 
the representations of the axial rotation group by letting n tend to 
infinity. 

7.2 By putting ^ = </>, <j> 2 = <j> + S<£ in (7.2), obtain a differen- 
tial equation for x(^)> an< i hence show that (7.3) gives the only 
single- valued solutions of (7.2). 

7.3 Classify all the permutation transformations of the groups 
P 3 and P 4 as odd or even, and verify the skeleton multiplication 
table (7.5). 

7.4 Show that the point-group 222 (§ 16) is Abelian. Obtain all 
its irreducible representations by showing that each element can 
only be represented by ± 1 . 

8. The Irreducible Representations of the Full Rotation 

Group 

The infinitesimal rotation operators 

Before proceeding to derive the irreducible representations of the 
full rotation group, it is convenient to express all rotations in 
terms of three operators I x , I y , I z known as infinitesimal rotation 
operators. We can then confine our attention in subsequent work 
simply to these three operators instead of having to deal with 
arbitrary rotations about arbitrary axes. Consider a rotation 
transformation B(x, %) by an angle a. about the axis %. From it 
we can define an infinitesimal rotation operator Jg given by 

JA J^^1 (81) 

a-M) a 



or 



R(a, %) x 1 + i<*I% when a <^ 1, 



(8.2) 



where we have written 1 for the identity transformation E. Strictly 
speaking il% should be called the infinitesimal rotation operator, 
but it is more convenient and is becoming customary to work with 
ig. B(oc, 5) can be expressed in terms of 7 ? for an arbitrary angle 
a which is not necessarily small, for a rotation by a is equal to n 
successive rotations by cc/n. Thus from (8.2), 



R(«,%)= Lt (l+i^lX 

M-»-00 \ n I 



l +iah + «fl+«fl + ... (8 .3a) 
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This series can be summed in a purely formal way, and we can write 

E(oc, \) = exp(ia/ 5 ). (8.3b) 

However, this should only be regarded as an abbreviated notation 
for the series (8.3a) and in any particular case the exponential has 
to be expanded before it can operate on a function. 

Consider now R(a, % x ) when a. is very small, where £i is an axis 
in the yz-plane making an angle with the z-axis (Fig. 5). This 



a sin 8 




cos 6 



Fig. 5. Change of the co-ordinate axes in a small rotation B(a, l|i) 
where \ x is in the j/z-plane. 

rotation is approximately equal to consecutive rotations a cos 
about the z-axis and a sin about the y-axis, correct to terms 
linear in a. This can be seen from Fig. 5 which shows the effect of 
R(a, 5i) on .three points x, y, z at unit distances along the co-ordinate 
axes. E(a cos 0, z) displaces x and y each by a cos 0, and R(<x sin 0, y) 
displaces z and x each by a sin 0. The total displacement of 
a; is a in a plane perpendicular to \ x , and thus the effect on all three 
co-ordinate axes is equivalent to the single rotation R(a, % t ) when 
a. is small. We have 

-R(<*. Si) = -R(« sin 0, y)R(a. cos 0, z) + 0(a 2 ), 

and hence from (8.1), (8.3) 

/ ?1 = I y sin -\- I z cos 0. (8.4) 

If now J- is an axis making direction cosines I — sin cos <f>, 
m — sin sin <f>, n = cos with the x-, y-, z-axes, then 

1\ — I' sin -f- I z cos where /' = I x cos <f> + I v sin <f>, 
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i.e. we have 

' ' (8-5) 



h = Ux + ml y + nl z . 



In fact infinitesimal operators add like unit vectors. This result 
corresponds to the fact that small rotations add vectorially to a 
first order of approximation, and that angular velocities in mech- 
anics add vectorially (Milne 1948, p. 148; Goldstein 1950, p. 126). 
Of course finite rotations do not add like vectors, since they do not 
even commute (equation (4.5), problem 8.1). In conclusion we 
note that with the help of (8.5) and (8.3) any rotation can be 
expressed in terms of the infinitesimal rotation operators I x , I y , I z . 

Commutation relations 

Consider now the physical rotation Rot(a, l*i) when a is not small, 
where % t is the axis shown in Fig. 5. This rotation can also be achieved 
by first rotating by 6 about Ox which brings the J*i axis parallel to 
Oz, then rotating by a about Oz, and then returning \ x to its original 
position by a rotation of —6 about Ox. Thus 

Rot(a, %-y) = Rot(-0, *)Rot(a, z)Rot(0, x). 

From § 2 a physical rotation by an angle +a is mathematically 
equivalent to a rotational transformation of co-ordinates by an 
angle —a. Hence in terms of transformations of co-ordinates,! 

R{- a , &) = B(9, x)B{-«, z)R(-6, x). (8.6) 

Expressing this in terms of infinitesimal rotation operators using 
(8.3) and (8.4), we obtain 

1 - *«(/„ sin + I z cos 6) + 0(a 2 ) 

= [1 + iBI x + O(0 2 )][l - icJ, + 0(a 2 )][l - idl x + 0(0»)]. 

(8.7) 

Now (8.6) is valid for all a and 9, so that we may express (8.7) 
completely as a power series in 8 and a and equate coefficients of 
6a, which gives 

-il v = Idz - IJx- (8.8a) 

By symmetry, we also obtain 

-H x = I z Iy ~ Iylz, (8.8b) 

— llz = J-ylx lx*-y- 

■f This relation could have been written down directly, but the author 
finds it easier to visualize the composition of physical rotations rather than 
that of co-ordinate changes. 
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In terms of 

I+=Ix+ Hy, I-=Ix — Hy, (8.9) 

these commutation relations become 



Izl + - I + h = I + , 

Izl- - /_/, = -/_, 

/ + /_ - /_/+ = 21,. 



(8.10) 



The irreducible representations^ 

It was mentioned in § 4 that all proper rotations about all axes 
through a point form the full rotation group, and there is in fact 
no difficulty in verifying that all the group requirements are satis- 
fied (problems 8.2 and 8.3). We shall now take an arbitrary vector 
space H which is invariant under the full rotation group, and start 
reducing it into its irreducible components. Since any rotation can 
be expressed in terms of I x , I y , I z , it is not necessary to work with 
an arbitrary rotation but only with these three operators. More 
precisely, it follows from (8.3), (8.5) that if a space is invariant and 
irreducible under I x , I v , J z , then it is also invariant and irreducible 
under all rotations and vice versa. Let us first reduce H with 
respect to the axial rotation group about the z-axis, and let u m 
be any vector transforming according to the m tb representation 
(7.3).J Then 

R(4>, z)u m = e im *u m , 
whence from (8.1) 

I z u m = mu m . (8.11) 

If u m transforms according to the m i}1 representation of the axial 
rotation group, then I + u m , I_u m belong respectively to the (m + l) tb 
and (m — l) th representations, for from (8.11), 8.10) 

h(I+u m ) = (I + I z + I + )u m = (m + 1)1 \u m (8.12a) 

and similarly 

I t (I-.u m ) = (m - 1 )/_«„. (8.12b) 

When & is reduced according to the axial rotation group, let j 
be the highest value of m that occurs among the irreducible 

t This derivation follows closely that given by Van der Waerden (1032). 

X It is convenient to use u instead of 4> for the vectors of 91 so as to avoid 
confusion with the angle c/>. 

5 
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components, and let uj be a vector corresponding to this value of m. 
Now since H is invariant under rotations, I + uj also belongs to H and 
from (8.12a) it has the m-value j + 1- However since j is already 
the largest m-value found in K, we must have I + uj = 0. On the 
other hand by repeated use of /_ we can define from Uj a sequence 
of vectors u m with m = j, j — 1, j — 2, . . . such that 

u m-l = <*mI-Um- (8.13) 

From (8.12b) u m belongs to the eigenvalue m of I z . a. m is a non- 
zero numerical constant which we shall determine later such that 
the u m are all normalized. From (8.12a), I + u m _ 1 belongs to the 
eigenvalue m of I z , and we shall now prove from the definition 
(8.13) that it is actually a multiple of u m . First suppose 

I + u m = c m ot m+1 u m+1 , (8.14) 

where c m is an undetermined constant. Then from (8.13) 

l+u m -.x = cc m l + I_u m = a m l_l + u m + 2a m I z u m 

= a m-'- c m a m+l w m+l T " rn ' x m u m 

= (c m + 2m)a m u m . (8.15) 

Thus if (8.14) is true for one value of m, then by (8.15) it is also true 
for the value m — 1. But (8.14) is true for m =j with Cj = 0, so 
that by induction it is true for all m. Further, it is possible to 
calculate the value of c m , for from (8.15) 

c m -i =c m + 2m. 

The solution of this difference equation with the boundary con- 
dition Cj = isf 

Cm =j(3 + 1) - »»(« + I)- (8-16) 

Further if H is of finite dimension, the sequence of vectors u m 
must end at some point. I.e. we must have some u m = with 
w m+i 7^ 0- Hence I + u m = and from (8.16) this only happens 
when m = —j — 1 (apart from m =j already discussed). Thus 
the last of the sequence of vectors is u_j, and the number of vectors 
is 2j + 1 . This is necessarily an integer so that j is an integer or 
half an odd integer. 

The constants a m can now be calculated so as to make all the u m 
normalized. By appendix C, lemma 2, any rotation such as R(±9, x) 

t The solution of difference equations is dealt with in most elementary 
algebra texts, e.g. Durell and Robson (1937). 
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leaves the scalar product of two arbitrary vectors u and v, or 
u and Rv, invariant. Thus 

[ u*R(6, x)v At = J R(-e, x)[u*R{8, x)v] dr 

«= J [R(-0, x)u]*[R(-6, x)R(0, x)v] dr 

= j [R{—6, x)u]*v dr 

where dr is the volume element. This is true for any value of 6 
so that we may substitute (8.3) for R and equate coefficients of 0. 
Thus 

J* u*(I x v) dr = j (I x u)*v dr. (8.17a) 

A similar result holds for I y , so that 

j u*(I + v) dr = j (I_u)*v dr. (8.17b) 

Now from (8.13), (8.14), (8.17) we obtain 

J u m* u m dr = <x m+1 j (I-U m+1 )*u m dr 



— a m+l J u m+l *+ u m " 7 



= c m( a i 



mV*-m+l) 



j< 



dr. 



Hence, all the u m are simultaneously normalized if we choose 
a m+ i = (c«)- 1/2 , and (8.13), (8.14) become 



(8.18) 



The u m are also orthogonal to one another because they transform 
according to different irreducible representations of the axial 
rotation group. This follows immediately from appendix C, lemma 
5, or from the fact that in the reduction of a vector space the 
different irreducible subspaces can always be made orthogonal to 



•» + W TO 


= ViJti + 


1)- 


m(m + l)]u m+1 , 




= Vlti — m )U + m + i)K+i, 


I-U n 


= VU(j + 


I)- 


m(m - l)]w m _!, 




= VIU + m )U 


- m + l)]u m _ v 


■lzU m 


= mu m . 
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one another (§5). It can also be proved very simply directly, for 
by appendix C, lemma 2, 

j W m *W M dr = j R(cc, z)[M m *<] dr 

= e Mlx - m) j Um*^ dr, 
whence 

| u m *u u dr = if m ^ /x. 

From (8.18) the vector space H ( "( M >. m^, . . . u_ t ) is invariant 
under I + , I_ and 7 Z , and therefore it is also invariant under all 
rotations. We now show that it is also irreducible. For, suppose 
HW contains an invariant subspace r, then r would also be invar- 
iant under the axial rotation group about the z-axis and would 
therefore be spanned by a set of the u m . But from one u m the 
operators I + , I_ generate all the other ones, so that r can only be 
equal to the whole space H ( *>. Thus the vectors u m , m = j, j — 1, . . . 
—j, transforming according to (8.18), form the basis of an irreducible 
representation of the full rotation group. The different irreducible 
representations ZW> are given by the allowed values ofj,j = 0, 1/2, 1, 
3/2, 2, . . . , and have dimensions 2j + 1. If a space H ( f transforms 
according to DV\ we shall refer to the particular set of base vectors 
satisfying (8.18) as the standard base vectors. 

In this subsection we started with an arbitrary invariant vector 
space H, and set about reducing it. This led naturally to the above 
description and definition of the irreducible representations. 
But it should be noted that we have here in addition a systematic 
way of actually picking out an irreducible component from H, 
starting with a vector uj with the highest m-value. Having picked 
out one irreducible subspace, we can then orthogonalize all remaining 
vectors to it and start the process again in the remaining vector 
space. Thus H is gradually completely reduced. This scheme is 
described more fully in the next section where we actually employ it. 

Examples 

The spherical harmonics can be denned in various ways, but 
usually arise in quantum mechanics as the solutions of the equation 

{^eTe^ e Te + ^eWJ Y - XY (819) 

belonging to the eigenvalue A = — 1(1 + 1) (Schiff 1955, p. 70). 
Here 0, <f> are spherical polar co-ordinates (problem 3.2). The 
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spherical harmonics Y tm are particular solutions of (8.19) having 
the form 



Yim = Ni m PJ ™l(coa B)e im *, 



(8.20) 



where N tm is a numerical normalizing factor, P l \ m \ an associated 
Legendre polynomial, and m has the 21 + 1 integral values I, 
I — !> • • • —I- The operator in (8.19) is invariant under rotations 
since it is just the angular part of the Laplacian V 2 , and hence the 
Yim for given I span an invariant vector space H'» (§ 6, Theorem 1). 
From (8.20) Y tm belongs to the m th representation of the axial 
rotation group about the z-axis; the Y im are therefore orthogonal 
to one another and H (() has the dimension 21 + 1. Now from one 
of them, Yn say, we can define using (8.18) 21 + 1 vectors Y'i m . 
These span an invariant subspace of H ( " which must be equal to 
the whole space because it has the same dimension 2Z + 1. Thus 
the spherical harmonics Yi m transform according to the irreducible 
representation Z><» of the full rotation group. Moreover since Yi m 
belongs to the m th representation of the axial rotation group, 
the Yi m transform exactly like (8.18) if we give them the correct 
phase factors (Condon and Shortley 1935, p. 52). r l Y tm can also 
be expressed as a polynomial of degree Z in x, y, z. For instance 

rYi.i = N(x + iy), rY lt0 = -Ny/2z, 

fYi.-i = -N(x - iy), N = (3/87T)" 2 : (8-21) 

r*Y M = M JV6 (x + iy)\ r*Y 2il = ~M^6 (x + iy)z, 

r*Y 2 , = M&Zz* - r 2 ), r 2 ^ = M\y/* (* - *</)*> 

r 2 7 2> _ a = M\^& (x - iy)*, M = (5/47T) 1 ' 2 . 

These functions therefore transform according to the irreducible 
representation D (1 > and D< 2 >, and the signs have actually been 
chosen to make them standard base vectors. Thus x, y, z also 
transform according to Z> (1 > but not as standard base vectors. 

An interesting feature of the representations DW when j is half 
an odd integer is that they are double-valued, by which we mean 
the following. In § 7 we deduced the irreducible representations 
(7.3) of the axial rotation group, and concluded that m must be an 
integer because of the condition x( 27T ) = x(®) an( ^ because #(0) 
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corresponding to no rotation at all must be equal to one. However, 
for the standard base vectors u m (8.11), (8.18) transforming accord- 
ing to ZW>, we have 

R{<j>, z)u m = exp(im<£)w m 

where m is half an odd integer if j is. In particular 

R(2tt, z)u m = — u m , 

so that a rotation of 2tt about the z-axis makes all the u m change 
sign. Since R^tt, z) is physically the same as no rotation at all, 
we have that the identity transformation is represented by two 
matrices, the unit matrix E and also — E. Similarly by compound- 
ing any rotation R with the identity transformation, R is represented 
by the two matrices DW(R) and —DW(R). This leads to no 
difficulties in quantum mechanics because the wave functions ifi 
and — if) always represent quantum mechanically the same physical 
state of a system, so that we can consider the matrices ±DW(R) as 
inducing the same transformation among the base vectors. Clearly 
the u m cannot be ordinary single-valued functions of x, y, z because 

R{2tt, z)f(x, y, z) = f(x, y, z). 

In fact we shall see later that the representations Z)W where j is 
half an odd integer only arise in connection with spin functions. 

We now show how we can calculate in principle the matrix 
DW(R) which represents any given rotation R in the representation 
DiJi. If R = R(a, %) is a rotation by a about the axis J*, the matrix 
DW(R) is completely determined by (8.18), (8.9), (8.5) and (8.3). 
When discussing such a general rotation it is usually convenient 
not to work in terms of the angle a and the direction cosines of the 
\ axis, but to express the rotation parametrically in terms of three 
Eulerian angles <j>, 9, x defined in Fig. 6. Any rotation can be 
considered as shifting the 2-axis to OP making polar angles <f>, 0, 
plus a rotation by x about this axis. Thus if the physical rotation 
Rot(a, 5) corresponds to the Eulerian angles ( j>, 6, x), we have 
from Fig. 6 

Rot(<x, 5) = Rot(<t>, z)Rot(0, 2/)Rot( x , z). 

Note that OP is not the axis 5; it is the direction into which Oz is 
rotated by R(<x, %). In § 2 it was seen that a physical rotation by 
an angle a is mathematically equivalent to a rotational transforma- 
tion of co-ordinates by — a. Hence 

£(-<*, %) = R(-+, z)R(-6, y)R(- x , *), 
R(a, %) = [R(-a, I-)]- 1 

= R( x , z)R(B, y)R(4>, z). (8.22) 
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Fig. 6. The Eulerian angles x. 8, <j>. 

We can now calculate the matrix representing R(<x, !•) in terms of 
the three parameters <f>, d, x- As a definite example let us consider 
the representation Z> <1/2) . From (8.18) 

and !.»= /„■=/,« = J 1, 

where we have written D <1/2 >(/ + ) etc. as I + for short, and 1 for the 
unit matrix E. From (8.3) the matrix representing R(</>, z) is 



1)11/2) 



(*,*) = i + 2 

n 

— m2 






W! 



+ 2/ 2 



n even n odd 

1 cos $<f> + 2I z i sin £<£ 



nnddl 



.]• 



Similarly 



D<i/2)(0, y) = 1 cos £0 + 2/„i sin £0 

[cos \Q sin $0"] 
— sin \Q cos £0J ' 
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Hence from (8.22), 

d»'»(«,5)-±[. e -<»j [_ si 4* cos y [. e-H 

r e ««x+*) cos £0 e *«*-« sin £0 ] 
^ ± |_ e -«<*-*> sin }0 e"«<*+*> cos £flj ' (8 ' 

The ± has been included because j = |. It can in fact be seen 
explicitly that adding 2n to x or <£ changes the sign of the matrix. 

Relationship to angular momentum 

The infinitesimal rotation operators can be expressed directly 
in terms of co-ordinates. If / is a function of several sets of co- 
ordinates x n , y n , z n , then from (2.2) and using the notation of (5.3), 

B(a, z)f(x„, y n , z n ) 

= f(x n cos a — y„ sin a, x n sin a + y n cos a, z n ) 

21 df df\ 

n \ Xn dy- n ~ yn 'ten) +0( * i) ' 

whence from (8.1) 

J.«* = -*2(*»4-*»ai)- (8>25) 

Here we have written I z or b because as we shall see in § 11, I z can also 
operate on the spin co-ordinate of an electron. Until we introduce 
spin co-ordinates, I z and 7 20 rb can be considered as identical. In 
spherical polar co-ordinates 

/,orb = -»2e|;' (8-26) 

Now the quantum mechanical operator for the z-component of the 
orbital angular momentum L is (Schiff 1955, p. 74) 

*--» 2 (-£-*.£) = -* 2 £■ (827) 

whence from (8.25), (8.26) 

(8.28) 



L z = kl z orb. e tc. 
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This result is a special case of the general relation due to Dirac 

(8.29) 



p = HI. 



for the momentum operator p canonically conjugate to the co- 
ordinate q. The relation is proved in appendix F. The most common 
example of this relation is the usual linear momentum 

U 8 
Px = idx> 

the t coming in through the definition (8. 1 ) of an infinitesimal operator. 
Equation (8.29) is very important in discussing the angular momen- 
tum due to the electron spin. In the case of the momentum due to 
orbital motion, we have the classical expression L z = xp y — yp x 
from which (8.27) is derived, so that we have verified (8.28). How- 
ever there is no classical analogue to spin angular momentum, and 
the only satisfactory way of defining it is via (8.29) (cf. Schiff 1955, 
p. 142; Dirac 1958, p. 142). Thus anticipating a little, we can 
define the total angular momentum vector J by 



J x = KIx, Jy = Jily, J z — tol-t 



(8.30) 



where I x , I y , I z apply to all orbital (or spatial) co-ordinates x n , 
y n , z n and all spin co-ordinates (§ 11). 

If we are transforming a function of many co-ordinates x n , y n , 
z n , we can consider rotational transformations R n (a, J-) of the co- 
ordinates x n , y n , z n , keeping all the other x m , y m , z m fixed. These 
are not symmetry transformations of (3.2). Then 

R(<x, %) = BjHo, %)R 2 (oc, %)... R„(a, 5) • • • (8.31) 

Correspondingly we can define infinitesimal transformations I^ n 
and i^orb depending on whether we include or exclude the spin 
co-ordinate in the rotation. Then from (8.31), (8.2), 



lh 



5»> 



'Sorb 



= 2h 



?» orb- 



(8.32) 



The latter decomposition is clearly seen in (8.25), (8.26). Analo- 
gously to (8.28), (8.30) we define the angular momentum vectors 
U(l X n, lyn, hn) and UUxn, jyn, jzn) of the w th particle by 



Ixn — ">lxn orb> Jxn — "il xn , etc. 



(8.33) 
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These operators should not be confused with the quantum numbers 
I and j. From (8.32) we also have 



ZJ-nt J — 2<in- 



(8.34) 



Let ij) m ^ ) be a wave function transforming according to DW 
under rotations. Then from (8.18), 



= 3(3 + 1W»«>. 



(8.35) 



Thus ^ B W describes an eigenstate of the total angular momentum 
with the eigenvalue \/[j(j + l)]h and with z-component mh. 
Similarly if a function transforms according to D (l> under rotational 
transformations of the orbital co-ordinates alone (leaving spin 
co-ordinates fixed), then it corresponds to a state with orbital 
angular momentum -\/[l{l + 1)]S. 

Further references 

A more detailed discussion of infinitesimal rotations, Eulerian 
angles, the representation D <1/2) and its relation to the Cayley- 
Klein parameters is given by Goldstein (1950, Chapter 4) from a 
somewhat different point of view. As regards the irreducible 
representations of the rotation group, there are also three main 
different approaches as exemplified by Van der Waerden (1932), 
Weyl (1931), Wigner (1931), Murnaghan (1938), Boerner (1955). 

Summary 

The irreducible representations of the full rotation group are 
called DW where j is an integer or half an odd integer. ZW> is of 
dimension 2j + 1, and the base vectors are conventionally chosen 
to transform according to (8.18) and labelled by m =j, j — 1, . . . , 
— j. A wave function transforming according to D { 1 ) describes a 
state with total angular momentum VTJO + 1)]^- 

Problems 

8.1 Start with a book in some definite position and apply 
successively the rotations Rot(90°, x) and Rot(90°, y) about two 
perpendicular axes Ox, Oy. Show that the final position depends 
on the order of applying the rotations, but that in either case it 
does not correspond to a single rotation by 90-\/2 degrees about 
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an axis bisecting Ox, Oy as would be expected if the rotations 
added like two vectors. 

8.2 Prove that there always exists a unique single rotation 
Rot(y, C) whose effect is the same as that of two consecutive given 
rotations Rot(a, A) and Rot(/3, B). Hint: suppose Rot(a, A) and 
Rot(j8, B) finally displace the arc PQ on the unit sphere to P'Q' 
(Pig. 7). KC, LC are the right bisectors of PP', QQ'. Angle PCQ = 
AP'CQ' and /_PCP' = /_QCQ' = y. 




Fia. 7. Composition of rotations. 

8.3 Using the result of problem 8.2, verify that all rotational 
transformations of co-ordinates satisfy the group postulates of § 4. 

8.4 Let r be the position vector of a point P on a rigid body. 
If the body is rotated about the origin, show that r is carried into 
r' = T.r, where T is the dyadic tensor, 

vv + (E — w) cos 6 + v A E sin 0, 

6 is the angle of rotation, v a unit vector along the axis of rotation, 
and E the unit tensor (Milne 1948, p. 36; Zachariasen 1945, p. 242). 
Hence show that Rot(|-n-, x) Rot(j7r, y) = Rot(§7r, ^) where J- is 
equally inclined to the positive x-, y- and z-axes. What single 
rotation is Rot(£n-, y) Rot(^7r, x) equivalent to? 

8.5 Draw a figure from which the truth of equation (8.5) may be 
derived directly in the same way as (8.4) follows from Fig. 5. Also 
prove (8.5) analytically using tensors of the form given in problem 8.4. 

8.6 Calculate the coefficients of 6 2 a on both sides of equation 
(8.7) and show they are equal. 

8.7 Starting with I + , I_, I z expressed in Cartesian co-ordinates 
(cf. equation (8.25)), express them in spherical polar co-ordinates 
using the relations between the two co-ordinate systems (problem 3.2). 

8.8 Verify directly that I + , 7_, I z expressed in Cartesian co- 
ordinates satisfy the commutation relations (cf. equation (8.25)). 
Also verify that the matrices (8.23) do. 
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8.9 Express I + , I_, I z in Cartesian co-ordinates like (8.25) 
and hence verify that the functions (8.21) transform as standard 
base vectors (8.18) according to the irreducible representation 
D (1) of the rotation group. In particular verify that I + (x + iy) 
— I_(x — iy) = 0, and also (8.35). 

8.10 From the definition (8.1) show that 

Igiv = (Igu)v + u(I%v), 

so that 1% behaves like a single differentiation as regards its operation 
on a product function uv. 

8.11 The vectors u +1/2> u_ Vi (abbreviated to u + , u_) transform 
as standard base vectors (8.18) according to the representation 
D (1/2) of the rotation group. Show from problem 8.10 that the 
vectors 

u m = 



[(j + m)\(j - «)!]!/« 



transform as standard base vectors according to the irreducible 
representation DW. 

8.12 Apply the method used to obtain (8.24) to calculate 
D n >(0, x) referred to standard base vectors. Check the result by 
writing down the matrix representing the effect of B(9, x) on the 
functions x, y, z, and then transforming it to standard base vectors 
using (5.15). 

8.13 Show that (8.24) is a unitary matrix with determinant 
+ 1, and conversely that any 2x2 unitary matrix can be written 
in the form (8.24). 

8.14 Express the operator of (8.35) in spherical polar co-ordinates. 
What relation does it bear to the Laplacian V 2 ? Hence verify 
(8.35) for the spherical harmonics. 

8.15 Consider 

I" a b 1 f —z y +ix~\ la* -6"] _ [ - z' y' + kb'1 
[—6* a*J \y — ix z J [b* a\ ~ \y' — ix' z' J' 

where V R = _ & * a * is unitary with determinant +1, and where 

x, y, z are real. Prove: (i) x', y', z' are real, (ii) x' 2 + y' 2 + z' 2 

= x 2 + y 2 + z 2 , (iii) ((%&»)* = #2*tfi*- Hence show there is a 
homomorphism (appendix B) between the matrices U R and the 
rotational transformations R of co-ordinates from {x, y, z) to 

(*', y', z')- 
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8.16 In (8.1), note that il^ is a real operator, in the sense that 
il% i/i is real if >\i is real. Hence take the complex conjugate of (8.18), 
and show that the functions u m * transform under rotations in 
exactly the same way as the functions (— \)i~ m u_ m - 

8.17* Discuss the relationship between the full rotation group 
and the group of unitary 2x2 matrices with determinant +1. 
Show how this can be used to derive the irreducible representations 
of the full rotation group (Van der Waerden 1932, p. 57). 

8.18 Derive a general expression for the elements D x ^ ] (x> 0> 4) 
of the matrix representing a rotation by Eulerian angles x> #> 
<f> (8.22) in the representation DW. Particularize the answer to 
the rotation R(0, x) and compare with the result of problem 8.12. 
Hint: use problem 8.11 and equation (8.24). 

9. Reduction of the Product Representation ZW x XW') 

Product representations 

In quantum mechanics it frequently happens that we wish to 
multiply wave functions or other functions by one another. For 
instance it may be convenient to express a two-electron wave 
function ^(r^, r 2 ) in terms of products ^ 1 (r 1 )^ 2 (r 2 ) of two one-electron 
functions tfi lt i/i 2 . Similarly when calculating a quantum mechanical 
matrix element $<j/i*xi[i} dr we multiply three functions together. 
Let us therefore consider the vectors w 2 , M i> M o> M -i> u ~2 an< i v i< 
v , v_ t transforming respectively as standard base vectors according 
to the representations D <2 > and D (1) of the rotation group. Then 
we can form the 5 X 3 = 15 different products w TO *V> and these 
transform into one another under rotations so that they form the 
basis of a representation of the rotation group. This representation 
is written symbolically as D {2) X D a) . 

Reduction of a product representation 

The vector space of dimension 15 spanned by the ««#,, is called 
a product space. It and the representation D {2) X D (1> can now 
be reduced using the method of the last section which we may 
summarize as follows: 

(i) Reduce the space according to the axial rotation group about 
the z-axis, so that each base vector belongs to a representation 
exp(iM$) for some value of M . 

(ii) Pick out the vector (or one of the vectors) Uj with the largest 
value of M , this value being J. 

(iii) Using the operator I_ and (8.18), define the vectors U Jt 
Uj-i< ■ • ■ U_j transforming according to D (J) . 
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(iv) Orthogonalize all other vectors to the U M . This can be done 
without combining functions with different M since such functions 
are automatically orthogonal. 

(v) Repeat the process (ii) to (iv) in the vector space remaining 
until the whole space has been reduced. At each stage the vector 
space remaining is still invariant under all rotations by appendix C, 
lemma 3. 

In the present case the space (. . . , %»„, . . .) is already reduced 
according to the axial rotation group about the 2-axis. For 

R(4>, «)«„,»„ = (e«*»* M J(e 4 "%) = e« m +">*w mV (9.1a) 

so that the base vector M m w M belongs to the value 



M = m + fi. 



(9.1b) 



Thus all the base vectors with their values of M written underneath 
them are: 



M = 


3 


W 2 l> 

2 


«2»-l 
1 


2 


1 





M = 


u v 1 
1 


M V 




-1 





-1 


-2 


M = 


-1 


-2 


-3 









The vector U 3 = ujp y has the largest value of M namely 3, and from 
it using (8.18) a vector U 2 with M = 2 may be constructed. This 
will not be w 2 u or u^ but a linear combination of them. At the 
present we are not interested in just what the correct linear com- 
bination is. The important fact is that whatever the linear com- 
bination, we obtain in step (iv) one other linearly independent 
vector, U\ say, orthogonal to U 2 because the value M = 2 occurs 
twice in our table. Similar considerations apply for the other 
values of M. Thus we can tick off on the list once each M = 3, 
2, 1, 0, — 1, —2 corresponding to a set of vectors V ' m transforming 
according to Z> <8> . There remains (step (iv) above) a set of vectors 
U' M with the values M = 2, 1, 1, 0, 0, -1, —1, -2. Similarly 
from among these we can construct a set transforming according 
to X) <2) and then a set according to Z) (1) , which uses up all the 15 
linearly independent vectors. Thus 

D<2) x D (1 » = X»« 3 » + 2)< a > + D a >. 

Similarly if two sets of vectors transform according to D { V and 
W, the product space transforming according to DW x DW 
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contains the value M = ±(j+j') once, M = ±(j+j'—l) 
twice, M = ±(j +j' — 2) three times, etc. The values M where 
~~\j —j'\ ^ M 4; \j — j' | are contained 2j -\- 1 times each if 
j < j' or 2j' + 1 times if j' ^ j. Proceeding in the same way as 
above, base vectors can be found transforming according to the 
representations D (J) withJ — j +j', j + j' — 1, ■ ■ . , \j — j'|,and 
thus 



2W> x ZW> = 2)W> + ZW+f-i> + DW-a> + . . . + DIM' I 



(9.2) 
For example 

D <2) X D <1/2) = 2)18/2) _|_ £)(3/2) 

2)(i> x 2)d) x ^(i* = 2>d) x (2><2) + 2)<i) -j- D<°>) 

= D< 3 > + D< 2 > + D (1 > + 2)< 2 > + D' 1 ' 

+ DO' + -D' 1 '. (9.3) 

TAe new; base vectors 

In simple cases there is no difficulty in carrying out the procedure 
of steps (i) to (v) above in complete detail and obtaining the actual 
base vectors transforming according to the different irreducible 
components D iJ K For instance if u lt u , w_ x and v v v , v_ t each 
transform according to D (1) , the product representation is D (1) 
X Dm = 2)<2) + D<d + 2)<°>. There is only one vector £7 2 (2 > 
= Ufl! with M = 2. From problem 8.10 and equation (8.18), we 
can define the next vector V^ 2) by operating on f7 2 (2) with I_: 

7_C7 2 (2) = (I_ Ul)Vl + Ul{I _ Vl) 
= 2 1 " i (u v 1 + UjVo) 
= 2EV 2 > by definition (8.18). 

In this way we obtain the following base vectors U m {J) transform- 
ing according to D <2 >, Di" and 2) <0) . 

*7 2 < 2 > =N t u l v 1 

CV 2 > = (N^'^u^ + «!»„) 

U m = (-^2/6 1/2 )(m- 1 « 1 + 2u v + «,»_!) (9.4a) 

^-i <2) = (^2i/«)(«_ lBo + t^-i) 

C/_ 2 (2) = N&^v^ 

CV» = (NJ2VKW - «!»,) 

CV" = (^ 1 /2 1/, )(«_ 1 e 1 - «!»-!) (9.4b) 

ff-i (1) = (JV 1 /2 1 / 2 )( M _ 1 ^ - «o»-i) 

^o ,0) = (^o/3 1/2 )(m-A +«i»-i- Vo)- (9.4c) 
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Here N 2 , N lt N are normalizing constants. 

If (*!, y lt Zy) and (x 2 , y 2 , z 2 ) are the components of two ordinary 
vectorsf r x and r 2 , we can from (8.21) put 

% = x i + iyi> u o = -2 1/2 %, M_ x = -(*i - iy t ), 
v 1 =x 2 + iy 2 , v = -2 1 >%, v_ x = -(x 2 — iy 2 ). 

The component (9.4c) transforming according to X> <0) then 
becomes — (2-\/3j3)(x 1 x 2 + y x y 2 + z x z 2 ), which is proportional 
to the scalar product r l .T 2 . The components Um (1) become 
— (z l x 2 — z^Xj) ± i(yjZi — yjjzj and — iy/2{x x y 2 — x^), so that 
from (8.21) the quantities 

to - y^i)> («i*2 - *2*i). ^2 - x &\) 

transform under rotations in the same way as the components 
(x, y, z) of an ordinary vector. As expected, they are the components 
of the vector product r x A r 2 . Consider now the components Ty 
of a second rank tensor. By definition they transform in the same 
way as the products r^ry where ru = x v y lt z x for i = 1, 2, 3, etc. 
Hence the nine Ty form a vector space of dimension nine trans- 
forming according to D (1 » X D (1 » = £><*> -f D' 1 ' + D (0 ». The Z)<°» 
component is the scalar T n + T 2i + T w , and the quantities 
T 23 — T S2 , T n — T 1S , T 12 — T 2l transform like an ordinary vector 
according to D (1> (cf. Milne 1948, p. 46). The remaining five linearly 
independent combinations T& + T S2 , T 31 + T 13 , T 12 + T 21 , 
T u — T 22 , T 22 — Tgg transform according to D <2) , and form a 
symmetric second rank tensor with a zero sum of diagonal elements. 
It is sometimes convenient to have the relations (9.4) expressed 
the other way round. We can solve them as simultaneous equations 
for the UmVp, and obtain 

Vl = (WW IN, + U^INx), 
u v = (l/3»*)(2v*U <»IN 2 - tyo'/tfo), (9.6) 

u Q v_ x = (1/2^)(U^/N 2 - U.w/NJ, etc. 

Wigner coefficients 

The coefficients occurring in (9.4) and (9.6) are particular examples 
of certain general coefficients known as Wigner coefficients. Let 

Mm. — j < w < j. and v m , — j' < m' < j', 

f We shall refer to the common type of vector in three-dimensional space, 
such as the position vector r of a particle, as an ordinary vector, to distinguish 
it from the more general concept of a vector in a more general vector space. 
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be two sets of standard base vectors transforming respectively 
like (8.18) according to ZW and D 1 ?*. Then by the procedure of 
steps (i) to (v) above, we can find in the product space u m v m several 
sets of vectors 



UJ»=Nj 2 (jj'mm' \JM)u m v„ 

m,m' 



(9.7) 



transforming according to D^, where from (9.2) J —j +j',j+j'—l, 
... \j — j' | . The coefficients (jj'mm' \JM) are the Wigner 
coefficients, also known as Clebsch-Gordon or vector coupling 
coefficients. Now our method of constructing U M ^ is unique 
and, therefore, apart from the factor Nj, the Wigner coefficients 
as defined are uniquely determined. This is the most important 
fact about them: the coefficients do not depend on the detailed 
nature of the u m and v m . which may be complicated many-electron 
wave functions. For instance we already showed from (9.1) that 

(jj'mm' \ JM) = unless M = m + m'. 

Incidentally if we had chosen base vectors u r , v t , Ut not trans- 
forming in the standard way (8.18) but with some other definite 
transformation properties, the coefficients relating them would 
still be uniquely determined, apart from the Nj, by these trans- 
formation properties. The coefficients would not depend on the 
particular form of the functions, but just on their transformation 
properties. For instance, in the example (9.4) we might have used 
x i> IJv z i> x 2> y*> z 2 as Dase vectors instead of the standard linear 
combinations (9.5), and this would have given somewhat different 
but still uniquely determined coefficients. 
As before, the equations (9.7) can be inverted to give 



u m v w = 2 (jj'mm' \JM)(llNj)U M «K 

J,M 



(9.8) 



Actually it is not obvious that the coefficients in (9.8) are the same 
as those in (9.7), but we shall prove in § 20 that with appropriate 
choice of Nj this always is so: compare for instance (9.4) and (9.6). 
We shall also derive a general formula for (jj'mm' \ JM ) in §20, 
but it is too cumbersome for general use so that numerical tables 
of Wigner coefficients are given in appendix I. 

Summary 

li two sets of vectors u m and v m transform according to ZW 
and W, then the product space spanned by the vectors u m v m > 
6 
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transforms according to a representation ZW X ZW> which is 
reducible into the components D U) given by (9.2). If all base 
vectors are chosen in the standard way according to (8.18), the 
vectors transforming according to the different D {J) are given in 
terms of the u m v m - by the Wigner coefficients. 

Problems 

9.1 From (9.2) write down the irreducible components of 
D</> x -D (0) , D (!) X D an) , D (1/2) X I> (1 ' 2 », D< 1/2) x D (1/2> X D <1/2> . 

9.2 Derive all the vectors (9.4) and (9.6) in detail, and verify 
that the same coefficients are involved whichever way round ((9.7) 
or (9.8)) one writes the relationship between them. 

9.3 Find the vectors U m {J) in the space u m v m , where the u m 
and v lf2 , v_ m transform as standard base vectors according to 
D u> and D a/2> respectively. 

9.4 What happens to the vectors (9.4), (9.5) if we put x lt y v 
z i ~ x 2> 2/2> z 7r Show that this situation is an example of the follow- 
ing general theorem, and construct another illustration. Theorem: 
if a set of linearly independent vectors fa and another set of linearly 
dependent vectors fa (i.e. linearly dependent among themselves, 
not linearly dependent on the fa) transform with the same matrices 
under a group of transformations, and if the fa transform according 
to a reducible representation £> (0 ° + Z> ( "> + D M + . . . + D M , 
then the fa transform according to a representation 2 -D (r> > where 
the D ir) are some of the irreducible components out of the set 
D M , D {f>) , D M , . . . D ( "K For a proof of this theorem, see Van der 
Waerden 1932, p. 74. 

9.5 Show that the Wigner coefficients (jj'mm'\JM) = 1 when 
M=m + m' = ±J = ±(j +j'). 

9.6 Using the operators I + , I_, I z , show that 2 (— l) m «-m«'m is 

TO 

invariant under rotations, where u m , v m are two sets of functions 
each transforming according to D^K Note that (9.4c) is a special 
case of this. 

9.7 Show algebraically that 

'% (2J + 1) = (2j + l)(2f + 1). 

D'-i'l 

What is the significance of this result in connection with equations 
(9.2) and (9.7)? 

9.8 Tij is a symmetric second rank tensor ( Ty = Tjt) such that the 
sum of the diagonal elements is zero. Show that the components trans- 
form under rotations according to the irreducible representation D (8) . 
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10. Quantum Mechanics of a Free Atom; 
Orbital Degeneracy 

The total Hamiltonian J" of a free atom can conveniently be 
divided into three parts 



MP =^f rb +^spin + -^niicl (10.1) 



where 




(10.2) 



Here Ze. is the charge of the nucleus, and n the number of electrons 
which is not equal to Z if the atom is ionized, ^spin depends on the 
electron spin and will be discussed in detail in the next section, 
•^"nuci takes into account the motion of the nucleus, its finite size 
and the deviation of the potential from a pure Coulomb field near 
and inside the nucleus, and also its spin, magnetic moment, quadru- 
pole moment, etc. It is small so that we shall neglect it completely 
in this chapter, but return to consider it in § 21. 

Now even the simplest part of the Hamiltonian, Jt rb (10.2), 
does not have eigenfunctions that can be expressed exactly in a 
convenient closed form, though with present day computing mach- 
inery it is possible to get numerical solutions with a high degree of 
accuracy. We shall therefore of necessity be concerned with approxi- 
mation procedures and perturbation theory. In particular the wave 
functions we derive will usually be only the first terms in a complete 
expansion of the wave function, but for many purposes this is 
quite adequate. However, it is important to realize that this does 
not mean the whole theory will be approximate. The theorems of 
§ 6 allow us to make precise statements about the transformation 
properties of wave functions, even though these wave functions are 
unknown, very complicated, many-electron functions. Consequently 
anything that depends purely on transformation properties can 
be discussed exactly. Examples of such things are the degeneracy 
of energy levels, qualitative splittings by perturbations, the intro- 
duction of spin angular momentum, selection rules for transitions 
between various levels, and the relative strengths of a group of 
spectral lines. In this context the wave functions we shall write 
down are just aids to the imagination. On the other hand, if one 
wants to calculate such things as the actual energies of certain 
levels or the absolute intensity of a spectral line, one does require a 
knowledge of the wave function. In this connection, therefore, we 



74 GROUP THEOBY IN QUANTUM MECHANICS 

shall need to write down approximate wave functions and to have 
systematic ways of obtaining more accurate ones when required. 

In short the main features of our group-theoretical discussion 
in the remainder of this chapter are the following: (i) the rigorous 
arguments depending on symmetry properties are clearly separated 
from the approximations inherent in any particular wave function; 
(ii) in particular the treatment of spin angular momentum is made 
rigorous; (iii) the argument applies generally to an atom with any 
number of electrons. 

Self-consistent field 

We shall now start to consider (10.1) in the usual quantum 
mechanical manner, first the largest terms of ^f orb> then the next 
smaller ones as a perturbation, and then still smaller ones in a 
definite sequence. As a first approximation we regard each electron 
moving independently in the average potential, considered as fixed, 
of the other electrons. Such independent motion corresponds 
to a single product wave function ip of one-electron orbitals fa; 

<!>= &(ri)Mr,)... Mr»)- (10-3) 

We now use the variational principle to calculate the fa that makes 
>fi come closest to the correct wave function. This principlef 
states that the lower the energy E of the wave function ^t 

E ~ J^dr ' (104) 

the closer ^ is to the true eigenfunction of Jt? orb . The lowest energy 
obtainable with i/t having the form (10.3) can be calculated, and it is 
found that the fa are given by the set of n Hartree equations 
. (Schiff 1955, p. 284) 

[- £ V,* + 7i(r«) J *(r<) = £f*(r<) , (10.5a) 

Ze* C e* 

Vi(ri) = - — -f 2 fc*(r,Mr,) - dry. (10.5b) 

n j*i j nj 

As anticipated, the potential energy Vi is the expectation value 
(10.5b) of the electrostatic potential energy due to the other electrons 
and the nucleus. It is called the self-consistent field because through 
it each fa depends on every fa, so that we have to obtain simul- 
taneously a self-consistent set of solutions fa of all the equations. 

•f This is a very rough formulation of the variational prinoiple, but it suffices 
for the present purposes (Schiff 19S5, p. 171). 
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V t (Tt) as defined by (10.5b) is not actually spherically symmetrical, 
but for practical purposes of computation it is made so by averaging 
over all directions for fixed n, and we shall assume that this has 
been done. (10.5) is then invariant under rotations so that we 
obtain degenerate sets of eigenfunctions transforming according 
to D {1 *\ These in fact have the form (Schiff 1955, p. 69) 



fajrt) °=f%&{r t ) Yi t m u (0j, f ), (10.6) 



where the spherical harmonic Yi m shows that they transform 
according to D (J ". If the radial function/ has n t — k — 1 nodes in 
it, it is designated by the principal quantum number m and the 
orbital angular momentum quantum number l t . The latter derives 
its name from the fact that from (8.35), fa has angular momentum 
VVt(k + 1)]^. Instead of using I, an orbital is usually specified 
using the spectroscopic notation by a symbol nx, where n is the 
principal quantum number and x is the letter 

«, P, d,f, g, h, ... for I = 0, 1, 2. 3, 4, 5, . . . (10.7) 

A state of the form (10.3) is specified by a symbol such as (1 s) i 2s(2p) i 
where the indices denote the number of Is etc. orbitals occurring. 
In general the orbital eigenvalues E t of (10.5) in order of increasing 
energy are Is, 2s, 2p, 3s, 3p, 3d, 4s, . . . , the Is orbital having the 
lowest energy because it lies closest to the nucleus. Thus to ob- 
tain the lowest energy for (10.3), we would expect to take each 
of the fa as a Is orbital. However as we shall see in § 12, the ex- 
clusion principle prevents the atom from collapsing in this way. 
The spectroscopic notation does not specify an orbital or a set of 
orbitals (10.3) completely, for it leaves each of the mi arbitrary. For 
instance a symbol such as (ls) 2 2s(2p) 2 corresponds to a whole set of 

(2fi + 1)(2J, + 1) . . . (2l f + 1) . . . (10.8) 

wave functions (10.3) given by all possible combinations of the mu- 
Since the orbitals (10.6) are degenerate, these wave functions all 
have the same energy (10.4). They are known collectively as a 
configuration, and this name is sometimes also applied to their 
energy. All the wave functions (10.3) of one configuration are 
eigenfunctions of a central self- consistent field Hamiltonian 

•^oscf = - £ JV« 2 + IVtin). (10.9) 

They all belong to the same eigenvalue of 3f cect , as follows from the 
fact that (10.9) is invariant under separate rotations of the individual 
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electron co-ordinates xt, yt, «< alone. All the wave functions can be 
generated from the one with every mn = k by using the operators 
(I-)i orb of (8.32) and the relation (8.18). 

Energy levels of '^orb 

Since the configuration of wave functions (10.3) are degenerate 
eigenfunctions of ^cscf> we obtain the energy levels of J^ 0Ib by 
applying 

*^*es = -^"orb ~ ' -^csef (10.10) 

as a perturbation. This represents the difference between the true 
electrostatic interaction between the electrons and the self- consistent 
field. It will produce a splitting of each configuration, because the 
total Hamiltonian ^ or b is now no longer invariant under separate 
rotations of the co-ordinates xi , yt, z% alone, so that the degeneracy 
(10.8) no longer applies. However, 3^ orb is invariant under simul- 
taneous rotations of all the co-ordinates x%, yu zt. Under these 
rotations the wave functions (10.3) transform according to the 
reducible representation 

XX'i) x -D" 2 ' X ... X Z> ( '»» = 2-D <x,) . (10.11) 

so that by Theorem 3 of §6 the configuration is split into a set of 
levels according to the different values of L occurring in (10.11). 
For example the configuration (Is) 2 2s2p3p would give levels with 
L = 2,l and 0. 

Using the Wigner coefficients (9.7), we can write down the actual 
linear combinations transforming according to D {L) . We first 
combine the fafa) and $ 2 (r 2 ) t° form the functions 

2 (l 1 km ll m n | L^M 2 ) t nihmil {rj ^ smw (r 2 ) 

transforming according to D {Lt) where D {ll) X D lli) = ~2,D lLi) 
(9.2). These are then combined with the </> 3 (r 3 ) to form functions 
transforming according to D {L *> where D {Li) X D ilt) = ^D {Li) . 
These are then combined with the ^ 4 (r 4 ) etc. until we reach L n 
= L. The wave functions then are 

Hml = 1(.hh • ■ \L 2 .)(L 2 l 3 . . \L z .)(L z l i . . \L t .) . . . 

(L^h . . | LM L ) fc^) ^ 8 (r 2 ) . . . </> m „(r n ). (10.12) 

Here we have dropped for simplicity all but the most important 
suffices. The summation is over all combinations of the m< such 
that Hmt = M L . Now, although the wave functions (10.12) have 
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the correct symmetry properties, there is no reason why they should 
be eigenfunctions of 3^ orX) , and in general, we have to write the 
correct eigenfunctions in the form 

0£Ml( r l> r a» ---in) 

= "oWlml given by (10.12)) 

+ *2, a -n( x l'iiM[. fr° m other configurations). (10.13) 

Here a « 1 and the other coefficients a n are usually small. The 
mixing in of wave functions from other configurations is called 
configurational interaction. Since the whole wave function has to 
transform according to Z> (L) , only terms with the same L can give 
contributions to (10.13). When the energy difference between 
various configurations is comparable with the splittings produced 
by Jt? es , then the corresponding coefficients in (10.13) are all large 
and the configurational mixing is important in calculating the 
energies of the various levels. However, their number and L values 
cannot be affected, since by Theorem 3 of §6 these depend only on 
symmetry properties. In (10.12), it happens occasionally that we 
obtain two unrelated sets of functions with the same L from one 
configuration. In this case we have to take linear combinations 
between them to obtain even approximate eigenfunctions, and 
both sets will appear in (10.13) with large coefficients. 

Summary 

The Hartree self-consistent field equation (10.5) is invariant 
under rotation of the co-ordinates zt,yt,zt, so that its eigenfunctions 
transform according to D"* 1 and its energy levels are (2Z< + l)-fold 
degenerate. The central self- consistent field Hamiltonian Jf C act 
(10.9) is invariant under separate rotations of the co-ordinates of 
the different electrons, so that its energy levels have the degeneracy 
(10.8). The Hamiltonian ^" or i) (10.2) is invariant under simultaneous 
rotation of all electron co-ordinates, its eigenfunctions transform 
according to D lL) and its energy levels are (2L + l)-fold degenerate 
where L is given by (10.11). 

Problems 

10.1 What values of L could the following configurations give 
rise to: (ls)*2p3sM, (ls) 2 (2s) 2 (2p) 2 , (ls) 2 (2s) 2 2p3p, (ls) 2 (2s) 2 (2p) 3 . 

10.2 Using the Wigner coefficients of (9.4), write down the wave 
function (10.12) transforming according to D <0> in the configuration 
(ls) 2 (2s) 2 (2p) 3 . 
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10.3 Using problem 9.5, write down the wave function <Jiim l with 
h = M = 3 in the configuration (ls) a (2s) a (2p) 3 . By operating with 
I_ and using (8.18), generate the other wave functions with L = 3. 

10.4 An atom is in a state with L = 0. Show that it has a 
spherically symmetrical charge distribution even when configura- 
tional interaction is fully taken into account. 

10.5* Discuss the degeneracy of the states of a hydrogen atom. 
Note that the pure Coulomb 1/r nature of the potential introduces 
an extra symmetry into the Hamiltonian, which in turn is res- 
ponsible for the extra degeneracy (Fock 1935). 



11. Quantum Mechanics of a Free Atom including Spin 

The electron spin 

In the 1920's experimental evidence accumulated which indicated 
that electrons cannot be described correctly by the Hamiltonian 
■^orb (10.2), or rather its equivalent in the old quantum theory 
of the time. It was found necessary to make the following additional 
assumptions, which have no classical analogue, about the nature of 
electrons. 

I. Each electron has an intrinsic (or internal) angular momentum 
s of magnitude y/%h. This is called its spin angular momentum, 
or spin for short. 

II. The component of s along any direction can only have the 
values rti^- It i s usual to choose a definite z-axis and to describe 
the state of the electron using an additional or intrinsic co-ordinate 
a z , where a z = ±1 corresponds to the component s z being zLjft. 
This is called the spin co-ordinate. 

III. In general the effects of spin are small compared with the 
Coulomb repulsion between electrons, or more precisely with the 
self-consistent field of (10.5). 

IV. The electron has a permanent magnetic moment {—ejmc)s. 

An electron circling in an orbit with orbital angular momentum 1 
has an effective magnetic moment (—e/2mc)l due to the purely 
classical circulation of the current. We note therefore that the ratio 
of spin magnetic moment to spin angular momentum is twice as 
large as the ratio of orbital magnetic moment to orbital angular 
momentum. We shall not discuss here the actual experiments, 
such as the Stern-Gerlach experiment and the Zeeman effect in the 
spectra of alkali atoms (see for instance Born 1933), that originally 
led Uhlenbeck and Goudsmit (1925) and others to these assumptions. 
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Suffice it to say that in the course of time the assumptions have 
been found to give a description of the nature of electrons which is 
in complete accordance with experiment apart from some relativistic 
and radiative corrections. 

Actually the assumptions I to IV above are not logically indepen- 
dent, and we shall only make the much more limited assumption : 

An electron has some internal (or intrinsic or spin) degree 
of freedom which gives it direction-dependent properties. 
The co-ordinate, o z say, describing the internal degree 
of freedom can only have two values, o z — ±1 say. (11.1) 

From this we shall derive in the present section the existence of 
the intrinsic spin angular momentum and its magnitude (items I 
and II above). Later in § 32 we shall look for a relativistic description 
of particles having such a spin momentum in ordinary space, and 
shall arrive at the Dirac equation from which the magnetic moment 
and its interactions follow (items III and IV above). Though 
logically sounder, it would be very inconvenient to defer all dis- 
cussion of spin-orbit coupling, etc., till after § 32, so that in the 
present section we shall anticipate the results III and IV above, and 
base our discussion of spin-dependent forces on them. 

Spin operators 

From our assumption, we must write a wave function 

#*, V, 2. <*) (H.2) 

for one electron as depending, not only on the orbital (or positional 
or spatial) co-ordinates x, y, z, but also on the spin co-ordinate a z . 
Let us now operate on >ji with a rotation R(a, §). Going back to 
our fundamental definition of what this means (§ 5), we first refer 
</i to new axes OX, OY, OZ. Now the co-ordinate a z is defined 
with respect to a definite axis Oz, and will therefore be expressed 
also in terms of a new co-ordinate <j z with respect to the new axis 
OZ. We then replace X, Y, Z, a z by x, y, z, a z again throughout 
to obtain R<fi{x, y, z, a z ). From this description, it is seen that R 
can be divided into two independent transformations 

R(x, %) = iJ rb(a, 5)*Wtn(«. 5). ( ' l 3 ) 

where i? rb expresses only x, y, z in terms of the new axes and -R S pin 
only a z . As in (8.2) the rotations can be expanded in powers of a 
with the infinitesimal rotation operators, and (11.3) becomes 

1 +ial % + 0(« a ) = (1 + i*I x orb + ■ • • )(1 + A*J, spin + • • •)• 
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Equating coefficients of a, we obtain 

-*? = 1% orb + 1% spin) 



(11.4) 



where J § rb operates only on x, y, z and 7 5 Bp i n only on a z . 

We can now show that an electron has a spin (or intrinsic or 
internal) angular momentum. In the absence of a classical analogue 
to spin, the angular momentum has to be defined by the funda- 
mental Dirac relation 



P g = Mg. [see (8.29) or (F.2)] 



Thus the total angular momentum of an electron is given by 



h — fiI l = M( orb + Mf spin = k + s f , (| = x, y, z) 



(11.5) 



where the l ( are the components of the orbital momentum 

l x = -ih(y^-z^j,etc. (8.27) 

as already defined in § 8, and where 



S f = HI f spin (£ = x, y, z) 



(11.6) 



are the components of an additional, non-classical, spin angular 
momentum s. The magnitude of the spin momentum will be derived 
in (11.14). Similarly for several electrons, their combined total 
angular momentum J is the sum of the combined orbital and spin 
angular momenta L and S : 



(11.7a) 
(11.7b) 



Alternatively J can be split up in terms of the total orbital plus spin 
angular momenta j 4 of the individual electrons: 



J( 


— M ( — HI ( orb + RI( S pi n = L f + S ( , 


where L ( 


= Mf orb = 2 hi = 2 M H orl) , 
i t 


St 


= ni e spin = 2 % = 2 nI H spln . (£ = x, y, z) 

i i 



j ( = m ( = i hi (t = 2 hi = 2 (h + ««)• (f = *> y> *) 



(11.7c) 
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Spin-orbit coupling 

We can now calculate Jospin, the spin-dependent part of the total 
Hamiltonian (10.1), expressing it in terms of the above operators Sj. 
Consider an electron in the field of the nucleus, the electron being 
at the position r relative to the nucleus which is considered to be 
at rest. An observer moving with the electron would see the nucleus 
moving past him with velocity — v, generating because of its motion 
a magnetic field H = (Ze/cr 3 )(—v) A r at the electron. This inter- 
acts with the magnetic moment m = —es/mc of the electron, giving 
a contribution 

Ze 2 
— m-H = 1-8 

m a cr 3 

to the total energy, i.e. to the Hamiltonian. Here we have put 
1 = mr A v. The fact that we want the Hamiltonian expressed 
in a frame of reference in which the atom is at rest gives an additional 
factor of \ (Thomas 1926). We also obtain corresponding terms 
for the interaction of the electrons among themselves, and have 
therefore the following contribution to the Hamiltonian (Condon 
and Shortley 1951, p. 211; Heisenberg 1926) 

_ Ze* V l r s, 

_ Jl_ V V | >< - IV) A (v< — Vj) _ 1 (r< - iy) A 

(11.8) 

This contribution to Jftspm is known as the spin-orbit coupling 
because it depends on the orbital motion of the electrons as well 
as the spin. We shall see in § 32 how the spin-orbit coupling for one 
electron comes out of the relativistic Dirac equation without putting 
in the value of the spin magnetic moment. In addition there is the 
spin-spin coupling which is the direct magnetostatic interaction of 
the electron magnetic moments 

*bb = A% 2 2 2 Sl ' 8jlri}S ~ 3(s<T tf )(s r r^)/V. (11.9) 

i < j 

Comparable in magnitude with (11.8) and (11.9) is also the classical 
magnetic interaction between the electron orbits viewed as currents, 
but we shall neglect this, since it leads to no very important effects. 

Spin-dependent wave functions 

In <jt (11.2) the variable a z is only allowed to have the discrete 



— 'St. 
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values a z = ±1, in distinction from the other variables x, y, z 
which vary continuously. There are three common ways of writing 
a function of a discrete variable like a z . They are all three com- 
pletely equivalent and we shall use them interchangeably according 
to convenience. Let us introduce them by examples. Let N(a) be 
the number N of children in a certain class whose age was a years 
last birthday. Then N(a) is mathematically a well defined function 
of the discrete variable a which by its definition only takes integer 
values. Our writing N(a) and thinking of it as a function of a is 
the first way of writing such a function and corresponds to the form 
(11.2) for \\i which we have already used. The second way consists 
of thinking of N(a) as a table of values, for instance: 



a = 


<6 


7 


8 


9 


10 


11 


>12 


N(a) = 





2 


10 


13 


6 


1 






This also specifies the function completely, and similarly we can 
express >fi (11.2) in terms of two components in a little table: 

«•» = +1 -1 

i/>(x, y, z, <j z ) = </r + (a;, y, z) $_{x, y, z). 

Here the entries tji + , ^_ are still functions of the continuous variables 
x, y, z, but they are two ordinary functions independent of one 
another and of a z . Thus the second way of writing ^ is in com- 
ponent form 



<A(*> y, z, a z ) = [<f, + {x, y, z), <J,_(x, y, z)], 



(11.10) 



remembering that the two components refer to a z = ±1. Consider 
now the position vector r of a point in ordinary space. We write it 
as (x, y, z) in terms of three components analogously to (11.10). 
However we sometimes consider the vector r as a single entity in 
itself and then it may be written xi + y\ + zk in terms of the 
unit vectors i, j, k along the three co-ordinate axes. Similarly we 
write 



</>(£, V, z, a z ) = xjs + {x, y, z)u + + $Jx, y, z)u_, 



(11.11a) 



where u + , u_ are functions of o z only, defined by 



u + (+ 1) = 1, u + (- 1) = 0; u_(+ 1) = 0, «_(_ 1) = l. 

(11.12) 
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Clearly (11.11a), (11.12) is the same function i/i defined by our table, 
and this is our third way of writing ^ (11.2). u + and w_ are called 
spin functions or spinors. An w-electron wave function ip is usually 
written in this third way as 



«A == 2 ^aP.-.v^l. Vv «1» • • • *n, Vn, 2»)W«1 W 08 ■ ■ • u vn 
ccff...r 



(11.11b) 

where we have to sum over all the 2" arrangements a/? . . . v of the 
n+ and — signs, and where u + (cr n ) is abbreviated to w +1 etc. 

Transformation properties of spin functions 

Since all our spin operators s x , etc., are defined in terms of infinitesi- 
mal rotations (11.6), before we can operate with them on a wave 
function we have to know how w + , «_ transform under rotations B. 
Now any function of a z can be expressed in terms of u + , u_. In 
particular this applies to Bifi and also Ru + and Bu_. Thus we can 
always write 

Bu + = au + + bu_, 

Bu_ = cu + + du_, 

so that u + , u_ transform into one another by rotations. They 
therefore form a basis of a representation of the rotation group, 
which can only be D n/2) or Z> (0 > + D <0) since it is two-dimensional. 
In the latter case u + and u_ would be invariant under rotations and 
we would have no directional properties contrary to our assump- 
tion (11.1). Hence w + , «__ transform according to Z) <1/2) , and « + , 
m_ are often distinguished by their m quantum number m, = ±£. 
From this conclusion and (8.18), (8.35), we have 



«««+ = ihu + , 8 Z U_ = — \ftu_, 

«\ = lhhi + , shi_ = fR«w_, 



(11.14) 



so that u + , u_ correspond to states with a spin angular momentum 
of magnitude -y/fft toith components ±ffi in the z-direction as stated 
at the beginning of the section. 

Term wave functions 

We first generalize the discussion of § 10 by including spin in 
all the wave functions. Since Jfcsct (10.9) and ^ rb (10.2) do 
not depend on spin, their spin dependent eigenfunctions can be 
obtained by multiplying each of their orbital eigenfunctions by 
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any one of the 2" products u al u^ . . . u vn , where a/3 . . . v is a set of 
+ and — signs as in (11.11b). Thus the eigenfunctions of .Jforb are 

>l> = 4>lm l ot\> (r lt r 2 , . . . r n )u al up 2 . . . u vn . (11.15) 

These 2" functions are all degenerate, corresponding to the fact 
that Mf orD does not depend on a z t and is invariant under a rotation 
-Rspin ( (1 1 .3) of the i th spin co-ordinate alone. (Compare the degener- 
acy (10.8) of a configuration.) However, instead of using in (11.15) 
the simple products u %l u^ . . . u, n which transform according to 
the reducible representation 

£>u/w x Dii/t) x ... X DW» = ~ZD iS \ (11.16) 

we can first pick out the linear combinations Usm s transforming 
according to the irreducible components D iS K These can be written 
down using the Wigner coefficients as in (10.12). Then instead of 
(11.15), the eigenfunctions of ^ rb are written 

0(A M L , 8, M s ) = +lu l orb U SMs , (11.17) 

and for given L and S they form a degenerate set of (2 L + 1 )(2<S + 1 ) 
states called a term. This degeneracy corresponds to the fact that 
.Jf orb is invariant under a rotation of all spatial co-ordinates or of 
all spin co-ordinates simultaneously. If we combined a given 
i>LM h orb with each of the Usm s > we would get 2" wave functions 
(11.17) which are just linear combinations of the functions (11.15). 
The reason for preferring the form (11.17) is that in fact the exclusion 
principle does not allow us to use in (11.17) for each L all values of S 
occurring in (11.16). In fact we shall see in the next section that a 
given value of L gets combined with only one value of S in (11.16) 
and thus gives rise to only one term, not to several. In the spectro- 
scopic notation, a term is specified by a capital letter S, P, D, F, 
0, etc., corresponding to L = 0, 1, 2, 3, 4, analogously to (10.7). 
The value of S is indicated by the superscript 2$ + 1. For instance 
a term with 8 = 1, L = 2 is written 3 D. The superscript is pro- 
nounced "singlet", "doublet", "triplet", etc. 

Splitting due to ^f spin 

What splittings occur if we now include ^spin in the Hamilton- 
ian? We first have to derive the symmetry transformations of 
.Jospin. In § 8 it was shown that if 

\ = Zi + m\ + wk 

is a unit vector along some axis Of, then I t is given by 

I ( = U x + ml v + nl z . (11.18) 
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Thus if B is a transformation to new co-ordinate axes Of, Orj, OJ 
where 

f = lx + my -f nz, 

R transforms I x into I ( (11.18), and we see that I x , I y , I z behave 
under rotations like the components of an ordinary vector. It 
follows from the definitions (8.28), (8.30), (8.33), (11.5), etc., that the 
components of the angular momenta Sj, U, J, etc., all transform under 
rotations like the components of vectors, as we have anticipated by 
our notation. Now ^spin contains products of vectors, for instance 
li'S^ (cf. (11.8) and (11.9)). The Hamiltonian is therefore no longer 
invariant under orbital and spin rotations separately. However, 
lrs^ is invariant under a simultaneous rotation in both orbital and 
spin space, because it is the scalar product of two vectors and 
transforms according to the identity representation D m , and the 
same applies to all the parts of ^f S pin (H-8) and (11.9). Hence the 
eigenfunctions of <?f rb + ^spin °an be sorted out according to 
the representations D <J> of the combined-orbital-and-spin rotation 
group. 

In particular the term functions (11.17) transform according to 

_D<l> x D (S> = 2 DiJ) (11.19a) 

under simultaneous orbital and spin rotations, where the values 

J = L+S,L+8-l, . ..\L-S\ (11.19b) 

are given by (9.2). By Theorem 3 of § 6 we therefore expect the 
term to be split into separate levels, one for each value of J, and 
these are still (2 J + l)-fold degenerate. In the spectroscopic 
notation the value of J is indicated by a subscript. For example 
the spin-orbit coupling splits the term 3 D into the levels 3 D 3 , 
3 D 2 and 3 D V If we want to specify the level even more completely 
we write in front the configuration from which the term arises. 

The procedure just outlined is particularly profitable when the 
splittings produced by ^ spin are small compared with energy 
separations between terms. For then we obtain good approxi- 
mations to the eigenfunctions by using the Wigner coefficients to 
pick out from the term functions ifi(L, Ml, S, Ms) the linear 
combinations 

ML, 8, J, Mj) = 2 (LSMlMs I JMj) <£(£, M L , 8, Ms) 

UlMs (11.20) 

transforming according to D {J) . This situation is known as Ruasellr- 
Saunders coupling and applies particularly to the light atoms. 
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However ^f rb + -^spin is not invariant under separate orbital and 
spin rotations, so that L, Ml, S, Ms, are no longer good quantum 
numbers for characterizing a state. As regards the wave functions 
this means that the exact eigenfunctions are not just (11.20) but 
contain, in addition, contributions with the same J and Mj from 
other terms with different L and S. In fact in the very heavy atoms 
(and likewise for nuclear forces), it happens that the effects of 
<^spin are larger than the splittings due to 34? eg , so that the wave 
functions are very mixed. One then obtains better zero order 
approximations to the correct eigenfunctions by following the 
scheme known as jj coupling. In the central self-consistent field 
approximation, all terms in (11.8) vanish except the ones which 
reduce to 



(11.21) 



This can be deduced directly from (11.8) or more simply as in 
equation (32.26) from the Dirac equation. We also neglect Jtifss 
(11.9). With this approximation 3^ ca ct +-^"spin is invariant under 
a simultaneous rotation of the space and spin co-ordinates of the 
separate, electrons, and its eigenfunctions are just products 

^i»ft( r i» °ii) ^im„(r» °zi) • ■ • hnmiJ r n> a zn)- (11.22) 

Here the spin-dependent one-electron orbitals i/i) mj transform 
according to D ll) X Z> ll/2) = 2 D{)) - The products (11.22) trans- 
form according to 

D<ii> x DW X ... X D<t»> = 2 D U) , 

and we can use the Wigner coefficients as in (10.12) to pick out the 
linear combinations ii(j lt j 2 , ■ ■ ■ jn, J, Mj) transforming according 
to the D lJ K These will be the zero order wave functions when we 
split the configuration (11.22) by applying the remainder of the 
Hamiltonian, namely Jf'es + ^spin — i^'spin, as » perturbation. 
There will of course be again some configurational mixing as in 
(10.13). 

Parity 

As already noted in § 3, Jf Tb i a invariant under the space inver- 
sion XI (3.11). Now II commutes with every rotation R, I7R — RFI. 
Hence if (^ x i^») is a vector space invariant under 77 
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and transforming irreducibly under rotations, the matrix Z>(77) 
representing 77 commutes with all the irreducible matrices D(R) 
representing the rotations. By Schur's lemma, appendix D, we have 
79(77) = wE where E is the unit matrix. Since 77 2 is the identity 
transformation, we have w = 1 or » = - 1 when the representation 
is single- valued, and corresponding functions tfi such that 770 = ifi 
or 77^ = —ifi are said to have even or odd parity. As regards the 
functions u + and «_, 77w + and 77«_ must be expressible again in 
terms of u + , u_ as in (11.13), so that the vector space (« + , u_) is 
invariant under 77. However in this case it transforms according 
to the double- valued representation X) <1/2) under rotations. The 
identity transformation is represented by the two matrices E and 
—E, so that 

77« + = tou + , Tlu_ = wu_ (11.23a) 

where w = 1, — 1, i, or — i. It may be verified a posteriori that all 
the results of physical significance which are derived using 77, 
e.g. selection rules, are quite independent of which value of w is 
chosen in (11.23). Briefly the reason for this is that physically 
observable quantities contain products like i/)t*ift] so that IJ^>t*ifi} 
contains the factor (w*w) n where n is the number of electrons. 
This factor is always unity for each value of w (11.23). For simplicity 
therefore we choose 



the spin functions u + , u_ to have even parity w = 1 . 



(11.23b) 

To determine the parity of the various wave functions we have 
written down, we first note that the spherical harmonic Yi m can 
be expressed as a polynomial of degree I in xjr, y/r, zjr (§8). It 
therefore has parity (—1)'. Consequently the configurational wave 
functions (10.3) have parity 



w = (-l) a * 



(11.24) 



and the same applies to their linear combinations, the <\>lm l (10.12). 
Now since ^f orb is invariant under 77, its eigenfunctions have definite 
parity, so that the configurational mixing in (10.13) can only be 
between configurations with the same parity. When we include the 
spin functions V sm s in (11.17), the parity is still (11.24) since we 
have already made the convention that all spin functions have 
even parity, ^spin is also invariant under 77, since all the 1* and 
Si are (appendix F). Thus^on, +^f S pin is invariant under 77, and 

7 
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its eigenfunctions tf>(L, S, J, Mj) (11.20) can be assigned a definite 
parity (11.24) which is determined by the configuration from which 
the level arises. This is true no matter how much mixing between 
configurations and terms there is in the wave functions. 

Summary 

The electron spin has been introduced and the property of spin 
angular momentum deduced, ^orb is invariant under separate 
rotations of all orbital co-ordinates and of all spin co-ordinates, 
so that its eigenfunctions transform according to D il,) and D {S> 
under these rotations. Hence its energy levels, called terms, are 
labelled by quantum numbers L and S, and have a degeneracy of 
(2L + 1)(2S + 1). ^"orb +"^sptn is invariant under simultaneous 
rotations of all orbital and spin co-ordinates, and we get sets of 
eigenfunctions transforming according to Z) ( • 7, given by (11.19). 
A level characterized by J is (2 J + l)-fold degenerate. The total 
Hamiltonian is invariant under the space inversion IT, so that the 
parity given by (11.24) is also an exact quantum number. 

Problems 

11.1 Prove that s x u+ = $hu_, s x u_ = $fru + . Show that if we 

U."| 
write the wave function (11.10) as a column matrix . then we 

have to write any one-electron operator as a 2 x 2 matrix. In 
particular show that the matrix for a one-electron Hamiltonian 
is obtained by multiplying the spin-independent part by the 2x2 
unit matrix 1 and by putting in the spin-dependent part 

These matrices, without the factor \%, are known as the Pauli spin 
matrices a x , a y , u z . Show that they have the property 

tJxOy = — a V<*X = i&Z, etc., <T X 2 = Cty 2 = CTz 2 = 1. 

11.2 Express the function <r z (i/i + u + + ^>~U-) in component 

form, (i) when a z is considered as the matrix in the sense 

of problem 11.1, and (ii) when o z is regarded as a co-ordinate as in 
(11.11a). Hence show that the double meaning of a z can lead to 
no confusion. 

11.3 The normalized pure spin function u is such that w = 1 when 
the $ component of s along the f-axis is \%, where 0$ makes spherical 
polar angles 0, <f> with the z-axis. Express u in terms of u + , w_. 
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11.4 It is found that an electron in a state ip has equal proba- 
bilities of having its spin parallel or antiparallel to the 2-axis at any 
particular point r. What form does ifi have, expressed in terms of 
u + and m_ ? 

11.5 What values of S can we have for an atom with three 
electrons ? Write down the spin functions Usm s for S = § (use 
the method of problem 10.3). 

L+S 

11.6 Show that j, ( 2J + 1) = (2£ + 1)(2S + 1), and inter- 

\L~S\ 

pret this with respect to the degeneracy of a term. 

11.7 Show that an S term (L = 0) does not necessarily have 
even parity. 

11.8 Starting with a particular configuration, show that one 
obtains the same J values using the Russell-Saunders coupling and 
the jj coupling schemes. 

11.9 Show that the vectors r x and r x A r 2 respectively do and 
do not change sign under the space inversion 77. Such vectors are 
called regular vectors and pseudovectors respectively. Classify the 
following vectors into regular and pseudo: velocity, momentum, 
grad, angular momentum, spin, force, electric field, magnetic field, 
magnetic vector potential, magnetic moment. (Note that we define 
the vector product r x A r 2 to have the components y x z 2 — y 2 z lf 
etc., in either a left-handed or a right-handed reference frame. 
Similarly, to obtain the transformation properties of electric and 
magnetic fields, we require that Maxwell's equations be the same 
written for a left- or right-handed set of axes.) Show that the 
Hamiltonian for an atom is invariant under 77 when the interactions 
among the electrons and with the nucleus (§21) are included, and 
the interaction with a uniform magnetic field. Hence, deduce that 
parity is an exact quantum number for describing the state of an 
atom under these conditions, but that it would not be if the spin- 
orbit coupling had the form A27rrsj (Lee and Yang 1956). Consider 
also an atom interacting with a general time-dependent electro- 
magnetic field and show that the parity of the whole system (atom, 
field and sources of the field) does not change with time (problem 
30.2). In particular verify this when the atom undergoes a radiative 
dipole transition (Schiff 1955, pp. 224, 246, 257). 

12. The Effect of the Exclusion Principle 
Antisymmetric wave functions 

So far we have not taken account of the fact that ^F rt> + -^"spin 
is invariant under the group P» of permutations of the electron 
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co-ordinates. Let ^ be an eigenfunction of ^"orb or J^orb + ^spm- 
If P is any permutation of the co-ordinates r<, a z u then by § 6 Pi/i 
is also an eigenfunction with the same energy. This increases the 
degeneracies deduced in the last two sections by a factor of up to 
n\ (factorial ri) and we can generate an enormous number of degener- 
ate eigenfun«tions. For instance, suppose we have obtained, using 
the Hartree equations, an approximate eigenfunction 

of .Jforb. corresponding to the configuration ls2p of the helium 
atom. We have really a degenerate set of functions with the three 
allowed values of m = 1, 0, — 1 and two values ±J each for m n , 
m l2 . By operating with P 12 , the transformation that interchanges 
*i> Vv z i> °ii and x z< V* z 2» CT 22> we generate a new function P^ 
from each one of these, so that we have a total of3x2 2 x2=24 
degenerate functions. These can be sorted out according to the 
irreducible representations of p 2 . Clearly the linear combinations 

Y* = <l> + -Pi2«A. ^a = * - iW (12-1) 

transform according to the symmetric and antisymmetric re- 
presentations respectively (§7). 

Now in § 7 it was shown that for any number n of electrons, p n 
always has an antisymmetric representation. The Paidi exclusion 
principle says that the only states occurring in nature are the ones 
with wave functions transforming according to these antisymmetric 
representations. This can be derived from the fact that electrons 
have spin \ [see discussion above equation (32.27)]. In our example 
with two electrons, the exclusion principle eliminates half the pos- 
sible number of wave functions, namely those of the form W a 
(12.1). When n > 2, the reduction in the number of wave functions 
is even more drastic, a fraction 1/w! being in general antisymmetric. 
Hence in making calculations for an atom with several electrons, 
it would appear to be a waste of effort to set up a large number of 
wave functions, only to reject most of them at the end because of 
the exclusion principle. Following Slater (1929), it is much better 
to restrict oneself to antisymmetric wave functions from the begin- 
ning. From any wave function i/>, we can always construct an anti- 
symmetric one W analogously to (12.1), namely 



(12.2) 
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Here the antisymmetrizing operator A means applying a permuta- 
tion P to 0, multiplying by S P = ±1 as the permutation is even or 
odd (§ 7), summing over all P in the group f> n , and multiplying by 
the normalizing factor. When ^ is a simple product of one-electron 
functions, W can be written as a determinant: more generally 
when ^ is a sum of products, W is a sum of determinants. 

Configuration wave functions 

Let us now modify the discussion of §§ 10 and 11, and express it 
entirely in terms of antisymmetric wave functions. It is essential 
to include spin from the beginning because the exclusion principle 
applies to permutations of all co-ordinates, not of the orbital ones 
alone. Thus analogously to (10.3), we write as our first approxima- 
tion to the wave function a single determinant 






(12.3) 



As before a£ . . . v is some arrangement of ± signs. We first neglect 
^"spin. Our y (12.3) is too simple to be an eigenfunction of ^orb, 
but we can define the expectation value of the energy E as in 
(10.4). We again obtain the best wave function subject to its 
haying the form (12.3) by varying the <f> n so as to minimize E. 
This gives a set of equations analogous to (10.5) from which the 
<f> n can be determined. These are the Hartree-Fock self- consistent 
field equations (Hartree 1957) 

T ** Ze 2 v^ f e 2 1 

L~ ^ V<2 ~ ~U + Z J ^MM n, dT 'J*( r «> 



-2rffc*( r 'M r >)r dT ' 



&(r«) = Eifain). (12.4a) 



The electrostatic average potential appears as before. The last 
term on the left is the so-called exchange term which has no classical 
analogue, and in it the summation is only over electrons having a 
parallel spin direction, i.e. a zi = a Z j. A clear discussion of its physical 
significance has been given by Slater (1951). In making actual 
calculations with these equations, it is usual to average the potential 
and exchange terms over all directions if they are not already 
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spherically symmetrical. Then (12.4a) is invariant under rotations 
of the Xi, yu zi alone, and the wave functions have the form (10.6) 
transforming according to D lli) . In this way the individual energies 
Ei and the total energy E of W become independent of the mu 
and m s i though they depend through the self- consistent field on the 
k and the principal quantum numbers m. It follows that the total 
energy of the wave function (12.3) for the whole atom is completely 
specified by the quantum numbers wj, l t . Such a level is called a 
configuration and has degeneracy 



2»(2Z 1 +.!)(», + 1) • • • (2Z» + 1). 



(12.4b) 



There is one important difference between the determinant W 
(12.3) and the simple product Hartree wave function (10.3). In 
the latter there is no restriction on the quantum numbers m, k, 
mu chosen, but we notice from the determinantal form that W 
vanishes if we put two electrons say i and j into states with exactly 
the same quantum numbers n, I, mi, ra s , i.e. if for instance ^(rjw. 
= </> 2 (r)up. This happens because the two columns i and j of the 
determinant become identical so that the determinant is zero. 
Hence applied to determinantal wave functions of the type (12.3), 
the exclusion principle takes the form that only one electron can 
occupy a particular orbital, designated by a particular set of quantum 
numbers n, I, mi, m s . This drastically limits the number of wave 
functions in a configuration. For example in the configuration 
(ls) 2 2s(2p) i any arrangement with m sl = m si = J or m sl = m t2 
= — £ is excluded. Furthermore, from the antisymmetry of the 
wave function we have 

^(m sl = |, m, 2 = — i) = —Y{m n = -J, m s2 = $), 

(where all other quantum numbers are supposed the same on both 
sides) since these two wave functions are just the same determinant 
except for an interchange of the first two columns. Thus the two 
combinations of quantum numbers do not give linearly independent 
functions. Similarly m u = m l5 — 1, m si = m s5 = \ is excluded, 
but m i4 = 1, m u = 0, m si = m g5 = ^ is allowed. 

The periodic table 

The exclusion principle not only limits the number of states in a 
configuration, but also limits the number of allowed configurations. 
For instance (Is) 3 is excluded because there are only two possible 
Is functions corresponding to mi =0, m» = ± J. Similarly there 
are two 2s functions (I = 0), six 2p functions (I = 1), and, in general, 



QUANTUM THEOBY OF A FREE ATOM 93 

2(21 + 1) functions with principal quantum number n and orbital 
quantum number I. These make up respectively the Is shell, 2s 
shell, 2p shell, etc., as they are called. We can now write down'the 
configurations corresponding to the states of lowest energy of the 
lightest atoms. In hydrogen the single electron goes into the state 
with lowest energy, namely Is. In helium we have a second Is 
electron, which completes the Is shell. In lithium the third electron 
must go into the orbital with the next lowest energy, namely 2s, 
and in this way we build up the configurations shown in Table 4. 

Table 4 
Configurations of the Elements 



H Is 


Li 


l*s 2s 


Na, 


Is 2 2s 2 2p» 3s 


He Is 2 


Be 


Is* 2s 2 


Mg 


Is 2 2s 2 2p> 3s 2 




B 


Is 2 2s 2 2p 


Al 


Is 2 2s* 2p* 3s 2 Sp 




C 


Is 2 2s 2 2p % 


Si 


Is 2 2s 8 2p 8 3s 2 2p l 




N 


Is 2 2s* 2p* 


P 


Is 2 2s 2 2p« 3s 2 Zp 3 




O 


Is 2 2s 2 2p* 


S 


Is 2 2s 2 2p 8 3s 2 Sp* 




F 


Is 2 2s 2 2p i 


CI 


Is 2 2s 2 2p« 3s 2 3p» 




Ne 


Is 2 2s 2 2p* 


A 


Is 2 2s 2 2p 8 3s 2 3p" 



We notice the similarity between the configurations of the sequences 
Li, Be, . . . , F, Ne and Na, Mg, . . . CI, A. They differ only by the 
closed shells (2s) z (2p)« which is a very stable structure, as shown 
by the inertness of neon, compared with the more loosely bound 
additional electrons which have to go into orbitals with not nearly 
such a low energy. The latter give rise to the chemical properties 
of the elements and are called valence electrons. In this way the 
whole periodic classification of the elements can be accounted for 
(see for instance Slater 1939, p. 344). 

Enumeration of terms 

As in § 11, all the determinantal wave functions W (12.3) belonging 
to one configuration transform under orbital rotations according to 



j)W x j)<h) x ... x D (I «' = 2 D {L) 



and under rotations in spin space according to 



£)(l/2) x JT)(l/2) x ... x D* 1 ' 2 * = 2 D iS) . 



(12.5a) 



(12.5b) 



Using the Wigner coefficients we can reduce the vector space with 
respect to both these groups and construct a set of (2L + l)(2S + 1) 
linear combinations W(L, M L , S, M s ). These transform according 
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to D (L> and D (S) under orbital and spin rotations respectively, and 
one such set (or its energy) is called a term as in § 11. Taking linear 
combinations of determinants keeps the wave function antisym- 
metric of course. 

Following Slater (1929) we can enumerate all the terms from a 
given configuration which are allowed by the exclusion principle. 
This is done by counting in a way similar to § 9 all the values of M l 
and Ms that occur, and then grouping them into complete terms. 
Applying a rotation to all orbital variables keeping the o z t fixed, 
we have from (12.3), (10.6) 

Rovt> (</>, z)V = exp(»* 2 »«) V = «p(»Jf vfi Y. 
Thus 



M L = 2 m «> M s = 2 m *«- 



(12.5c) 



In a configuration such as (ls) 2 2s(2p) 2 , a full shell like (Is) 2 never 
gives any contribution to Ml and Ms- This is because the states in 
one shell can be grouped in pairs with quantum numbers mi, m, 
and — m h — ra s , and in a full shell they are all occupied. Let us 
therefore designate a state of the configuration (ls) 2 2s(2p) 2 by 
writing down (m, k, mu, mm) for each of the three electrons (i.e. 
2s(2p) i ) outside the closed shell. In this way we can systematically 
write down all the states allowed by the exclusion principle. They 
are shown in Table 5, where ± denotes ±| and where all states 
with negative Ml or Ms are omitted. These are simply given by 
symmetry from the states with both Ml and Ms positive. To 
group the values of M L , Ms into terms, we pick out the highest 
value of Ml with the highest Ms accompanying it, namely Ml 
= 2, Ms = \- From the corresponding wave function, we can 
generate with Z_ rb, J-spin all the wave functions belonging to a 
term with L = 2, 8 = \, i.e. a 2 D term. This uses up the Ml, 
Ms values marked (a) in Table 5 and corresponding negative values. 
Continuing the process among the remaining ones, we obtain also 
the other terms given in Table 5. 

Two orbitals having the same I are said to be equivalent if they 
also have the same n. If in the above example we had taken the 
two p orbitals to be inequivalent, e.g. the configuration (Is) 2 2s2p3p, 
there would have been some extra allowed entries in Table 5. For 
instance the determinant (2 +)(2 1 1 +)(3 1 1 +) in the con- 
figuration 2s2pBp is non-zero, whereas the determinant (2 +) 
(2 11+)(2 11+)in the configuration 2s(2p) 2 vanishes. 

As another example consider the configuration (2p)*. Corre- 
sponding to any given set of quantum numbers, e.g. (2 11+) 



quantum theory of a fb.eb atom 

Table 5 
Enumeration of Wavefunctions in the Configuration 



95 





(ls) 2 2s(2p) 2 






Ml 




M s Termf 


(200+)(211 + )(211-) 


2 




1/2 a 


(200 + )(2U + )(210+) 


1 




3/2 b 


(200 + )(211 + )(210-) 


1 




1/2 a 


(200 + )(211 + )(21-1 + ) 







3/2 b 


(200 + )(211 + )(21-l-) 







1/2 a 


(200+)(211-)(210 + ) 


1 




1/2 b 


(200 + )(211-)(21-1 + ) 







1/2 b 


(200 + )(210 + )(210-) 







1/2 d 


(200-)(211 + )(210 + ) 


1 




1/2 o 


(200-)(211 + )(21-l + ) 







1/2 o 


t (a) »£>;£ = 2, S = 1/2. 




(b) 


«P; L = 1, S = 3/2. 


(o) *P; L = 1, S = 1/2. 




(d) 


*S; L = 0, S = 1/2. 



(2 1 1 — )(2 1 +)(2 1 —1 — ), with total M quantum numbers 
Mla, Msa, we can write down the remaining two orbitals (210—) 
(2 1 —1 +) required to fill the shell. These have total quantum 
numbers M LB = — M LA , Msb = —M S a, because the full shell 
has Ml = Ms = 0. Since in any term the values ±Ml and ±Ms 
occur in pairs, the terms that can be formed from the configuration 
(2p)* are the same as those from (2p) 2 . Similarly (2p) b and 2p give 
the same terms, and so do (nd) x and (nd) 10- *, etc. 

Table 6 lists the terms from some configurations which consist 
only of equivalent electrons outside a full shell. A configuration 
composed only of closed shells has only the one state with Mz, 
— Ms = 0, i.e. it gives a *S term. 

The discussion of parity in § 11 is unaffected by the exclusion 
principle, and the parity (11.24) applies to all states derived from 
one configuration. 

Table 6 
Terms from Simple Configurations 



a 


»S. 


«*, p* or d 19 

p or p* 

p* or p* 

p* 

d or d* 

d* or d> 


>S. 
»P. 
»P, !£>, 1 S. 


*S, *D, «P. 

»D. 

*F, »P, 'G, l D, 1 S. 
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Energy levels 

As already mentioned, with some approximations in the Hartree- 
Fock equations (12.4), all the determinantal wave functions 
(12.3) belonging to one configuration have the same energy.f 
Now Jf 0Ib is invariant under separate rotations of all orbital co- 
ordinates and of all spin co-ordinates. Hence the eigenfunctions can 
be grouped into terms transforming according to D lL > and D iS) 
(12.5), different terms in this approximation having different 
energies. The wave functions are approximately linear combinations 
of determinants (12.3) from the configuration to which the terms 
belong, but strictly they include also small contributions from 
other configurations. These contributions must come from terms 
with the same L and S so that the whole wave functions still trans- 
form precisely according to D™ and D iS K This limits the amount 
of configurational interaction considerably, and there are further 
restrictions, e.g. the configurations must have the same parity. 

For a detailed discussion of the calculation of the term energies 
we refer to Condon and Shortley (1951, p. 191). However, we can 
see qualitatively why different terms belonging to the same con- 
figuration have different energies. Terms with different L have 
different spatial arrangements of their charge density, and so 
differ in electrostatic interaction energy. But how do terms with 
the same L but different 8 differ in energy when ^ rb does not 
depend on spin co-ordinates, e.g. i P and 2 P of Table 5? The answer 
is that the exclusion principle is not spin-independent; it demands 
antisymmetry in all the co-ordinates including the a zt . Consider a 
determinant W (12.3) in which two electrons i and j have parallel 
spin, i.e. m si = m s j. Then for both electrons at the same point 
r i = Tj we have 

Pi/fte = 17) = W{tt = I-,). (12.6) 

However by the exclusion principle P V W = — W, so that we must 
have W(t ( = Tj) = 0. I.e. there is zero probability of finding the two 
electrons with the same spin simultaneously at the same point. Clearly 

t There is actually no single Hamiltonian analogous to Jtf csct (10.9), of 
which the Hartree-Fock determinants are the eigenfunctions. However by- 
further approximating to the exchange terms in (12.4), Slater has derived a 
central field Hamiltonian of the form 

•^Slater = - jjj S Vi' + S V(r { ) 

with determinant eigenfunctions. These approximate closely to the Hartree- 
Fock wave functions, and for one configuration all have the same energy 
eigenvalue (Slater 1951, Pratt 1952). 
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(12.6) does not hold for electrons with different spin directions, and 
for these V =£ for I"* = Tj. Thus the exclusion principle auto- 
matically keeps electrons with parallel spins out of each other's 
way, which lowers their electrostatic interaction energy. Of all 
the states in. Table 5, only the one with Ms = 3/2 has all three 
electron spins parallel, and we expect it therefore to have the lowest 
energy. Of course, the other states belonging to the same term 
must have the same low energy. More generally, in any configuration, 
the term with the lowest energy has the maximum number of parallel 
spins, i.e. it has the largest S. Subject to this condition it also has 
the largest L possible. This is Hund's rule. The L rule follows by 
considering the state with maximum M^. It consists of deter- 
minants with mainly positive values of mu. The angular momenta 
of the electrons tend to be lined up so that the electrons are going 
round the nucleus in the same direction. This allows them to keep 
as far apart as possible on opposite sides of the nucleus as they 
revolve with a consequent lowering of their electrostatic energy. 
On the other hand electrons going round the nucleus in opposite 
directions (opposite mi) meet one another every revolution, so that 
they are close together for a considerable fraction of the time, and 
this raises the electrostatic energy. These rules only apply rigorously 
to the lowest term of a configuration. 

As in § 11, when we include .S^spm in the Hamiltonian, each term 
is split according to 



DO.) x £){S) = 2 £)<•/) 



(12.7) 



into levels characterized by the quantum numbers J, Mj and 
parity. In light atoms the effect of Jospin is small compared with 
the differences between terms (Russell-Saunders coupling case). 
Using Wigner coefficients the zero order wave functions W(L, S, 
J, Mj) can be written down, but the exact eigenfunctions contain 
admixtures from other terms. The level with the minimum J has 
lowest energy, unless the configuration contains a partly filled shell 
more than half full, in which case the lowest energy is given by the 
maximum value of J. Fig. 8 gives a sketch of the levels of the con- 
figuration (ls) 2 2s(2p) 2 , the levels from other configurations having 
too high or too low energy to be included in the diagram. 

Summary 

The exclusion principle requires all physically applicable wave 
functions to be antisymmetric with respect to permutations of the 
orbital and spin co-ordinates together. This drastically limits the 
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Fig. 8. Energy levels of the configuration (!*)• 2s (2p)*. 



number of allowed configurations and the degeneracy of each con- 
figuration. Systematic ways of deriving the allowed configurations 
and terms have been developed. 

Problems 

12.1 What is the lowest level of the Mn ++ ion? What con- 
figurations could be admixed with it? The ground state configuration 
is (3d) 8 . 

12.2 What terms arise from the configurations (2p) 3 , (2p) i 3p, 
and 2p3p4p1 

12.3 A configuration consists of two partly filled shells. Show 
how its terms may be derived by first obtaining the terms from the 
two shells separately and then combining them. 

12.4 Write down the spin functions UgM s (H-l?) for two 
electrons, and show that the S = 1 and S = ones are respectively 
symmetric and antisymmetric with respect to permutations. Hence 
show that all wave functions W(L, Ml, S, Ms) of helium terms can 
be written as a symmetric (or antisymmetric) orbital wave function 
times an antisymmetric (or symmetric) spin function. Hence set 
up all the terms arising from low lying configurations of helium and 
draw a rough energy level diagram (Van der Waerden 1932, p. 111). 
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Discuss how an analogous (but more complicated!) procedure 
can be followed for more than two electrons (see § 28; also Wigner 
1931, p. 270). 

12.5 Illustrate the argument of equation (12.6) with a simple 
two-electron wave function. 

12.6 Write down the Hamiltonian Jf for an atom in a uniform 
magnetic field in the z-direction (Schiff 1955, pp. 292, 293). Show 
that Iff is invariant under rotations about the z-axis, and that we 
would expect a level characterized by the quantum number J to 
be split into 2 J + 1 levels. Are J and Mj exact quantum numbers 
in the presence of the field? 

13. Calculating Matrix Elements and Selection Rules 

Matrix elements 

In quantum mechanics all physically measurable quantities 
appear as matrix elements or are expressible in terms of them. A 
matrix element is an expression of the formf 

M i} = j fa*Q4>t dr (13.1) 

involving an operator Q and two wave functions fa, fa. For example, 
if we are calculating energy levels, the operator is the Hamiltonian 
or some part of the Hamiltonian that is being applied as a perturba- 
tion. Also the transition probabilities between energy levels with 
the emission or absorption of radiation, and the expansions for 
wave functions, all involve matrix elements. In this section we 
shall establish selection rules which state which matrix elements 
are non-zero. We shall also show how non-zero matrix elements 
for different i and j can be related to one another and calculated. 

We may assume without loss of generality that fa and fa belong 
to an orthogonal normalized set of functions fa% which transform 
in a definite way according to the irreducible representations of 
some group. That is, 

J fan*fai dT = S mn , (13.2) 

where the Kronecker S mn is defined by (A.15). We now expand 
Qfa in terms of the complete set ifi n : 

Qfa = 2 M n] <A». (13.3) 

n 

f If <fn, \fij are spin-dependent Amotions, we shall define the symbol / . . . dr 
to include also a summation over the values ±1 of all spin co-ordinates o t , 
i.e. setting u«*t«j3 = Kp for each eleotron. 
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Multiplying by t/t { * and integrating, we obtain using (13.2) that the 
expansion coefficient My is just the matrix element (13.1). Conversely 
if we have an arbitrary wave function <j>, and expand it in terms of 
a complete set of functions fa, then the expansion coefficients are 
just the matrix elements §fa*fa dr. In what follows we shall be 
constantly alternating between the two points of view (matrix 
element and expansion coefficient), according to which is more 
helpful for the purpose at hand. 

Fundamental theorem 

Instead of specifying the fax by the single suffix n, let us sort 
them out to transform according to the irreducible representations 
D M of some group <S. Now Z) ( ' i, will occur several times, for 
example among the ' eigenfunctions of the hydrogen atom we have 
2p, 3p, 4p, . . . functions all transforming according to the re- 
presentation D n> of the rotation group, and we shall use the index 
r to distinguish the r tb set of functions transforming according to 
2)'"'. The different functions inside one such set will be distinguished 
by a subscript such as i or j, and we shall choose the functions 
always in some conventionally chosen standard way so that the 
particular representations D l1 *' r > with different r are not only equiva- 
lent but completely identical. Instead of the Qfa of (13.3), we start 
by considering some set of functions fa m transforming according 
to D m under 03, and expand them in terms of the ^r's. 

fc w = ZSSW" ft"*'- (13.4) 

r n i 

Here the M 's are now the matrix elements 

M i} ™ = j W>»* <f>,^ dr. (13.5) 

Now the right-hand side of (13.4) has to transform in the same 
way as the left-hand side, and this suggests that the only ifi i i " r> 
which can appear on the right-hand side of (13.4) are those that trans- 
form according to the same row j of the same irreducible representation 
D<» as </>,<» itself. I.e. (13.4) reduces to 



*, w =2<h,*,»>- 



(13.6) 



This result is indeed so plausible and well known in particular 
instances (e.g. in Fourier analysis an even function can be expanded 
in terms of cosines alone without any sine terms), that we have 
already used it implicitly in (10.13) etc. The result can be 
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re-expressed in terms of the i^fy < *"■ , , to give what we shall refer to 
as the fundamental theorem of this section. 

IA. When p ^ A, J^fy ( '"■ , = 0. I.e. there can be no contribution 
to (13.4) from sets of functions not transforming according to D M . 

IB. When p = A, My iW = a Kr a i} . I.e. inside one set ^ (Ar) , the 
matrix My is a multiple a^ of the unit matrix. 

Proof. So far the reasoning has been purely heuristic. The 
proper proof of the theorem is as follows. If T is any transformation 
of (8, T<f>j M can be written in two ways, 

W = 22 M v ™ D u o»(T) &«">, 

Itrik 

and T&<*> = 2 D V ^(T) <f> t w 

i 
tarik 

Comparing these two, we see that the matrix Jfy ( " r) for each jn, 
r satisfies Schur's lemma (appendix D), from which the results 
I A and IB above follow immediately. Q.E.D. 

For most applications, we require two extensions of the theorem. 
Suppose that instead of the <f>j w in (13.4) and (13.6), we have linear 
combinations 

*» w = 2 Pis <h M 

i 

which do not transform in the standard manner adopted for the 
<f>i<» and W»>. From (13.4) and (13.6) we have 

*/•*• = 222 ^« <Mr) W™ 
= 22<hrPvW» > . 

r i 

i.e. M u ™ = S Alfl)v P l} . 

Thus the matrix elements are determined uniquely by the Py, 
apart from the factor a^S^ which is a constant for each set of 
^r's. (By a set of ^r's we mean the t/>j ( '"' ) , i = 1, 2, . . . forming a set 
of base vectors for the irreducible representation Z> (M) .) Further- 
more the Pij determine the transformation properties of the <P/ A) 
as shown explicitly by (5.15), and conversely the transformation 
properties uniquely determine the coefficients Py as can easily 
be proved in the manner of problem D.2. We therefore have 
symbolically: 

transformation "J f matrix elements Jf y <w- > 

properties of V — >• Py -> < apart from constant 
the <Pj M J I factor. 
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Similarly if the ^'s being used do not transform in the standard 
way, then this can be taken into account in the same manner. 
This gives the first extension of the fundamental theorem: 

IIA. If the <P] W and ^j'"' - ' have not been chosen to transform in the 
standard way but in some other manner, then IA still holds. IIB. 
Also the Mi] {,ir) are completely determined as regards their dependence 
on i and j by the transformation properties of the <Pj w and <fii ( " n , 
except for a constant factor a^. 

A further extension is obtained by taking linear combinations 

of <f>'s from several irreducible representations. These are again 
expanded in terms of the 0's; 

*f = 222 M«™ ^ (w "'- (13.7) 

r ii i 

By using the substitution (13.6) and arguments analogous to the 
ones above, we easily deduce: 

IIIA. // in (13.7) the &j on the left transform according to a reducible 
representation D M + D^i + . . . + D (e) , then Jf i / W ' ) = unless 
H = a, j8, . . . or e. IIIB. When /* = a, j9, ... or e, then the matrix 
elements M{) ilir) are completely determined as regards dependence 
on i and j by the transformation properties of the 0's and >p's, except 
for a constant factor a lir if«,f}...e are all different. If D M , D {p> . . . 
D (€) are not all different and D w occurs among them n times, then the 
M ^j { '"" , involve n undetermined constants a^, a' Mr , a" Mr , .... The latter 
result comes about because the linear combinations 'P] contain 

terms from the n sets of functions ^< (M >, ^V M) , ^V" so that from 

(13.6) the matrix elements involve the n constants a M , a'^ r , a"^, .... 
When we describe these constants as "undetermined", we mean 
that they are not determined by symmetry properties alone, but 
depend on the detailed form of the functions involved. 

As stated at the beginning of this section, the most common 
application of these theorems is to derive selection rules for the 
matrix elements 



M (j =j <!«<»* Q k WW>dT, 



(13.8a) 



where we suppose >fn m , Qt'*' and ifi) M transform respectively 
according to Z) (A) , D w and D M . From (13.3), these matrix elements 
are obtained by expanding Qje w i/>j {y) which transforms according 
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to D< u) x D« v) , in terms of the <fn m . Theorem IIIA and B therefore 
gives: 



A. In (13.8a) My is non-zero only if the reduction 
of DM x D w contains D {h K 

B. If D M is contained once (or n times), then the 
Mij are uniquely determined by the symmetry pro- 
perties of the tfj's and Q's, apart from a constant 
factor (or n undetermined constants). 



(13.8b) 



In (13.8b) the representation D lk) must be irreducible, but D M 
and -D (v) need not be. Alternatively the matrix elements (13.8a) 
are given by expanding the whole integrand <ln M *Qk {>>) ^) M in 
terms of any complete set of functions, the first of which is the 
constant unity which of course always transforms according to 
the identity representation. Theorem IIIA and B then gives the 
selection rule 

A. In (13.8a) My is non-zero only if the reduction 
of /)(A>* x dm x £>(►) contains the identity re- 
presentation. 

B. If the identity representation is contained once (13.8c) 
(or n times), then the My are uniquely determined by 

the symmetry properties of the >p's and Q's, except 
for a constant factor (or n undetermined constants). 

In the latter formulation, none of the representations D a \ D {v,) , 
D iP) need necessarily be irreducible, though usually they will be. 
An alternative proof of the important results above will be given 
in § 14 using group characters. 

Electric-dipole transition selection rules 

An atom in one quantum state can make a transition to another 
quantum state either spontaneously with the emission of radiation, 
or under the influence of externally applied radiation. We shall 
restrict ourselves to the type of transition described as electric- 
dipole, and the spontaneous and induced transition probabilities 
are then proportional to the modulus squared of the matrix element 
(Schiff 1949, p. 247) 



< i K\j>=j<l' t *r a <l'jdT. 



(13.9) 
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Here 

H = — Vi 2 (*» + iyn), r_ x = Vi 2 (*» — *#»). 

n n 

r» = 2 z ». (13-10) 

n 

and fa and tpj are the final and initial states. The summations are over 
all electrons in the atom. Also a = applies to radiation linearly 
polarized along the z-direction, and a = 1, —1 give the proba- 
bilities for radiation circularly polarized about the z-axis. In the 
Zeeman effect (problem 13.6) the linearly and circularly polarized 
radiation are known as the -n and <r components respectively. 

It is now simple to write down selection rules stating when 
<*l r «|j> can De non-zero. In § 12 it was shown that degenerate 
eigenfunctions of an atom transform according to the representa- 
tions D iJ) of the rotation group. Suppose <jn, <jij belong to sets 
with J = J x> J 2 respectively. Then the rjftj transform according to 

(13.11) 

From (13.8b) above, <*|r,,|j> = unless J x = J 2 + 1, J 2 or J a — 1. 
However, when J 2 = 0, then D (1 > X D<°> = D<», so that only 
J x = 1 is allowed and the transition J x = to J % = is impossible. 
We can summarize the results by the selection rule: 



i J = J x> J 2 respectively. Then the rjftj transform act 
Z><» x D< J »> = F«+» + D< J »> + IX^- 1 ' if Jj ^ 1. 

m 113 81^ uhnnt /* I «■ l«\ = ft rmlnaa .r = J. J- 1 .f_ 



/l J = 0, 1 or — 1, except -v 0. 



(13.12) 



Suppose now that <fi{, fa in (13.9) transform according to the rep- 
resentations M Jlt M J2 of the axial rotation group about the z-axis. 
The r„ transform with M = 1, 0, —1 for a = 1, 0, —1 and the 
whole matrix element transforms with M = —M JX + a + Mj 2 . 
We have the selection rule from (13.8c) 



AM j = ±1, circularly polarized radiation, (a = ±1), 
AM j = 0, linearly polarized radiation, (a =0). 



(13.13) 

Similarly for (i\ r a \jy to be non-zero, the initial and final levels 
must have opposite parity (11.24). 

In the case of Russell-Saunders coupling (§§ 11 and 12), we 
derived in § 12 approximate eigenfunctionsf <fi(L, S, J, Mj) trans- 

f We shall not follow any more the notation of § 12 as regards the use of a 
capital y for antisymmetric wave functions. All wave functions are now 
assumed to be antisymmetric 
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forming according to D (L) and D iS) under orbital and spin rotations. 
The r a have L — 1 and S = 0, so that analogously to (13.12) we 
have 



(13.14) 



However, since L and 8 are not good quantum numbers, this selec- 
tion rule only distinguishes large from small matrix elements. 

Transition probabilities 

So far we have used what amounts to part A of our theorem to 
sort out the non-zero matrix elements. We can now use part B to 
calculate the relative intensities of several related transitions 
Consider the matrix elements between two energy levels with eigen 
functions fa = faj = 2, M 2 ) and fa = faJ = 1, M x ). Prom (13.8) 
all matrix elements between these two levels are completely deter 
mined apart from one common numerical factor by the transforma 
tion properties of the faj = 2, M 2 ), the r„ and the ifi(J — 1, M x ) 
Hence to calculate the relative values of these matrix elements, 



we can replace these functions by the functions U Mt m , u a , 1 
(9.4) which transform in exactly the same way. From (9.6) 



'M l 



Of 



j U w*u v dr = Vf/^2. etc. 



whence we obtain the relative magnitudes of all the matrix elements 
for a. = (Table 7). Those for a = ±1 may be obtained similarly. 
More generally when fa, fa transform according to D iJl) , D (,7 » ) , 

Table 7 
Relative Values of <J = 2, M 2 \r \J = 1, Jf x > 
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the matrix elements {JiMj^r^J^Mj^ between a particular pair 
of levels are proportional to the Wigner coefficients 

<J t Jf .„ | r a \J z M J2 y oc (UjtM J2 \JjMn), (13.15) 

as follows from (9.8) by the same argument. 

Although (13.15) determines the relative values of the matrix 
elements completely, we shall now calculate the ones for AJ = 
transitions (13.12) in an alternative way purely to illustrate the 
use of the fundamental theorem. The \jn, fa are now two sets of 
functions i/*^ and <f>M„ say, both transforming according to D {J) 
but belonging to different energy levels. In § 11 it was shown from 
(11.18) that the infinitesimal rotation operators I x , I v , I z transform 
under rotations in the same way as x, y, z. Consequently from 
(8.21) the I., 

l! = --(/* + */„), / = V2J*. I-i=Ix-Uy, (13.16 

transform in the same way as the r a (13.10). For purposes of cal- 
culating the matrix elements, we therefore replace iji Ml , r a , <f> iiIs 
by <£m,» I* 4>m 2 - Taking 

| < JM x | r. \JM 2 > | 2 oc 1 1 <f> M1 * I. <f> Mi dr | «, 
we obtain from (8.18) the relative transition probabilities: 
a = 1, M + 1 -> M ; rel. prob. = J(J + 1) - M(M + 1); 
a = 0, M -+M; rel. prob. = 2M 2 ; 

a = -1, M - 1 -+ M ; rel. prob. = J{ J + 1) - M{M - 1). 

Perturbation theory 

As in § 6, let 3t = 34? + 3^ v be a Hamiltonian consisting of a 
major or unperturbed part 3^ and a small perturbation 3^ v . If 
the energy levels E or of Jf are all non-degenerate, the energy levels 
of 3tf are (Schiff 1955, p. 153) 



E r = Ear + <r| JT,|r> + ^ E or - E M 



Mnr £Jn» 



(13.17) 

Here we use the Dirac notation (13.9) and <r|^j,|s> is a matrix 
element of J^ P with respect to the eigenfunctions fa, fa of 34? . 
The three terms give the energy correct to the zeroth, first and 
second order of perturbation respectively. 
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Now Schiff 1955 (p. 155) shows that (13.17) does not apply and 
perturbation theory becomes at first sight very complicated, when 
the unperturbed energy levels of 3€ are degenerate as they usually 
are. The reason is that one in general gets zero energy denominators 
in (13.17). To avoid these, it is necessary to choose such linear 
combinations <f> r , <f> s of the eigenf unctions ip of 34? , that 

j tSJffpfa dr = when E or = E os . (13.18) 

Then formula (13.17) becomes correct again using matrix elements 
with respect to the <f> r . Fortunately group theory and our funda- 
mental theorem help us considerably to sort out the eigenfunctions 
of 3^o such that (13.18) is satisfied. Let (0 be the group of all sym- 
metry transformations of ZIP. 3f v is invariant under 03 so that 
3f v tp s transforms in exactly the same way as <fi,. Hence if we sort 
out the ^r's according to the irreducible representations of (8 and 
use the indices ja, s, i, etc. of (13.4), we have from results IA and IB 
that 

<An 1 3T p \,xsiy = 3^ 8 (} a rs . (13.19) 

Thus (13.19) is automatically satisfied unless an irreducible com- 
ponent D w occurs more than once in the vector space of one degener- 
ate energy level of 3V a . This happens infrequently: if it does, one 
has no option but to solve an n X n secular equation, where n is 
the number of times D m occurs in a particular unperturbed level. 
Hence we can usually obtain the correct energy levels by applying 
the ordinary non-degenerate perturbation theory (13.17) to each 
set of states 0j (Ar> having the same A and i. 

Relative splittings due to spin-orbit coupling 

We shall now calculate to first order the energies of the split 
levels when we apply the spin-orbit coupling Jf LS (11.8) as a per- 
turbation to the degenerate states of one term. The eigenfunctions 
of a term can be sorted out according to either the quantum numbers 
L, S, Ml, Ms or L, 8, J, Mj, where L and *S are fixed for one term 
and the others take on several sets of values. For the present we 
shall use the former classification. Now the angular momenta 
lix and L x transform in the same way under orbital rotations and 
spin rotations (they are invariant under the latter). Hence (13.8) 
implies that the matrix elements of \{ X and L x inside one term are 
proportional: 

(LSMiMs | kx | LSM'lM' s > oc (LSM L M S \ L x \ LSM'iM' s > ■ 
Similarly the matrix elements of (r{ A Vj)x and L x are proportional; 
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so are thoae of s^x and S x , and those of r< A vj- S* and L • S. Thus 
the whole ofJ^LS (H-8) can be written effectively as 



jr LS = i(LS)L-S 



(13.20) 



as regards the vector space of one term, where £ is a constant. 
Since J = L + S, (13.20) can also be written 

W LS = K(£SKJ" - L« - S 2 ). (13.21) 

In order to apply the perturbation (13.21) to our term wave 
functions, we first have to sort out the eigenfunctions ift(LSJMj) 
which transform according to D (J> under rotations, so that (13.18) is 
satisfied. Then from (13.17) and (8.35), 



E(LSJMj) = E + lt(LS)[J(J + 1) - L(L + 1) - 8(S + 1)], 



(13.22) 
where E is the energy of the term without spin-orbit splitting. 

Absolute values of spin-orbit splittings 

The fundamental theorem only establishes the relative magnitudes 
of all matrix elements between one pair of vector spaces. For 
instance in the case of the spin-orbit coupling, to calculate the 
absolute values of the splittings (13.22) we still have to determine 
the £(LS). This is not really a group theoretical problem, but 
since it occurs in any application of the theory, we shall show as an 
example how the {(£#) are calculated. In principle there is no diffi- 
culty. In § 12 we have shown how to write down (neglecting con- 
figurational and inter- term mixing) the wave functions >p(L8JMj) 
in terms of Wigner coefficients and the one-electron orbitals ^«. 
It would only be necessary to calculate the energy of one such state 
in each term to fix t,(LS). In practice these wave functions are very 
complicated and it is easier to proceed slightly differently. We 
calculate the value of any convenient matrix element or sum of 
matrix elements in two ways, once from (13.20) and once from the 
original Hamiltonian (11.21), 

*" V) t> = 2Hrtlk-s t , (H.21) 

and equate them. This gives some simultaneous equations for the 
required quantities, in our case the £(LS). 
To apply this method in detail, (13.20) is written 

tf LS = £(LS)L • S = i(L8)(iL + 8_ + $L_8 + + L,8 Z ). (13.23) 
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Let us calculate its diagonal matrix elementf with respect to 
MLSMlMs). Operating on this wave function with LJS + , we 
generate using (8.18) the wave function with M' s =M S + 1, 
M' L = M L —1 which is orthogonal to ^(LSMlMs). Hence in 
(13.23) only the last term contributes to the matrix element and 

(LSMlMs^lsILSMlMs} = ULS)MiMa. (13.24) 

Similarly from (11.21), (12.2), (12.3), we obtain for the matrix 
element with respect to a single determinant wave function 

(rHkmimtt | 3Vls I ntUmum^y = £ U^mumm, (13.25) 

00 

Cn ( i t = 4rr f fn ( i ( (r){t(r)f nt i f (r)r* dr. (13.26) 

o 

Here / is the radial part of a one-electron orbital as in (10.6), so 
that (13.26) can be calculated once the Hartree-Fock solutions are 
known. We note from (13.25) that a closed shell of electrons does 
not contribute to the matrix elements oi3^ hS . 

Consider now the specific configuration 2p3p. Its terms may be 
found analogously to Table 5, and they are 3 D, a P, 1 D, ip, »#, l £. 
In the 3 D term, the wave function faL = 2, 8 = 1, M L L 2, 
M s = 1) consists of a single determinant (2 11 +)(3 1 1 +) in 
the notation of Table 5. Thus from (13.24), (13.25), we have 

m*D) = ft* + tf ap . (13.27) 

We cannot determine the other £(LS) so simply, and have to 
make use of a theorem called the sum rule. Let fa, i = 1 to n, be 
a set of wave functions and let fa = EG u fa be n mutually orthogonal 
linear combinations. Further let M ijt M'^ be matrix elements 
of any operator with respect to the fa, fa. Then in matrix notation 
M' = G*MG. If fa, fa are normalized, $fa*fa dr = I fa* fa dr = 1, 
so that C*G = E and G is unitary. Applying the result of problem 
A.7 (appendix A), we have that the sum of the diagonal matrix 
elements M' m is equal to the sum of the M u . 

In our case the two wave functions with Ml = 1, Ms = 1 of 
the S Z> and 3 P terms are linear combinations of the two deter- 
minants (211 +)(3 10+) and (210 +)(3 1 1 +). Hence cal- 
culating the diagonal matrix elements (13.24) and (13.25) and using 
the sum rule, we obtain 

f(«D) + U*P) = K» + H»p- (13.28) 

t The matrix element J^*Q^ dr is said to be diagonal if <p { = $,, 
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Similarly, simultaneous equations for all the £(LS) are derived. 
In particular from (13.27), (13.28) we have 

£(«2>) = £(»P) = lUp + Uz P 

Hence from (13.22) the total splitting of the 3 D levels is 5/3 times 
the spread of the 3 P levels, a conclusion which is very amenable 
to experimental confirmation. 

Summary 

A fundamental theorem has been established, which in essence 
states the following. If some functions fa are expanded in terms of 
a complete set of functions fa, and if each set has been sorted out 
according to the irreducible representations of a group, then each 
of the terms appearing in the expansion must transform in the same 
way as the fa being expanded. The expansion coefficients are matrix 
elements, many of which are therefore zero. Selection rules indicate 
which matrix elements are non-zero, and their relative magnitudes 
have also been calculated. This has been applied to electric-dipole 
transitions, degenerate perturbation theory, and level splittings 
due to spin-orbit coupling. The absolute magnitudes of the matrix 
elements can only be determined by evaluating one of them, or a 
sum of several, explicitly. 

Problems 

13.1 Complete Table 7 for r x and r_ x . Hence verify that the 
total intensity radiated in all directions is the same from each of 
the initial levels J = 2, M 2 . Prove this result in general for transitions 
from the 2,7 + 1 different states of one level. The result is not 
unexpected because the various M j states only differ in the orienta- 
tion of the angular momentum, which should not affect the total 
intensity. 

13.2 In (13.9), (13.10), — eZx n , —eUy„, —eSz n is the electric 
dipole moment operator. To obtain magnetic-dipole transition 
probabilities, it has to be replaced by the total magnetic moment 
(— e/2mc)(L + 2S). Calculate the selection rules for magnetic 
dipole transitions, and also those for electric quadrupole transitions 
(Schiff 1955, pp. 253, 292; Condon and Shortley 1951, p. 93). 

13.3 If we use an electric or magnetic field to split the levels 
of a term, show that there can be no electric dipole transitions 
between the levels of one term or even one configuration, but that 
magnetic dipole transitions can occur. In paramagnetic resonance 
at microwave frequencies the quanta of energy are so small that 
one is dealing with transitions inside one term. The samples are 
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therefore placed in a resonant cavity at a position of maximum 
H r / to induce magnetic dipole transitions. 

13.4 Show that all electric and magnetic multipole transitions 
are forbidden for the transition J = to J = 0. 

13.5 Write down the Hamiltonian for an atom (not hydrogen) 
in a uniform electric field. Show that it produces no splitting of the 
levels in the first order of perturbation (Schiff 1955, p. 159). 

13.6 Show that the linear term in the Hamiltonian for an 
atom in a uniform magnetic field H along the z-axis can be written 
fiH{I z orb + 2/ z S pin), where the Bohr magneton /3 is eh/2mc. Show 
that this is effectively (1 + a)f$HI z as regards the vector space of 
eigenfunctions of one energy level. Use the relation L 2 = ( J — S) 2 
= J 2 + S 2 — J • S — S • J to calculate a in the case of Russell- 
Saunders coupling. Hence determine the energy levels for small 
fields, and express them in the usual form E + g L fiHMj, where 
<7x, is the Lande splitting factor 



9l = 


J(J + l)+8(8 + l)-L(L + l) 


1 2J(J + 1) 



This splitting is known as the anomalous Zeeman effect (Schiff 
1955, p. 294). 

13.7 Using the perturbation of problem 13.6, calculate the 
energy levels of an atom in a large field H, for which the magnetic 
energy is much greater than the splittings due to spin-orbit coupling 
but is small compared with the separations between terms (Paschen- 
Back effect; Schiff 1955, p. 294). Sketch schematically how the 
energy levels of a 2 P term change as the field is reduced to zero. 

13.8 In dipole transitions, how do the intensities of the n and 
a radiation vary with direction (Schiff 1955, p. 253)? Calculate the 
relative intensities of all possible it and a Zeeman components 
(in a weak magnetic field in the z-direction) for the transitions 
between a 2 P l/2 and a 2 P 3/2 state. Using the gr-factors of problem 
13.6 to determine the energy differences, prepare a diagram showing 
the splitting, polarization and intensity pattern that would be 
observed for the 2 P 3/2 -»- 2 P 1/2 line in the z-direction and the 
a;-direction (Condon and Shortley 1951, p. 378). 

13.9 The centre of gravity of a set of levels is defined to be 
their mean energy weighted according to the degeneracy of each 
level. Using (13.24) and the sum rule, show that the centre of 
gravity of the levels J of one term is equal to the unsplit term 
energy E of (13.22). 
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13.10 Calculate all the f(2/#) for the 2p3p configuration. 

13.11 Consider the (nd) 2 configuration. 

(i) Work out the allowed terms of this configuration. 

(ii)* Express the energies of the allowed terms in terms of the 
standard radial integrals F (nd 2 ), F^fnd 2 ), F t (nd 2 ) (Condon and 
Shortley 1951, p. 193). Find the condition that these F'b must 
satisfy if Hund's rule is to apply. 

(iii) Find the spin-orbit coupling parameter £(LS) for all terms 
in terms of £ n a- 

(iv) Work out the eigenfunctions of the M l = 3, Ms = states 
belonging to the 1 G ! and 3 F terms in terms of simple determinants. 
Using the tables of Wigner coefficients (appendix I), find the 
M j = 3 eigenfunctions of both the J = 3 and J = 4 levels of the 
3 F term, again as linear combinations of determinant wave functions. 

13.12 An atom in a state transforming according to D (J) is 
placed inside a crystal in an electric field due to the surrounding 
ions. Show that the centre of gravity of the 2J + 1 levels is not 
shifted in first order if the crystal potential V contains no constant 
term. Hint: show 2 </>m*^m transforms according to Z) <0) ; expand 

M 

V in spherical harmonics; show J V 2 <I'm*i/'m dr = 0. 

13.13 Z> (A> and D {v) are two irreducible representations. By 
putting Q = 1 in (13.8) and comparing (13.8b) and (13.8c), prove 
that X> (A '* x D M contains the identity representation if and only 
if D<*> = D(-). 

13.14 Verify directly that (13.8b) and (13.8c) give identical 
results for the selection rule (13.12). 



Chapter III 

THE REPRESENTATIONS OF 
FINITE GROUPS 

In the preceding two chapters we developed and illustrated the 
use of group theory in quantum mechanics. In the remaining 
chapters we shall apply these methods to a selection of problems 
from various branches of physics. The present chapter develops 
the mechanical aspects of handling group representations in 
general. At a first reading, only pp. 113-117 and a look at pp. 
125-131 are vital. 

14. Group Characters 

Before we can use group theory in quantum mechanics, we have to 
have systematic procedures, applicable to an arbitrary group, for: 

(i) labelling and describing the irreducible representations; 

(ii) reducing a given representation; 

(iii) deriving all the different irreducible representations. 

We shall not concern ourselves very much with this last point 
apart from just indicating how it is done, because for a simple group 
the irreducible representations are almost sure to be tabulated, or 
at least deducible by inspection from those of a tabulated related 
group. Complicated groups are usually treated by special methods, 
cf. the rotation group (§ 8), the permutation group (Wigner 1931), 
and the Lorentz group (§31). 

In §§ 8 and 9 we developed a method for doing the three things 
listed above in the case of the rotation group by using the infinitesimal 
rotation operators. This method can be extended more or less to 
continuous groups in general, but certainly not to groups consisting 
of a finite number of elements because the infinitesimal trans- 
formations cannot be defined. We shall therefore develop a new 
method, that of group characters, which is particularly suited to 
finite groups but which can also be extended to continuous groups 
(Wigner 1931, p. 103). 

Classes 

Let us consider again the point-group 32 of elements E, A, B, 

113 



114 GROUP THEORY IN QUANTUM MECHANICS 

K, L, M defined in (4.1) or (4.13). From its multiplication table 
(Table 1), we have 

KAK- 1 = B, KBK- 1 = A, 

LAL- 1 =J5, LBL- 1 = A, 

MAM- 1 = B, MBM- 1 = A, 

BAB- 1 =A, BBB- 1 = B, 

AAA- 1 =A, ABA- 1 = B, 

EAE- 1 =A, EBE- 1 = B, 

and we note that SAS* 1 and SBS' 1 are equal to either A or B 
for every group element 8. A and B are said to form a class. 
Definition: a class is a set of elements out of a group, such that if T 
is one element of the class, then STS* 1 also belongs to that class for 
all group elements S. It may easily be verified by direct multiplica- 
tion as above that the three classes of the group 32 are (E), (A, B), 
(K, L, M). In general, to sort the elements of a finite group into 
classes, we would start with one element T x and form all products 
STjS- 1 . This gives a set of elements T v T 2 , . . . T t . We then 

form STJS' 1 STiS' 1 and in general this gives the old elements 

T v T 2 , . . . Ti with possibly some new ones T t+1 , .... If there 
are no new ones, then T lt T 2 , . . . T{ form a class; if there are 
additional elements T i+1 , . . . , then we repeat the process until we 
have found a closed class. It is clear that in the process of forming 
classes, we cannot have an element left over at the end which 
does not fit into any class: for let T be such an element. Then either 
all the products STS -1 are equal to T, in which case T forms a class 
by itself, or one of the products, S^TS^ 1 say, is equal to some other 
element R say. In the latter case we have 

(flr 1 )*^- 1 )- 1 = t, 

and since S^ 1 is some group element this equation shows that T 
would already have been included in the class of J? in the procedure 
described above. Thus all the group elements can be sorted into 
classes with each element belonging to one class. 

Characters 

Let Dij(T) be any representation of a group of transformations T. 
The sum of the diagonal elements of Dy(T) is called the character 
X of T in this representation. 



X (T) = 2 D U (T). 



(14.1) 
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If S is any matrix, we have using the summation convention, 

[SD(T)S-i] it = SuDjtmSn- 1 = StC^D^T) 
= 8 kj D jk (T) = X (T). 

From this we have two results. The characters of all elements in 
one class are the same. Also from the definition of equivalence 
(5.15), the characters of equivalent representations are the same. We 
shall later prove the converse of this, namely that two representations 
having the same set of characters are equivalent. Here a set of 
characters means the characters for all the classes in a group. Thus 
such a set of characters is a very useful way of specifying a re- 
presentation. It does not distinguish between equivalent representa- 
tions, which is usually a convenience rather than a hindrance, as 
discussed in § 5. However it does distinguish a given representation 
from all inequivalent ones. Moreover the number of classes in a 
group is considerably smaller than the number of elements, and 
hence so is the number of different characters. In particular the 
irreducible representations of a group can be tabulated easily in 
this way. For instance from Table 3, we have for the irreducible 
representations of the group 32 the characters shown in Table 8. 

Table 8 
Character Table for the Point-group 32 





E 


A 


K 


xT 


2 


-1 





X** 


1 


1 


-1 


X-* 


1 


1 


1 



This is called the character table of the group, and the character 
of only one element in each class is usually listed. Clearly the 
identity element E always forms a class of its own and %(E) is the 
dimension of the representation. 

Reduction of a representation 

Suppose a representation D is reducible into irreducible com- 
ponents D M + D (W + . . . D M . Then we can bring D into reduced 
form by a transformation P _1 D(T)P, and hence the characters are 



X (T) = x M (T) + X m (T) + ■■■+ X lt) (T) 
= Ic, X w (T). 



(14.2) 



116 GBOUP THEOBY IN QUANTUM MECHANICS 

Here c A is the number of times the irreducible component D (A> 
occurs in the reduction of D. Hence after setting up X (T) for each 
of the classes, a representation can be reduced by determining the 
c A by inspection from (14.2), or if necessary by solving the (14.2) 
as simultaneous equations, f For instance consider the representa- 
tion of the group 32 in the vector space (x 2 , y 2 , z 2 , yz, zx, xy). These 
vectors are neither normalized nor orthogonal but they still form 
the basis for a representation in this space, with D(A) being given 
above equation (5.20). By inspection the characters are 

X (E) = 6, X (A) = 0, X (K) = 2. 

Hence from the character table of the group (Table 8) and solving 
the simultaneous equations (14.2) by inspection, we have 

c r = 2, Ctf = 0, cj = 2, 
and D = T + r + S + S, 

as was found before in (5.21). 

This method can be applied easily to product representations 
(§9). Let Ui, V) be base vectors transforming according to the 
representations D w and D'* of a group, and T some transforma- 
tion of the group. Suppose 

Tui = Ttt m ut + other terms in «*, 
Tv) = jP// <m> V) + other terms in vj. 

Then Tfavj) = Tn w T)) {,,) (ufO}) + terms in (iikvi). Hence if we 
take {ufOj) as the n tb base vector in the product space, the diagonal 
element D nn (T) of the matrix D{T) of the product representation 
D = D< A > X D <rt is just Tu^Tjj^. Therefore 



X (T) = 2 Dnn{T) = 2 T tt MT )t M = X ™(T) X ™(T). 



(14.3) 



I.e. the characters of a product representation are the products of 
the constituent characters. For example from Table 8 we obtain for 
the product representation r X T of the group 32 the characters 

X (E) = 4, X (A) = 1, X (K) = 0, 

whence from (14.2) 

rx r = r + s/ + s. 

t We shall prove later that these equations have in fact always a unique 
solution (see below equation (14.18)). 
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Another application of (14.2) is to determine according to what 
representation a set of spherical harmonics transforms under a 
group consisting of a finite number of rotations. Let Rot(0, J|i) 
be a physical rotation in the sense of § 2 about the axis \ x> and Rot(#) 
any other rotation. Suppose Rot(<S) rotates the axis % 2 into % v Then 

[Rot(-S)]- 1 Rot(0, % x ) Rot(iS) = Rot(<£, ? 2 ). 

For Rot(£) rotates l| g into the position % v Rot(^, ?i) then applies 
a rotation of ^ about it, and [Rot(<S)] -1 moves it back to its original 
position ^2- Thus ail rotations by one angle <f> about different axes 
belong to the same class of the full rotation group. By considering 
Rot(^>, z)u m = e im *u m , we obtain for the characters of the irreducible 
representation DW of the full rotation group 



X sin (j -\- \)<j> 

x(4>) = 2 exp(tw^) = — -t— j— r — . 

m~-j ™I9 



(14.4) 



The spherical harmonics Yi m transform according to D (I) under 
the full rotation group, and therefore they also form the basis of a 
representation D of some finite point-group. Now the matrices 
of D are just the appropriate matrices taken from D {1) , so that the 
characters of D are given by (14.4) with j = I. The representation 
can now be reduced by (14.2). Consider for instance the spherical 
harmonics with 1=2 transforming according to a representation 
D under the group 32. For A and K, <j> is —120° and 180° res- 
pectively and 

X(tf)=5, X (^) = -l. #) = 1, 

whence from (14.2) and Table 8, 

D = r + r + s. 

Thus if we have the character table of some group — and this 
can usually be looked up, for instance in appendix K or L — we can 
find the irreducible components from (14.2) of any given representa- 
tion. We have therefore achieved the main purpose of this section. 
The remainder of the section is devoted to deducing some of the 
other important properties of characters which are required for 
other applications. 

Orthogonality relations 

Consider the matrix 

P = 2 D^T- 1 ) O D<">(T), (14.5) 

r 
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where D w , D'" 1 are two particular irreducible representations of a 
group of h elements. G is any matrix, and the summation is over 
all group elements T. We have 

PD<»>(S) = D (A »(S) 2 D^iS-iT- 1 ) CDM(TS). 

T 

Here S is any group element, and S^T- 1 — (TS)- 1 (problem A.5). 
Now the elements TS are just the group elements rearranged, for 
there are h of them and we cannot have TS = RS unless T = R. 
Hence the summation over T can be replaced by a summation over 
TS and we have 

PDM(S) =D<»(S)P. 

P therefore satisfies the conditions for Schur's lemma (appendix 
D), and we have P = if D M and JD (M) are inequivalent, and 
P — a,J£ if they are identical, where a c depends on the particular 
matrix C. Since C is arbitrary, let us choose all elements zero 
except one, C^ = 1. This gives 

2 zv* ( y- WW = «-M*» ( 14 - 6 ) 

T 

where we have used 8^ to denote 1 when D M and D (M) are identical, 
and zero when they are inequivalent. When they are identical, we 
evaluate a rf by putting /? = j and summing over the repeated 
suffix. Thus 

2 D^»(T-i)D tf p(T) = n h a« = hh^ 

T 

since D< A >(2 1 - 1 )Z) (A) (T') = E. Here w A is the dimension of D M . 
Hence a ai — hh^jn^. Also 

X>(A)(y-i) = [X)(«(y)]-i = 0W(T)]* (14.7) 

if we suppose the representation is unitary (problem C.2). Thus 
(14.6) becomes 

2 ZV A >*(T) D V «»(T) = ~ K^K- (14-8) 

This is the fundamental orthogonality relation of the first kind for 
irreducible representations. By putting i = j, a = /? and summing, 
we obtain the orthogonality relation for the characters 



lx m *{T)x w (T)=hh Mi . 

T 



(14.9) 
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Projection operators 

We now discuss the reduction of a given vector space and the 
corresponding representation and vector space in further detail. 
First we can use (14.9) to obtain the explicit solution of equations 
(14.2) determining the irreducible components of any representa- 
tion. Multiplying (14.2) by x w *(T) and summing, we obtain 



Cx = l^X W *(T)x(n 



(14.10) 



The uniqueness of the reduction shows that two representations 
with the same characters are reducible into the same irreducible 
components and hence are equivalent. 

Let H be a vector space transforming according to a representa- 
tion, which can be reduced into irreducible components by (14.10). 
It remains to pick out the actual vectors in 21 transforming according 
to the different components. Let Dy m (T) be one of the irreducible 
component representations, and <f> any vector of H. Consider the 
vectors 



T 



(14.11a) 



for any fixed value of j. Then from (14.11a) and (14.7), we obtain 

T 

= A.w'osr- 1 ) 2 D aj ™*(ST)ST<t> 

T 

which shows that the <f> { M are vectors in H transforming according 
to the particular irreducible representation D it m (T). Putting i =j 
in (14.11a) and summing, we have that 



4 w = Z X <»*(T)T<j> 

T 



(14.11b) 



belongs to an irreducible subspace transforming according to Z) <A) . 
This relation is useful if we only have the characters and not the 
particular matrices Dy w (T), or if we do not require a proper set of 
base vectors in the subspace. In vector analysis, i • v is the projection 
of the vector v on i and is the part of v that lies in the direction i. 
9 
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By analogy the operators in (14.11) are called projection operators, 
because they pick out from <f> the part lying in a particular subspace. 

Matrix elements 

We can now give an alternative derivation of the fundamental 
theorem of § 13 on the calculation of matrix elements. Let <f>j M 
be a set of functions transforming according to the irreducible 
representation D (A) . Since an integral is invariant under trans- 
formations (lemma 2, appendix C), we have 

Afty»»dT = 2j TtyH&r 

/p J 

= [|l-A/ A, (2 , )]/^ (A, dr. (14.12) 

(i summed) 

Here the 1 in the square bracket denotes the element D^(T) of 
the identity representation. Thus from the orthogonality relation 
(14.8), (14.12) is zero unless D m is the identity representation, 
i.e. we have J"<^ <A) dr = 0. If D w is the identity representation, 
then the i and j suffices become superfluous and (14.12) becomes 

and the integral in general has some arbitrary non-zero value. 
If we now take <f> to be some function in a vector space K trans- 
forming according to a reducible representation D, then we can 
express <j> in terms of the irreducible base vectors of H, and hence 
[<j> dr = if D does not contain the identity representation. If D 
contains the identity representation n times, j<f> dr is a linear com- 
bination of n undetermined integrals. We have therefore proved 
the theorem of § 13 on the evaluation of matrix elements in the 
particular form of result (13.8c). 
Let us consider the reduction of 

D = D M * X D ( "», 

where D w and D M are irreducible representations. The characters 
of D are given by (14.3). Suppose D contains the identity re- 
presentation c times. The characters of the identity representation 
are all unity, so that from (14.10) c is given by 

c== ^2 1 ' x<M * (T)x<,l){T) 

T 

= 8^ from (14.9). (14.13) 
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In words, D w * x D (M> contains the identity representation once, if 
and only if D (A > = D M . This is just the result of problem 13.13. With 
this and (13.8c) already proved, (13.8b) and part III of the theorem 
of § 13 follow immediately, and parts I and II then as special cases. 
The regular representation D Teg of a group is defined as follows. 
First write out the group multiplication table, rearranging the rows 
so that all E's occur on the diagonal, as shown in Table 9 for the 

Table 9 
Construction of Regular Representation 



A~ x = B 
B~ l = A 
K-*= K 
L- 1 ^ L 

M~ l = M 



E 



K 



M 



applied 
second 



E 


A 












E 


A 








A 




E 














E 




A 








A 


E 












A 


E 



applied 
first 

point-group 32 (4.1). The columns are labelled by the elements 
T t and the rows by Tf x . Then the matrix D reg (^4) is obtained 
by putting all A's in the table equal to one and all other elements 
zero. Thus D T { f e (A) = 1 when T t T } ~ 1 = A, i.e. when 

AT, = T t = L%*(A)T t . 

Thus the regular representation is a representation among the group 
elements considered as base vectors. Now by construction, 
x lee (E) = h and tf**{T) =0 for r^£?. We may reduce D le «, 
and applying (14.10) we find c A = w A . I.e. every irreducible representa- 
tion D w is contained in the regular representation n x times, where w A is 
the dimension of D (A) . Counting up the total number of base vectors, 
we obtain as a by-product the relation 



A 



(14.14) 
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In the reduction, let r t ( * r> , * = 1, 2, . . . denote the r th set of base 
vectors transforming according to Z> (A) . 

We shall now construct all transformations P that commute 
with every element of the group, and that are linear combinations 
of the group. By the latter condition P transforms every vector 
space Y t iKr \ i = 1, 2, . . . into itself. Hence P is represented with 
respect to the F i <Ar > by a matrix in reduced form. Since we also 
require it to commute with all group elements, it must, by Schur's 
lemma (appendix D), have the particular form diag {a n E, a A2 E, . . . , 
a^E, a^fE, . . .} where the E's are little unit matrices along the 
diagonal. Further it must retain this form if we choose new base 
vectors r t (Ar) ± Y^, whence a^ = a M = a A say. Thus we can 
write P in the form 

P = 2 «a^a, (1415a) 

A 

where the E x are operators such that E x Y t <»> = Y^\ E A Y^ = 0, 
and where the a A are arbitrary constants. E x is the unit operator 
inside all the subspaces transforming according to Z) (A) . Now we can 
also construct P in a different way. Since P commutes with any 
element 8 of the group, it must contain the elements T and STS~ l 
an equal number of times. Hence P can be expressed in the form 

P = 2 b k M k , (14.15b) 

k 

where M k is the sum of all elements in the k th class. Thus P can be 
considered as a vector in a space spanned by the E x or the M k . 
Either way the dimension of this space has to be the same, whence 
comparing (14.15a) and (14.15b) we have 



number of irreducible representations = number of classes. 



(14.16) 

Let the number of elements in the k th class be h k . Then (14.9) 
can be written 

If we define the matrix U such that 
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then (14.16) shows that U is square. Also (14.17) becomes tJ*U = E. 
Hence U is unitary and we also have U*0 = E, which when written 
out becomes 

2(r>(x)">-» <'-> 

These are the orthogonality relations of the second kind. The unitary 
property of U also ensures that the simultaneous equations (14.2) 
always have a unique solution [namely (14.10)]. Thus we have an 
alternative proof of Theorem 3, appendix C, namely that the 
reduction of a representation is unique, apart from equivalence. 
As an application of the above formulae, we shall set up from first 
principles the character table for the group 32. As already deduced, 
there are three classes, (E), (A, B), (K, L, M). From (14.16) there 
are three irreducible representations, and (14.13) becomes n x 2 
+ n 2 2 + n 3 2 = 6. The only solution is % = n 2 = 1, n 3 = 2. We 
always have the identity representation with characters 1, 1, 1. 
Since K 2 = E, A 3 = E, the only possibilities for the characters of 
the second representation are 1; 1, to or <o 2 ; ±1; where a> 3 = 1. 
Relation (14.17) with A = 1, fi = 2 gives 1, 1, —1 as the only 
possibility. The third representation has x(E) = 2. Then (14.18) 
with j = 1, k = 2 and j = 1, k = 3 determines the other two 
characters, namely —1 and 0. This gives just the character table as 
shown in Table 8. For more complicated groups the result of prob- 
lem 14.9 can be very helpful. 

References 

More detailed accounts are given of the properties of characters 
in Speiser (1937, pp. 166-175), of the method of characters applied 
to continuous groups in Wigner (1931), and of characters in general 
in Littlewood (1940). A systematic method of setting up the 
character table is given by Bhagavantam and Venkatarayudu 
(1951, p. 254). 

Summary 

Group characters have been defined, and used to label representa- 
tions, particularly the irreducible representations. Any representa- 
tion may be reduced using (14.2) and (14.10). Functions with given 
transformation properties may be determined using the projection 
operators (14.11). The two types of orthogonality relations and 
other results may be used to derive the characters of all the irreducible 
representations of a group. 
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Problems 

14.1 The spherical harmonics of order 3 transform according to 
D under the point-group 32. Reduce D. 

14.2 A rare-earth ion in the free state is in a state with J = 1 
with energy E . In a crystal it is in an electric potential with 
symmetry 32 and mean zero. Show that the level is split into two 
levels E lt E 2 , and determine the ratio (E 1 — E )/(E 2 — E ) (cf. 
§ 6, also problem 13.12). 

14.3 Prove equation (9.2) using group characters. 

14.4 u + , u_ transform according to D n/2) of the full rotation 
group and according to D under the point-group 32. Try to reduce 
D. What has gone wrong ? 

14.5 Use (14.11) to find base vectors in the space (x 2 , y 2 , z 2 , 
yz, zx, xy) transforming under the group 32 according to the irreduc- 
ible component representations (cf. equation (5.20)). 

14.6 Show that in an Abelian group each element forms a class 
by itself. Hence deduce that all the irreducible representations are 
one-dimensional . 

14.7 From (14.10) show that 2 lx( T ) 1 2 = h 2 c a 2 - Hence show 

T A 

that a necessary and sufficient condition for a representation to be 
irreducible is that 2 \x( T ) 1 2 = *• 

14.8 Show (14.14) is a particular case of (14.18). Also deduce that 
2 w aX (A) (^) =h if T = E, and is zero otherwise. 

A 

14.9 Let Ci be the i th class of a group. The product C{Cj denotes 
all elements obtained by multiplying those of Ci by those of Cj. 
Show that these can be grouped into classes. Let the class C/c 
appear cyjc times. This is written OjCy = 2 ctjkCk- With this nota- 
tion, show that * 

hthtXt m XS m = X w (E)XcMh kXk «h 

k 

Hint: show M % — -q^E (14.15b) as regards its operating on irreducible 
vector spaces; 17^ = Jcy* 1 ?*! tne character of Mu is r)icx w (E) = 
ht X t M (Speiser 1937). 

14.10 Set up the character table for the point-group 422. This 
is the group of proper rotations that leaves a square invariant. 
Use any of the relations of this chapter and of problems 14.7, 14.8, 
14.9, and trial and error to set up the character table for this group. 
Verify the result of problem 14.9 in a few cases. Also reduce all the 
product representations Z) (A) x D <M) . 

14.11 ^* <A) and ^ <M) transform irreducibly according to D w and 
Z)<">. Show that M i} = /&*% dr = J(T^)*(T^) dr. Hence using the 
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orthogonality relations show that My = when D m and Z> ( "' 
are inequivalent. Deduce also the result IB of the fundamental 
theorem of § 13. 

14.12 In the fundamental theorem of § 13, in (13.8) and problem 
13.13, in (14.12), (14.13) and problem 14.11, we have a series of 
closely related results with at least two independent possible lines 
of proof. Summarize how these are all logically inter-related. 

14.13 Suppose you are given the characters of an irreducible 
representation. How would you construct in a systematic way an 
actual set of matrices to constitute the representation? 

14.14* Discuss the application of group character techniques 
to continuous groups, in particular to the rotation group (Wigner 
1931, p. 97). 

14.15 A set of base vectors fa transform according to the 
irreducible representation Dtj w (T) of some group of transformations 
T. Show from the orthogonality relation (14.8) that 

fa = I DijM*(T) Tfa, 

T 

where the suffix _;' is not summed over. Thus having once obtained 
one vector fa of a representation, we can define all the other fa 
in terms of it. 

14.16 D M (T) is an irreducible representation of a finite group, 
and D W *(T) the representation which is obtained by taking the 
complex conjugate of every matrix of D W (T). If D w and D w * 
are not equivalent, show from the orthogonality relation (14.8) that 

T 

If D w and X> (A >* are identical, i.e. real, show similarly that 

2x w (T*)=h 

T 

where h is the number of group elements. For an application of 
these results, see equation (19.22). Note: D(T 2 ) = D(T)D(T) in 
any representation. 

14.17 Prove just from the orthogonality relation of the first 
kind (14.9), that the number of irreducible representations of a group 
must be less than or equal to the number of classes. 

15. Product Groups 

Irreducible representations of product groups 

Let us first consider the full rotation and reflection group, which 
consists of all proper and improper rotations about a point. In 
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particular it contains the inversion 77 (3.11), and any improper 
rotation can be written RIT where R is a proper one. Let H be a 
vector space invariant under this group. In H we can use the proper 
rotations to pick out a set of base vectors <fi m transforming according 
to D {1) under the rotation group, where for the present we shall 
consider I to be an integer. Then we can form the functions 



so that 



>l>m+ =>Pm + n^m, ifi m _ = </t m — 77^ m , (15.1) 

nifi m+ = <j>m+, nxfi m _ = —i/tm-- (15-2) 



Now 77 commutes with every proper rotation. Hence operating 
on (15.1) with some rotation R we obtain 

R>l>m+ = R<l>m + RIIil> m = R<l> m + 777ty m 

= D«UR)(<i, n + n+ n ) = n% m (RW n+ . (15.3) 

The i/t m+ transform therefore according to D a) under proper rota- 
tions. Thus from (15.2) and (15.3), the ip m+ form a vector space 
which is invariant under both proper and improper rotations, and 
which forms the basis of an irreducible representation 7> <Z:+1) of 
the rotation and reflection group. Similarly the >// m _ give an irreduc- 
ible representation which we shall denote by 7) (Ji_1) . When the 
</r m transform according to D ( *> under proper rotations, where j is 
half an odd integer, the representation is double-valued. Since 
77 a = E and E is represented by plus or minus the unit matrix, we 
can similarly construct functions <ji m i, >pmi such that 

n<l>m* = ±&»;l> WrM = ±*l>mH- ( 15 - 4 ) 

These give representations which we shall denote by ZW ;±1) and 

We shall not prove here that the above representations are the 
only irreducible ones, but proceed to the general theory. Consider 
two groups g x and g 2 , which are such that every element P 1 of q 1 
commutes with every element T t of g 2 > i- e - 



P X T 2 = T 2 P V 



(15.5) 



Then we can form a group (S consisting of all products P 1 T S or 
T 2 P 1 of elements from g x and g a . Clearly these products satisfy 
the group postulates, e.g. (P 1 T 2 )(Q 1 S 2 ) — (P 1 Q 1 )(T^S S ) is always 
another such product. For instance if c^ is the full rotation group 
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and g 2 is (E, II), we have the rotation and reflection group. Other 
examples are the following pairs: , 



9i 


92 


rotation of all co-ordinates 


permutation of all co-ordinates 


rotation of all orbital 

co-ordinates r« 
rotation of co-ordinates 


n, ozi 
rotation of all spin 

co-ordinates <tzj 
rotation of r 2 , <j Z2 


»1> <*Z1 





The group <S is called the direct product of g x and g 2) written 



<S = 9i X g 2 . 



(15.6) 



We shall now construct all the irreducible representations of 
<S = gi X <$jj. In any invariant vector space we can construct a 
set fa, i — 1, 2, . . . transforming according to the irreducible 
representation D (1A) of q v Let T, 8 be any elements of cj 2 . Then 
from fa we > can generate a set of functions Tfa, 8fa, etc., which 
clearly transform into one another under g 2 , and we can reduce 
them and form a set of linear combinations 

T 

transforming according to some irreducible representation D' 8 "' 
of g 2 . Using the other fa, let us now define the functions 



*U> = &TaT)fa- 



(15.7) 



Since any element of g x commutes with every T, it commutes with 
the operator ^b Ta T in (15.7), and the fa a , i = 1, 2, . . . transform 
under g x in exactly the same way as the fa, i.e. according to D (U K 
What is now the effect of operating on fa x with an element 8 of 
<j 2 ? Since 8 commutes with any element of g 1 , Sfa a , i = 1, 2, . . . 
transform according to D (w . Hence from part I of the fundamental 
theorem of § 13, we have 

where a $ (a) does not depend on i. Thus the fa,,, a = 1, 2, ... (i 
fixed) transform into one another under <j 2 m the same way as the 
ifi u , i.e. according to Z) (2 ' J) . We have therefore obtained a rectangle 
of functions fa x such that the functions in each column (a fixed) 
transform under g x according to the irreducible representation D iW , 
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and the functions in each row (i fixed) transform irreducibly accord- 
ing to D' 2 "' under g 2 . Together they give the representation D 11 ***) 
of the product group ^ x g 2 , and this representation is clearly 
irreducible. In this way we can construct systematically all irreducible 
representations of g t x g 2 by combining each Z> (U) with each 7) (2,J) . 
Applying this to the earlier example, the irreducible representa- 
tions of E, II are 

#) = l,l,il ) ±l; 
X (77) = 1, -1, ±1, ±i. 
When j is half an odd integer, ZW ;+) and D'^-' are identical with 
j)U; ±d because Z>^' is already double- valued and 77 = FIE is 
represented by ^ the unit matrix. This gives just the two irreducible 
representations DW ;±1) , D<rt±<> already obtained before. When I 
is an integer, we have the four representations D {l;+> , D a '<- ) , 
Z)U;±u t j)<.i;±i) t b u ^ the ] as t tw0 have such unphysical properties, 
(single- valuedness under proper rotations, double- valuedness under 
77) that they have found no application (as yet!). 

Summary 

We have defined what is meant by a product group and shown 
how to construct all its irreducible representations out of those of 
the component groups. 

Problems 

15.1 In the notation of (15.5), verify that all the products 
Pi 7*2 satisfy the group requirements of § 4. 

15.2 The functions u +l , u_ t , i = 1, 2, 3, are spin functions for 
three electrons. Sort out linear combinations of the products 
M ±i M ±2 M ±3 i nto rectangles that transform irreducibly under the 
product group (rotation of all a z i) X (permutation of a z i). Hint: 
the correct linear combinations can be obtained using problems 
11.5 and 5.17. The answer is given in (28.16). 

15.3 What are the complete symmetry groups of <^* cgC f, ^orb- 
•^orb+^spin defined by (10.9), (10.2), (11.8), (11.9)? Interpret 
some of the degeneracies of §§ 10, 11 and 12 in terms of representa- 
tions of product groups, particularly (10.8), (11.17). In terms of the 
complete symmetry group of ^ orb + Jf spin , what representations 
are allowed by the exclusion principle? 

16. Point-groups 

A point-group is a group of rotations about a point, i.e. of rotations 
whose axes intersect at a point. This distinguishes them from the 
more general space-groups which involve translations and rotations 
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about non-intersecting axes. In this section we first describe and 
tabulate the thirty-two point-groups of crystallographic interest. 
Then follows a more detailed discussion of selected aspects of point- 
groups, namely: how all the crystallographic point-groups are 
derived; other point-groups such as apply to molecules, including 
those derived from the axial rotation group; how the character 
tables are derived; and derivation of the double- valued spin re- 
presentations. The complete character tables of the most important 
point-groups are tabulated in appendices K and L. 

Crystal point-groups 

In a crystal the atoms are arranged in a regular periodic array, 
and the fact that it is periodic severely restricts the kind of rotational 
symmetries that the arrangement can have. The rotations by all 
multiples of 360°/« are referred to as an ra-fold rotation axis, and it 
will be shown below that crystals can only have 1-fold, 2-fold, 
3-fold, 4-fold and 6-fold axes. For instance it is impossible to have 
a periodic array with five-fold symmetry. These proper rotations 
are given the symbols 1, 2, 3, 4, 6, and in addition there can be 
improper ones. A roto-inversion axis n consists of all multiples of a 
rotation by 360°/w followed by the inversion through the origin 77 
(3.11). In particular I is just E and the inversion itself, and the 
group 2 is E plus a reflection m in a mirror plane perpendicular to the 
axis. In fact the axis 2 is usually denoted by m. There are also 
roto-reflection axes n, whose basic element is a rotation by 360°/w 
followed by a reflection in a mirror plane perpendicular to the axis. 
In these improper axes n again can only have the values 1, 2, 3, 4, 
6. The two types of improper axis are not independent. In fact the 
roto-inversion axes are used almost exclusively now although in the 
older literature, particularly in the Schoenflies notation, the roto- 
reflection axes were adopted as the basic improper axes. We have 
the relations between them I = 2 = m, 2 = I, 3" = 6, i = i, 8 = 3. 

These and other facts about point-groups can be seen mostly 
easily by drawing stereograms. Consider a sphere with a spot 
marked on it at some arbitrary point. If we apply all the rotations 
of a point-group to the sphere, we can represent each element of the 
group by the position taken up by the spot. The position can be 
plotted by taking a bird's-eye view of the sphere from above the 
north pole, a dot meaning a position in the northern hemisphere 
and a circle one in the southern hemisphere. Such a diagram is 
called a stereogram. f Thus if we plot a dot or circle for each element 

t This description of a stereogram is technically not quite correct (Phillips 
1 946), but it is near enough for our present discussion. 
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of a point-group, we obtain a pattern of dots and circles representing 
a set of equivalent directions in space which are rotated into one 
another under the action of the group. It can now be seen, for 
example, that the stereogram for the point-group 3 (Fig. 9) is 



Type 



n/m 



Tim 



nZ 



n/mm 



Triclinic Monoclinic Tetragonol Trigonal Hexagonal Cubic 

and 
Orthorhombic 




\/mm-2. mm\ 



mmm 'Mm mm 



Q/mmm nUm 



Fro. 9. Stereograms of crystal point-groups. 



invariant under a 60° rotation followed by a horizontal reflection, 
so that 3 is equivalent to 8. 

We can form more complicated point-groups by combining two 
or more axes. For instance the stereogram for 422 (Fig. 9) shows 
that this point-group contains a four-fold axis (perpendicular to the 
page) and four two-fold axes in the plane of the paper. Fig. 9 shows 
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all the thirty-two point-groups that can apply to crystals. They 
are labelled in the abbreviated international notation. First a 
complete symmetry symbol is constructed as follows. The main 

7b 

axis is given first. Then — , usually written re/m, denotes a mirror 

plane perpendicular to this axis. Then follow other non-equivalent 
symmetry axes and planes. For instance 4mm has two pairs of 
vertical mirror planes which are at 45° to one another and hence 
are not equivalent to one another under the action of the group. 
The complete symmetry symbols are then abbreviated, just enough 
being retained to characterize the group completely. Appendix J 
shows the complete symmetry symbols, the abbreviated (inter- 
national) symbols, and also the older Schoenflies symbols for all 
the point-groups. 

In the point-groups of the cubic system, the 3-fold axes are 
along the body diagonals of a cube, the 4-fold or main 2-fold axes 
perpendicular to the cube faces, and other 2-fold axes parallel to 
the face diagonals. For a fuller description of the point-groups, 
we refer to any book on crystallography (e.g. Phillips 1946, Buerger 
1956). 

The character tables of all the crystal point-groups are given in 
appendix K, where the notation for the irreducible representations 
is also explained. The derivation of the character tables is discussed 
later in this section. 

Derivation of the crystal point-groups 

We shall now show how the point-groups are derived and why 
there are only a finite number. Very complete derivations of this 
and also of the space-groups have been given by Seitz (1934, etc.), 
Zachariasen (1945) and Murnaghan (1938). To bring out the main 
ideas, we shall consider in detail the point-groups which consist of 
proper rotations only. There are eleven of these (Table 10). We 
shall derive them from first principles and show no others can exist. 
The improper point-groups may easily be derived from these as 
shown in the above references and in problem 16.4. 

We first prove that only w-fold axes can exist, where n = 1, 2, 
3, 4 or 6. Because of the periodicity of the crystal structure, any 
translation 

t = ra^ + n,a, + TOgSia (16.1) 

is a symmetry element and conversely any purely translational 
symmetry is of the form (16.1). Here the a* are the primitive 
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translation vectors, which in general do not have the same length 
and may make skew angles with one another. The n% are integers. 
Let E(</>) be a purely rotational symmetry. Then R(</>)tR(—<f>) 
is another pure translation, say 

t' = n\^ + w' 2 a 2 + w' 3 a 3 , 

which is just the translation t rotated by an angle <j> as follows 
directly from (5.4f) or from a diagram. If we write 

n' } = D i} (<f>)n{, (16.2) 

then Dij((j>) forms a representation of the rotation. By choosing 
new base vectors i v i 2 , i 3 along the co-ordinate axes, we see that the 
representation (16.2) is equivalent to the representation D a) based 
on the functions x, y, z. The character of Dy(<^) is therefore from 
(14.4) 

x (<t>) = 1 + 2 cos <j>. (16.3) 

Now if we put w 1 = 1, w 2 = w 3 = 0, then since the n'j have to be 
integers, (16.2) shows that the matrix elements Djj(<f>) are integers 
and similarly so are all the Dy(<f>). Consequently the character 
is an integer since it is just the sum of the diagonal elements. 
Comparing with (16.3), we have 1 + 2 cos <f> is an integer, whence 
the allowed values of <f> are given by 

1 + 2cos<£ = -1, 0, 1, 2, 3; 

<f> = 180°, ±120°, ±90°, ±60°, 0°. 

I.e. ^ is a multiple of 60° or 90°, which limits the rotational sym- 
metries to n = 1, 2, 3, 4 or 6. The allowed angles can conveniently 
be written 



(16.4) 



We now deduce a relation between the numbers s n of w-fold axes 
in one point-group (5. Let 8 be the sum of all the elements of <S 
which we will assume has at least two rotation axes. We can write 

S=E + 2S nr , (16.5) 

where S nr is the sum of all elements except E belonging to the 



t 


= 2-nk\n 


n = 


= 1, 


2, 


3, 


4 


or 6, 






k = 


= 1, 


2, 






, n. 
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r th M-fold axis. E belongs simultaneously to all axes. Summing 
(16.3) over all angles (16.4) with k = 1, 2, . . . , n-\ gives the character 
of a single S nr , 

n 

x{S nr ) = n + 2 2 cos 2-nkjn — x(E) = ra — 3. 
Thus from (16.5), 

6 

X (S) = 3 + 2 (« - 3)s„ = 3 - s 2 + 5 4 + 3« 6 . (16.6) 

2 

We now calculate x(S) m another way. Let R t and i? 2 be rotations 
about two different axes. The collection of elements R x & is just 
the group <S itself (cf. below equation (14.5), also problem 4.10). 
Hence RjS = R^S = S. From (16.2) we may regard a rotation as 
a tensor that turns the vector t into t' and write t' = R(^) • t. In 
this notation, we have 

R x • St = R 2 • St = St. 

Now R t • St = St implies that the vector St is parallel to the rotation 
axis of R^ Likewise it is parallel to the second axis, and since these 
were assumed to be different, St = for all t, whence S = and 
x(S) = 0. Substituting into (16.6) we obtain 



= 3 + « 4 + 3s 6 , 



(16.7) 



which is the required result. This relation does not apply to point- 
groups having only one rotation axis. 

We now consider the angles between rotation axes. Suppose 
-^(<£i> ?i) and R(<f> 2 > £2) are two rotations belonging to a point- 
group. Then 

*(#», &) = *(*» §i)*(#i, 5i) 

has to be another allowed rotation, so that <j> 3 is one of the angles 
(16.4). Now <f> 3 is given byf 

cos \<j> 3 = cos \<f> x cos \<j> 2 — sin ^ x sin f£ 2 cos y, (16.8) 

where y is the angle between the ^ and !- 2 axes. Consider the case 

t The reader can prove this formula as follows. Let T t and T s be the dyadics 
representing the first and second rotations (see problem 8.4). The dyadic 
T 2 • T x then represents the resultant rotation, and its scalar (sum of diagonal 
elements) is therefore 1 + 2 cos <f> s ; i.e. T,: Ti = 1 + 2 cos <)>„. This equation 
reduces to (16.8) after some manipulation. For a more geometrical proof, 
see Buerger (1956, p. 38). 
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when !*i and % 2 are both 6-fold axes. Putting ^ = <f> z = 60° and 
^ = 60°, ^ a = 120° we obtain respectively 

cos b<f>a = i — I °os y» 
and cos \$ z = JV 3 — iV 3 cos y, (16.9a) 

whence eliminating cos y we have 

cos \<j, 3 - Vi °os \<f,\ = i (16.9b) 

From (16.4) the allowed values of cos ^<f> 3 and cos %<f>' 3 are ±£. 
±iV 3 > ±\/i> 0, ±1, and we see by inspection that the only 
allowed solutions of (16.9b) are 

(i) cos i<f> a = I, cos ^' s = 0; 
(ii) cos ^s = l, cos i</>' 3 = f-v/S; 
(iii) cos 4^3 = 0, cos \<j>' z = — £\/ 3 - 

From (16.9a), these solutions give respectively 

(i) cos y = 1, y = 0°; (ii) cos y = —1, y = 180°; (iii) cos y = 3. 

Case (iii) is meaningless, and in either of the other cases the axes 
5i, %2 coincide. Thus there can be at most one 6-fold axis in a point- 
group. 

Table 10 
Number of Axes in Proper Point-groups 





*i 


»» 


*« 


»• 


point-group 


(i) 














1 


(») 


1 











2 


(iii) 





1 








3 


(iv) 








1 





4 


(v) 











1 


6 


(vi) 


6 








1 


622 


(vii) 


4 





1 





422 


(viii) 


6 


4 


3 





432 


<ix) 


3 


1 








32 


M 


3 


4 








23 


(») 


3 











222 



We can now tabulate all the possible combinations of axes. If 
there is only one axis we have the point-groups (i) to (v) (Table 10). 
We next consider the case when there is a 6-fold axis; there can 
only be one as we have just proved. From this it follows that there 
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can be no separate 3-fold axis since this would require at least three 
6-fold axes to give a 3-fold symmetry. Likewise there can be no 
four-fold axes. Then (16.7) gives only case (vi) (Table 10) with 
s e > 0, and in enumerating the other possibilities we shall assume 
without further mention that s e = 0. Consider the case of a single 
4-fold axis. There can be no 3-fold axes because these would lead 
to more than one 4-fold axis, but from (16.7) there are four 2-fold 
axes, giving case (vii). If there are two or more 4-fold axes, it 
can easily be shown from (16.8) that they intersect at 90°. Now 
from (16.8) or problem 8.4, JE(90°, x) 5(90°, y) is a 120° rotation. 
Hence we have a 3-fold axis and a third 4-fold axis in the 2-direction. 
There can be no more 4-fold axes because there are no further 
directions at right angles to each of the x-, y~ and z-axes. Further 
there must be four 3-fold axes to preserve the four-fold symmetry, 
which gives case (viii). This exhausts the cases with 4-fold axes. 
If there is one 3-fold axis, any 2-fold axes must be perpendicular 
to it and from (16.7) there are three of them, giving case (ix). If 
there are more than one 3-fold axes, (16.8) gives cos y = ±J. 
Further ^ = <£ 2 = 120°, cos y = \ gives <f> 3 = 180°, i.e. a 2-fold 
axis. Then from (16.7) there must be three 2-fold axes, which in 
turn generate four 3-fold axes. The latter are oriented with respect 
to one another as the body diagonals of a cube, and the cos y = ± i 
leaves no room for more. Hence we have only case (x). From (16.7) 
there remains only the possibility of three 2-fold axes, case (xi). 
Having derived all the possible numbers of axes, it can now be 
shown that for each case of Table 10 there is essentially only one 
way of arranging the axes in space. This follows from elementary 
geometrical reasoning. For instance in case (x), the restriction 
that the three-fold axes intersect at cos _1 (i^) allows only one 
arrangement of them. The two-fold axes must lie either perpendicu- 
lar to each three-fold axis or bisecting the angle between two of 
them. For there to be only three two-fold axes it can easily be seen 
that the latter alternative must hold, which fixes their directions 
uniquely. This completes the derivation of all proper point-groups, 
and the ones with improper axes may be derived from them as 
already mentioned (Zachariasen 1945, p. 40; problem 16.4). 

Character tables and other point-groups 

Besides the crystallographic point-groups, there are other finite 
subgroups of the full rotation group. Using the same notation as 
before, an ra-fold rotation axis n is a cyclic point-group for any 
value of n. We can add 2-fold axes perpendicular to it to obtain 
the dihedral group w2. Similarly by adding mirror planes (improper 
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2-fold axes) we obtain the groups n, n2, ra/m, »m, ra/mm, n, n 2m, 
etc. These are not all different, but which ones are the same 
depends on whether we have n = 2q + 1, 4q, or 4q + 2 where q 
is an integer (cf. Fig. 9). Apart from these there is only one other 
proper point-group, and that corresponds to the symmetry of a 
regular icosahedron (Murnaghan 1938, p. 336). 

In addition to the above finite point-groups, there are several 
subgroups of the full rotation group that are associated with the 
axial rotation group. The latter has the symbol oo in the present 
notation, and the other derived groups are oo/m, oo2, oom and 
oo/mm. These are very important for describing diatomic molecules 
and we shall now derive their character tables. Firstly oo is a 
cyclic group and its irreducible representations have been derived 
in § 7. Each rotation forms a class of its own (cf. problem 14.6), 
and the character table is as shown in Table 11 and appendix L. 

Table 11 
Character Tables of oo and oom 



Irred. 
rep. 




7dE) 


The group oo 

Am, «)] 


A, 

A k 

A. k 
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1 
1 
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1 

exp(iktf>) 
exp( —ik4) 




Irred. 
rep. 


X(-B) 


The group com 

jrfW, 2)] x(rn,) 


A + 
A- 
Et 


1 

1 

2 




1 1 

1 -1 
2 cos k<l> 



Note: The notation for the irreducible representations is not quite the standard 
notation of appendices K and L, but is more suited to the present discussion. 



Since there are an infinite number of classes we expect an infinite 
number of irreducible representations. Consider next the group 
com, operating on some invariant vector space. This space can 
first be reduced according to the axial rotation group, and let 
fa be a vector in it which transforms according to the representation 
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exp(ik<f>) of Table 11. In spherical polar co-ordinates, the reflection 
m x perpendicular to the a-axis induces the transformation 

@ = e, * = - <f>. 

If we put 

then we have 

= m x R(— <f>, z)^ x 

= m x exp(— ik^)^ 

= exp(-i&<£)^ 2 . (16.10) 

Hence ^ 2 belongs to the representation exp(— iktj>) of oo, so that 
if k =£ it is linearly independent of 1# However, from (16.10) <ji t 
belongs to the same irreducible vector space as i/i ly and we have a two- 
dimensional irreducible representation E^. The character of R(<f>, z) is 

exp(ifc^) + exp(— ik<j>) = 2 cos k<f>, 

and the character of m t is because it just interchanges X and 
i/i 2 . For k = 0, ^ and ^ 2 need not be linearly independent. We 
can always form the symmetric and antisymmetric linear com- 
binations 0! i >p 2 , which give two one-dimensional representations. 
In this way we obtain the complete character table shown in Table 
11. The theory for the other groups derived from oo is similar. 
The group oo2 is isomorphic with oom and hence has the same 
character table. Also oo/m is the direct product oo X (E, m 2 ), and 
oo/mm is the direct product of oom with the inversion group 
I = {E, II). Hence their character tables can be written down 
from the prescription of § 15 or appendix K. 

Similar considerations apply to the finite groups n, n2, »/m, 
»m, w/mm, etc. However there is the following difference. For 
n even, k in (16.10) may have the value \n, so that exp(— ihj>) 
= ±1 for all possible values 27jt/» of <j>. Hence ^ x and tfi z in (16.10) 
need not be linearly independent and we obtain two one-dimensional 
representations instead of a two-dimensional one. In this way 
the irreducible representations of all the point-groups except the 
cubic ones (and the icosahedral ones) can easily be obtained. The 
character tables for these remaining ones can be determined from 
the relations of § 14. 

Double-valued (or spin) representations 

Let u + , u_ be the spin functions transforming according to D il/2) 
under the full rotation group. Now this representation is double- 
valued, with the base vectors changing sign under a rotation of 
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360° about any axis (§ 8), so that u + , u_ must also transform accord- 
ing to a double-valued representation under any point-group. 
The double-valued irreducible representations of all the crystal 
point-groups have been tabulated by Koster (1957). 

We shall now show how the double-valued representations may 
be found, following the method of Opechowski (1940) based on the 
earlier work of Bethe (1929). These representations can be found 
for the cyclic groups n, the dihedral groups w2 and associated 
groups by using half integer values of k in (16.10) and proceeding 
as before. However the following device is more general and con- 
venient. Consider a point-group g of proper rotations, and the 
corresponding group (8 of matrices taken from the representation 
jya/i) (8.24) of the full rotation group. Clearly these matrices satisfy 
all the group requirements, because (8.24) forms a representation. 
However because of the + or — sign in (8.24), i.e. the double- 
valuedness of D (1/2) , <8 contains twice as many elements as g does. 
Consequently any single-valued representation of <S automatically 
furnishes a double-valued representation of g. The single-valued 
representations of <8 may of course be found by the methods of 
§ 14 in a straightforward way. The group of matrices <8 is called 
the dovble-group of g. 

The procedure becomes clearer by considering as a specific 
example the point-group 32 of transformations (4.13). Let B be 
the 2x2 matrix (8.24), taken with a plus sign, which represents 
the rotation B($it, z), i.e. the transformation B' of (4.13). Let 
B be the same matrix taken with a minus sign. Similarly let E, 
E, A, A, K, R, L, L, M, M be the other elements of <8. Now sup- 
pose we have relations KA = L, etc., among the elements of <8. 
These must correspond to the relations K'A' = L', etc., among the 
rotations of g. Thus if we have a representation D of the double 
group (8 so that D(K)D(A) = D(L), etc., then this also gives a 
representation of the original point-group 9, which however will be 
double-valued because we must associate both D(A) and D(A) 
with the same rotation A'. We shall not write out the whole multi- 
plication table of (8, but typical relations are 

B 2 = A, B 3 = E, B l = A* = B, A 3 = B* = E, 
K^ = E = R\ KR = E = K*. (16.11) 

Notice in particular that if successive rotations like B 3 or K 2 add 
up to a rotation of 360° about one axis, they are always equal to 
E. The elements can easily be collected into their six classes 

(E), (E), (A, B), (A, B), (K, L, M), (R, L, M). 
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The classes are very much as before, e.g. A and B form one class. 
Now <S contains 12 elements and 6 classes, so that from (14.13), 
(14.6) there are four one-dimensional and two two-dimensional 
irreducible representations. Some of these can be written down 
immediately. Suppose we have an ordinary single- valued irreducible 
representation A of cj. Then we can obtain an irreducible re- 
presentation of <S by associating the matrix A(B') of A with each of 
the elements B and B of <8. Thus from Table 8 we obtain the 
representations J\, r 2 , T 3 of Table 12. Consider now the element 
E. It commutes with every element (matrix) of <S, and hence by 

Table 12 
Character Table for the Double-group of the Point-group 32 





E 


E 


A,B 


1 


K,L,M 
1 


R.LJZ 


A 


1 


1 


1 


1 


r t 


1 


1 


1 


1 


-1 


—1 


r, 


2 


2 


-1 


-1 








r« 


1 


-1 


1 


-1 


i 


— i 


A 


1 


-1 


1 


-1 


— i 


i 


r. 


2 


-2 


-X 


I 









r„ r„ i\ give the single-valued representations of the group 32 whioh are 
identical with J, s/ and r of Tables 3 and 8 and with A v A, and E of 
appendix K. r 4 , J 7 ,, r t give extra double-valued representations. 

Schur's lemma (appendix D) it is represented in any irreducible 
representation by a multiple cE of the unit matrix E. Since E 2 
= E, we have c = ±1. Since R = BE for any ii, choosing c = 1 
gives a representation of the type already considered with x(-R) 
= x(-R) f o r au -R- Thus to obtain further representations we must 
choose c = — 1. Consider first the one-dimensional representations. 
Since K % = E, we must have X (K) = —x{R) = ±*. The relation 
KA = L then gives x(-&) = — x(-4) = — 1, whence we obtain the 
representations r t , T 6 of Table 12. T 6 may then be obtained from 
the relation of problem 14.8. This then gives all the double-valued 
and single-valued irreducible representations of the point-group 
32 by taking x(-B), x(-S) together. No very systematic or generally 
adopted method of labelling the double- valued ones exists at present, 
and they are usually just numbered consecutively. 

We now formulate some general rules which aid considerably in 
finding the double-valued irreducible representations of any 
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particular point-group or other finite group 9. We first note that the 
device of constructing the double-group <S> of matrices (8.24) is 
quite general. Let R' be any rotation of g. Then (8.24) gives the 
two matrices R and R of <S, and any irreducible representation 
D of <S gives a double-valued irreducible representation D(R), D(R) 
of (j. In working out a character table, the first job is to collect 
the elements into classes. Now since the matrices R, R of <S form 
a representation of g, they multiply in exactly the same way as the 
rotations R' of 9, except for the possible introduction of minus 
signs. For instance a relation 

P'R'(P')- 1 = & for 9 

which shows that R' and S' belong to the same class, becomes 

P(R or JJ)P- X = 8 or S for <S. 

Thus the class structure of <5 is very similar to that of 9. To be 
precise, if a set of rotations R' form a class of 9, then the matrices 
R, R form one or two classes of (8. It is not clear from the above 
discussion whether the set R, R makes up one class or breaks up 
into two classes. This can be decided as follows. From (8.24), the 
matrices R and R have characters 

X (R) = - X (R) = 2 cos \e cos fa + 4). (16.12) 

Since they have different characters, they cannot belong to the 
same class, i.e. we obtain two classes. By suitable choice of angles 
in (16.12), e.g. choosing <f> = —120° or +240°, we (can always 
arrange that the R matrices form the one class and the R the other, 
which gives the first rule: 

I. // a set of rotations R' form a class of 9, then the matrices R 
form one class and the matrices R another class of <5. 

The above argument does not work when the angle of rotation 
of jR' is 180°, because then the character (16.12) becomes zero. 
In this case R and R may or may not belong to the same class. 
Suppose that they do. Then there exists some element 8 such that 
& = S-iRS, i.e. 

SR = RS. (16.13) 

Let us choose the rotation axis of R' as the z-axis. Then from 
(8.24) R takes the form 



R 



-['. 4 
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If we take the general form (8.24) for 8 and substitute in (16.13), 
we find 9 = 180°. This means that the z-axis (Fig. 6) gets inverted, 
so that S is a rotation by 180° about an axis perpendicular to the 
z-axis. The argument can also be applied in reverse, and we have 
as our second rule: 

II. There is one exception to rule I. // the rotations are through 
180°, then R and R belong to the same class of the double-group if, 
and only if, there is also in the group another rotation by 180° about 
an axis perpendicular to the axis of R. 

Any representation D(R') of g gives a representation of (8 by 
associating D(R') with both R and R, but this does not give a 
double-valued representation of g except in a very trivial sense. 
To obtain the extra irreducible representations of (8 which give 
genuine double-valued representations of g we must have the 
element E represented by minus the unit matrix as already proved 
in connection with the group 32. We therefore have from R = RS 
the third rule: 

III. For the extra irreducible representations of the double-group, 
toe have 

X (R) = - X (R), 

and in the exceptional case of rule II, x(R) ~ 0- 

The above procedure can only be applied as it stands to proper 
point-groups. However any point-group containing improper 
rotations is either a direct product of a proper group and the inversion 
group I, or it is isomorphic with a proper group which is obtained 
by replacing each improper rotation by the corresponding proper 
one. The former case can be handled using § 15 and equation 
(11.23), and the latter case by considering the isomorphic proper 
group. We can therefore reduce the representation given by any 
set of functions, including spin-dependent functions, with respect 
to any point-group. 

References 

Bethe (1929) and Opechowski (1940) discuss the derivation of the 
double-valued irreducible representations. Koster (1957) has 
tabulated these for the crystal point-groups. A derivation and 
description of the crystal point-groups are given by Seitz (1934), 
Zachariasen (1945) and Murnaghan (1938). Murnaghan (1938) also 
discusses the icosahedral group. 
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Summary 

We have tabulated all the thirty-two crystal point-groups (Fig. 
9 and appendix J), and the characters of their single- valued irreduc- 
ible representations (appendix K). We have shown how the single- 
and double- valued irreducible representations of any point-group 
may be obtained. We have discussed the groups derived from the 
axial rotation group and derived their character tables (appendix 
L). We have also shown how the crystal point-groups may be derived 
from first principles. 

Problems 

16.1 Determine the classes of the point-groups 32, 422, 622, 
and hence calculate their character tables by the method used 
for oo2 in the text. 

16.2 Show that 422 and Jm2 must have the same character tables. 

16.3 Write down four functions which transform respectively 
according to the four one-dimensional representations of oo/mm. 
Also write down five functions whose maximum symmetry groups 
are respectively oo, oo/m, oo2, oom and oo/mm. 

16.4 An improper point-group contains the inversion element 
77. Show that the group is a direct product g X 1, where g is a 
proper point-group. If an improper point-group does not contain 
the inversion 77 as an element, show that an isomorphic proper 
point-group can be constructed from it by replacing every improper 
axis n by the corresponding proper axis n. Hence derive all the 
improper tetragonal point-groups of Fig. 9 from the proper ones of 
Table 10. 

16.5 The functions <f>u i = 1, 2, 3 and u + , u_ transform accord- 
ing to D a) and X) (1/2) respectively under the full rotation group. 
According to what representation (in irreducible components) do 
the products <f>iu+ transform under the point-group 32? 

16.6 A set of functions transform according to D lJ) under the 
full rotation group. Let us also use D^* for the representation of 
the group 32 which they form. With this notation, show that 

for J = an integer >6 in the notation of Tables 3 and 8, and that 

for J = half an odd integer >3 in the notation of Table 12. 

16.7 Construct the characters of the extra double- valued 
representations of the group 422. 
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16.8 R and 8 are any two elements of a group in the same class. 
Show that there exists an element T such that T^ST = R. 

16.9 Show that in any representation x(^)* = x(^ -1 )- What 
are the consequences of this for the characters of 180° rotations 
in single-valued and double-valued irreducible representations 
(Opechowshi 1940) ? 

16.10 Show how to construct polynomials of degree n which 
transform according to a given representation of a point-group 
(Olson and Bodrigues, 1957). 

17. The Relationship Between Group Theory 
and the Dirac Method 

In this book we have developed the group theoretical method for 
sorting out and labelling a complete set of functions, usually the 
eigenfunctions of a Hamiltonian. This contrasts at first sight with 
the more usual procedure, developed by Dirac (1958), in which one 
uses as a complete set of functions the simultaneous eigenfunctions 
of a set of commuting operators (see for example Schiff 1955, p. 143). 
The purpose of the present section is to relate these two approaches,! 
and show that they are completely equivalent. 

In brief, Dirac proceeds as follows. Let i/i be an eigenf unction of 
two operators A and B belonging to eigenvalues a, b; 

Aiji = a*(i, Bijj = btjt. 
It follows that 

AEifi = Ab<ft = batfi = aBifs = Bcufi = BAi/i, 

i.e. (AB - BA)<f> = 0. 

This suggests that simultaneous eigenfunctions like t/i are most 
likely to exist if AB — BA = 0, i.e. if the two operators commute. 
In fact it can be shown (Dirac 1958, p. 49) that the simultaneous 
eigenfunctions of two commuting operators form a complete set of 
functions. By using several commuting operators, we can arrange 
it that the sets of eigenvalues of two different functions are always 
different. This then gives a definite way of achieving a sorted and 
labelled complete set of functions. One of the operators is usually 
chosen to be the Hamiltonian, so that the eigenfunctions are sorted 
out according to their energies. In this case the other operators are 

t The results of this section are not used elsewhere in the book. It has been 
included for the benefit of those readers whose original introduction to quantum 
mechanics was through Dirac's book, or who for other reasons like to think 
in terms of complete sets of commuting operators. 
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constants of the motion in the quantum mechanical sense. In 
detail, for any operator A not depending explicitly on time, we have 
(Schiff 1955, p. 134) 

5<^>-5j< Jjr - jW >' (17J) 

where <^4> is the expectation value $xfi*A<p dr of A. Clearly <.4> 
is constant for any state iji(t) if A commutes with Jf, and A is 
called a constant of the motion accordingly. 

Continuous groups 

The relationship between the group theoretical and the Dirac 
methods of labelling eigenfunctions is very simple when the Hamil- 
tonian Jf is invariant under a group of transformations forming a 
continuous sequence in terms of some co-ordinates q ( . Suppose 
Jf? does not depend on q x . Then if we regard #asa classical Hamil- 
tonian the momentum p 1 conjugate to q t is a constant of the motion 
because 

dp, axr 

-=-= = = 0. 

dt dq x 

Quantum mechanically, p x commutes with all pt and all qi except 
q v Since 3tf does not involve q lf p x also commutes with ^f . Prom 
(17.1) it is a constant of the motion just as in the classical analysis, 
and may be taken as one of the set of commuting operators. As a 
simple example we may cite the case of the electron of a hydrogen 
atom in a uniform magnetic field H in the z-direction. The Hamil- 
tionian (neglecting spin) is 

S 2 e 2 eih la c 2 

~5-V 2 +-+r— JJ— + — ;# 2 r 2 sin 2 8. (17.2) 
2m r 2mc 8<f> 8mc 2 

This is not exactly in canonical form, but it does not depend 
explicitly on <£. Thus the conjugate momentum, namely the angular 
momentum L z about the 2- axis, is a constant of the motion as we 
would expect classically. The eigenfunctions therefore have a definite 
value of L z , namely mh (Schiff 1955, p. 75). This illustrates the 
Dirac viewpoint. 

Now group theoretically we would proceed as follows. Since 
3P is independent of q lt it is invariant under all transformations 
q 1 =Q ± + Aq v Thus 3rif is also invariant under the infinitesimal 
transformation I x . Moreover all the transformations form a con- 
tinuous group. Then if we have a vector space transforming 
irreducibly under the group, we may use I t to pick out in it the 
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functions invariant under J x and use these as base vectors. Now 
these eigenfunctions of I ± are just the same ones as we would have 
found using the constant of the motion y> x above, since there exists 
the relation p t = M 1 (8.29) between them. There is thus a very 
close relationship between the classical result, the Dirac approach 
and the group theoretical procedure. 

Finite groups 

The above discussion completely breaks down when the symmetry 
group of the Hamiltonian is a finite group (8, for in this case the 
infinitesimal transformations do not exist. Consider for instance 
the Hamiltonian (4.12) of an electron moving in the field of three 
protons arranged in an equilateral triangle. What classical constant 
of the motion is there that corresponds to the fact that the potential 
has trigonal symmetry? We could introduce a co-ordinate q x = 1, 
2, 3, 4, 5, 6 corresponding to the six equivalent positions of the 
triangle. Then 2ff is certainly independent of q lt but there is no 
conjugate momentum because q t is not a continuous variable and 
differentiations such as dqjdt, 8J^ p j8q 1 become meaningless. In fact 
it is not at all obvious what complete set of commuting operators 
to use in this problem to obtain a convenient set of simultaneous 
eigenfunctions. Let us therefore adopt the group theoretical method 
and assume that we have the eigenfunctions ^ (Ar) of the Hamil- 
tonian 3ff sorted out to transform according to the irreducible 
representations D w of the symmetry group <3 of Iff . We shall 
now construct a set of operators P* of which the i/>i {Ar) are simul- 
taneous eigenfunctions. 

Consider the operator 

Pfc = (l/A*) 2 Tk (17.3a) 

all T in class ft 

= (\jh) 2 STt$r\ (17.3b) 

all Sin© 

where 8 is any element of <S and T k any element of the fc th class. 
As in § 14, h is the number of elements of <S and h^ the number in 
the k tb class. From (17.3b), P* commutes with every element of 
<S. Hence by Schur's lemma (appendix D) Pic is represented by 
an times the unit matrix with respect to an irreducible set of base 

vectors ^< < * r) , i = 1, 2 Hence using (17.3a) and taking the 

sum of diagonal matrix elements 

a*»A = (i/fc*)2x (A, (r*), 

i.e. a k = XJt w/ nA , (17.4) 
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where k a is the dimension of D (A ». Thus ^ t <Ar) is an eigenfunction of 
Pk with the eigenvalue (17.4). Since the characters xk m , ifc = 1, 
2, . . . characterize an irreducible representation completely, the set 
of eigenvalues a k (17.4) serve to label uniquely which irreducible 
representation a given 4> belongs to. Furthermore since Pk commutes 
with any T, from (17.3a) it commutes with any Pi. Now any element 
T of <8 is a symmetry transformation of Jt . Hence operating on 
3^>ji, it affects only the wave function iji and we have TUPty = J^Tifs, 
whence 

T3V =3tfT. (17.5) 

Thus T is a constant of the motion, and from (17.3a) so is Pk- 
Our functions ^ri (Ar » transforming irreducibly according to D w 
are therefore simultaneous eigenfunctions of the set 34P, P x , P 2 , . . . 
of commuting operators. The eigenvalues of the Pk distinguish 
different irreducible representations, and the energies (eigenvalues 
of Jf ) differentiate between different values of r, e.g. between the 
2p, 3p, 4p, . . . wave functions in an atom since these all trans- 
form according to D u) under rotations. The operators Pk cannot 
distinguish between the different ^< <Ar) , i = 1, 2, . . . of one irreducible 
representation, but some more operators can easily be devised to 
do this too (problem 17.3). 

Summary 

The group theoretical method consists of sorting out the eigen- 
functions of the Hamiltonian Ztif according to the irreducible re- 
presentations of the symmetry group of 3t . We have shown that 
this is completely equivalent to the Dirac method, in which we set 
up a complete set of simultaneous eigenfunctions of Jf and other 
commuting constants of the motion. 

Problems 

17.1 In the notation of the text, show that I x is a constant of 
the motion without using the relation P 1 = hl v 

17.2 Show that the two expressions in (17.3) are equal. 

17.3 With the notation of § 14, consider the operators 

Qm = 2 Du w *(T)T, 

T 

where the summation is over all T in the group, and i is not summed. 
Show that Q H commutes with any Q^, any P k (17.3), and with the 
Hamiltonian. What is the effect of Q H on an eigenfunction ^«w> 
of the Hamiltonian? Hence discuss the use of the Q M , with or 
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without the P*, as a complete set of commuting constants of the 
motion. 

17.4 An electron is moving in a potential whose maximum 
symmetry is the point-group 32. Set up the minimum number of 
commuting operators forming a complete set so that a simultaneous 
eigenfunction is uniquely determined by its set of eigenvalues. 
Give the operators and eigenvalues in detail. 



Chapter IV 

FURTHER ASPECTS OF THE THEORY 
OF FREE ATOMS AND IONS 

In Chapter II we outlined the quantum theory of free atoms, 
the main purpose there being to illustrate the use of group theory 
in quantum mechanics. In the present chapter we shall apply 
group theory to some more specialized aspects of the theory of 
atoms, and then in the remaining chapters to a selection of topics 
from other branches of physics. 

18. Paramagnetic Ions in Crystalline Fields 

Introduction 

Most atoms when they form ions, such as in a crystalline salt, 
achieve a closed shell configuration either by losing their valence 
electrons (metallic ions) or building up an incomplete shell (negative 
ions). Such closed shell ions are therefore in a 'S state, which is 
diamagnetic, non-degenerate and generally does not give rise to 
interesting effects. However, the transition and rare earth metals 
are exceptions to this rule because of their inner, incomplete 3d, 
4d, 5d, 4/, 5/ shells. As free ions these in general have paramagnetic, 
degenerate ground states which in crystals get split by the electric 
fields. In a crystalline salt, such an ion finds itself surrounded by 
some regular arrangement of other ions and water molecules. 
Now strictly one should consider the ion and its neighbours as a 
big molecule, and discuss their interaction in terms of covalent 
and other bonds, etc. However it has been found a good approxi- 
mation to consider the neighbours as simply giving rise to an 
electrostatic potential, the crystalline field, which acts on the para- 
magnetic ion. This field, combined with the spin-orbit coupling, 
splits the ground term into a sequence of levels. Since 1946 para- 
magnetic resonance has been used to study in great detail the lowest 
of these energy levels and their variation in an applied magnetic 
field. Consequently there is considerable interest in making accurate 
calculations of these levels. Comparison between the calculated 
and observed levels has then determined the magnitude of various 
parameters such as the strength of the crystalline field, and has 
also brought to light some refinements that are required in the 

148 
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quantum theory of atoms. Reviews of the subject have been given 
by Bleaney and Stevens (1953) and by Bowers and Owen (1955). 
In Chapter II, the use of symmetry properties led to very broad 
general results, applicable to any free atom or ion, but in this 
section we shall use group theory in quite a different role. Because 
of the different ground states of the paramagnetic ions and the 
different crystal structures, each salt almost has to be discussed 
separately. Group theory is used to help calculate particular 
matrix elements and splittings as required. In the present section 
we shall therefore not attempt at any general presentation but 
consider two particular salts, cerium ethylsulphate and chromous 
sulphate, which suffice to illustrate most of the ideas. The energy 
levels are determined by setting up the Hamiltonian matrix and 
solving the secular equation, often using perturbation theory 
(Schiff 1955, p. 128). In detail this involves a long and complicated 
calculation, so that we shall only show in outline how group theory 
is used to calculate the type of matrix elements that are required 
during the calculation, and what the kind of splitting is at each 
stage. 

The crystalline field in cerium ethylsulphate 

The composition of this salt is Ce(C 2 H 5 S0 4 )3.9H 2 0, and it 
crystallizes in a hexagonal form with two molecules per unit cell. 
The two cerium ions are situated at equivalent special points in the 
cell lying on a three-fold rotation axis, with the water molecules 




C 2 H s S0 4 



Fig. 10. A diagram of one cerium ethyl sulphate molecule 
Ce(C2H 5 SO«) t . 9H s O. The full circles represent one water molecule 
each in the plane of the paper, and the broken circles each two water 
molecules with one above and one below the plane of the paper. 
The Ce +++ and C s H 6 S0 4 _ ions are also in the middle plane. 

and ethylsulphate ions arranged round them as shown in Fig. 10. 
The cerium ion and water molecules have symmetry 6m2, but the 
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arrangement of atoms in the ethylsulphate radical does not have a 
vertical mirror plane, so that the overall symmetry is 6. Let us 
consider the potential energy F c (r) of an electron belonging to the 
cerium ion, due to the electrostatic field of all the water molecules 
and other ions. Since the charge density of the other ions is zero 
over the region of the Ce +++ ion, we can write V e in terms of spherical 
harmonicsf Yi m , 

V e = I.A l »f*Ti»{e,4,). (18.1) 

l,m 

Since R(4>, z)Y t m = e tm *Yi m , we must have 

Af> = unless m = 0, ±3, ±6, . . . (18.2) 

for V e to have three-fold symmetry. Since the group 6 contains 
the mirror plane m z , (18.1) must contain only even powers of z, 
and we have 

Af 1 = unless I — m = even. (18.3) 

The cerium ion has the configuration 4/, and if we neglect mixing 
with other configurations having some 40,000 cm -1 higher energy, 
all matrix elements of V e involve the integrals 

JVr»r,«"* v dT (18.4) 

where fa is a 4/ orbital. Since the ^'s transform according to 
D <3 » under rotations, the 17»<£ 4/ transform according to 

2-DO, |i-3| ;Sj£ J + 3; 

and from the fundamental theorem (13.8b), the integral (18.4) 
is zero unless the values of j include j = 3, i.e. unless I ^ 6. Similarly 
Yi m must have even parity, i.e. we have I = even. It follows from 
these two restrictions and (18.2), (18.3) that we need only retain 
the constants A °, A 2 °, A x °, A 6 °, A t 6 , A^-*, with the condition 
A t ~* = .4 6 8 * so that (18.1) is real. The origin of the <f> co-ordinate 
can now be chosen to make A e * real, and expressing the r l Yi m 
in terms of x, y, z, we have 

V e = B <> + 5 2 <>(3z 2 - r 2 ) + 5 4 °(35z* - 30^ + 3r*) + 
+ B a °(231z« - 315^* + 105r 4 z 2 - 5r 6 ) + 
+ B t «(x« - 15xy + l&cy - y*), (18.5) 

where the normalization constants have been absorbed into the 
B'a. Because we are restricting ourselves to the lowest configuration, 

t In this section we write the spherical harmonics Yi m and other quantities 
with m as a superscript instead of a subscript as in § 8, in accordance with 
customary usage in this particular subject. 
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(18.5) actually has the higher symmetry 6m2, rather than the 
required 6. This 6m2 is therefore the symmetry of the effective 
Hamiltonian for the cerium ion. 

Energy level splittings in cerium ethylsulphate 

The lowest configuration of Ce +++ , namely 4/, contains only one 
term 2 F, and in the free ion this is split by the spin orbit coupling 
into two levels J = 5/2 and J = 7/2. By Hund's rule (§ 12) the 
J = 5/2 level lies lowest. The separation between the levels is 
about 2000 cm -1 , whereas the splittings produced by V c are about 
200 cm -1 , so that it is a fair approximation to treat V c as a pertur- 
bation. We shall therefore consider the splitting of the J = 5/2 
level caused by V c using first order perturbation theory. A more 
accurate theory is possible, and indeed necessary to interpret the 
observed data completely: this involves considering the spin- 
orbit coupling and V c simultaneously, and solving the secular 
equation for the whole 14 states together without using perturbation 
theory (Elliott and Stevens 1952). Considering the perturbation 
(18.5), we note that B ° shifts all levels equally so that we shall 
neglect it. Also the B e ° and J5 S 6 give only zero matrix ele- 
ments among the J = 5/2 manifold of states, because the products 
Y e m ifi(J = 5/2, M j) transform according to 

2 D"\ J = 7/2, 9/2, . . . , 17/2, 

which does not contain J = 5/2. We are therefore left to consider 
the perturbation 

I Vdn) = 2 [ Pi°(r«) + F 1 °(r < )] (18.6) 

i » 

to the Hamiltonian, where the summation is over all the electrons 
of the Ce +++ ion, and where 

V 2 ° = J5 2 »(32 2 - r\ (18.7) 

F 4 ° = £ 4 °(352* - 30r 2 z 2 + 3r*). (18.8) 

The perturbation (18.6) is invariant under rotations about the z- 
axis, so that the quantum number Mj = M can still be used to 
label the states. Also (18.6) is invariant under a two-fold rotation 
about the *-axis, so that the states i/j(M), i/j(—M) have the same 
energy (cf. § 16 and appendix L). The relative energies of the three 
doublets are therefore 

<Jf | F',| Jf> with M = ±J, ±i, ±f, (18.9) 
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where we have used the Dirac notation (13.9) for the matrix elements. 
Since the Ce+ ++ ion has an odd number of electrons, Kramers' 
theorem (§19) shows that the splitting into doublets is the greatest 
splitting that can occur, and higher order effects from (18.5) can 
only shift the levels about. 

Let us consider the first term in (18.6). Since 2 3z< 2 — r t 2 and 
3J 2 2 — J z transform! m ^ ne same way under rotations, their 
matrix elements are proportional inside a given irreducible manifold 
of states by the argument of § 13 and 

(M |2 F,»| Jf > = <Jf |a[3«/ z 2 - J(J + 1)]| Jf' >. (18.10) 

Hence the contribution of V a ° to the energies (18.9) becomes 

-8a(if = ±i), -2«(4f = ±|), 10«(M = ±f). (18.11) 

It remains to evaluate a. Let <fi(mi, m,) be a single determinant wave 
function for all the electrons in a Ce +++ ion, where mi, m s denote 
the quantum numbers of the single 4/ electron outside closed shells. 
We shall make the convention that when we use a single quantum 
number it refers to M j, and a pair of numbers to wij, m,. The 
functions iji(mu ^t) transform according to D {3) x D a/2) under 
rotations, and we can pick out the linear combination 

+(Mj = 5/2) = (4(3, -i) + ty(2, «, 

where a and b are Wigner coefficients as in (9.7). They are (appen- 
dix I) a = vW 7 ). b = - V(l/7). Thus 

<#I2 V»°\t> =« 2 <3, -*I2 F,«|3, -i>+b\2,i\l F,»|2, |>. 

(18.12) 

Since 3z 2 — r 2 and 3k 2 — 1(1 + 1) transform in the same way under 
rotations, we have 

<3, -i|2 V|3, -i> = <3, -Hfe&hS-Wi + 1)]|3, -£> = 15)3, 
<2, i|2 F,»|2, i> = <2, ||j82 [3Z* 2 - W + 1)]|2, J> =0, 

(18.13) 
where the closed shells do not contribute (problem 13.12). Further if 

^(3, -i)= F^r) sin* 9 e^u_ 

t Throughout this section we shall drop the faotor H from all angular momenta 
for the sake ofouatom and convenience. Thus we use J t , l t i forI ltot ,J t orb ,,eto. 
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is the mi = 3, m t = — \ orbital of the 4/ electron, we have 

<3, -*|2 F,»|S, -i> 

_ jy J « f V 4 dr J; sin 8 0(3 cos* - 1) sin fl dfl - 

~~ J^J^drJSsin^sinflde ~~ * ** ' 

(18.14) 

where r 2 is the expectation value of r 2 for any 4/ state. Now com- 
bining (18.11), (18.12), (18.13) and (18.14), we have a = -(2/35) 
5 2 °r 2 . Similarly the matrix elements of V t ° (18.8) may be cal- 
culated, and the final energy levels are shown in Table 13 (problems 

Table 13 
Energies and g- values of Lowest Doublets 



Doublet 


Energy 


9i 


M 






±i 


—8a + 2y 


f 


±t 


—2a — 3y 


ii 

7 


±* 


10a + y 


¥ 



g x ,g y 

¥ 
o 
o 

a = -(2/35)54^" and y = (8/21)B 4 °r*. 

18.1, 18.2). The method we have used to calculate such elements 
by replacing x, y, z by J x , J v , J z or l x , ly, h, is called the method of 
operator equivalents. It has been expounded in detail by Stevens 
(1952), who also gives some useful tables. 

Cerium ethylsulphate g -values 

We consider now the effect of a small magnetic field H on the 
energy levels. The perturbation to the Hamiltonian is 

p H • (L + 2S) (18.15) 

where /S is the Bohr magneton eh/2mc (Schiff 1955, p. 293). This 
usually splits each doublet, and the splitting AE is usually expressed 
in the form 

AE = g(M)pH, (18.16) 

where g is a factor which we shall now calculate. The operators 
L, S and J all transform as vectors under rotations, so that the 
matrix elements of their components are proportional to one 
another inside an irreducible manifold of states belonging to one 
value of J. Thus the perturbation (18.15) can be written gjfiH-J 
where grx, = 6/7 is the Lande splitting factor calculated in problem 
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13.6. With H in the z-direction, each energy level is increased by 
qifiEM, whence comparison with (18.16) gives 

g z (M)=2g L \M\. 

For H along the rc-axis, we have 

<±3/2|J*|±3/2> = <±5/2|J,|±5/2> = 

and no first order splitting of the M = 3/2 and M = 5/2 doublets. 
From (8.18) we have 

<-W*\l> = K-i\J + +J-\i>, 

= i[J(J + 1) - M(M - 1)]V2 with M = i, 

3 
= 2- 

Thus for the ±£ doublet the matrix of the perturbation (18.15) is 

>[i !]• 

and the energy levels are ±(9/7)0/7, whence g x = 18/7. From 
symmetry, g y = g x , and we have the numerical values shown in 
Table 13. 

Paramagnetic resonance experiments at low temperatures show 
that in cerium ethylsulphate the lowest doublet has g z = 0-955, 
9x =9y = 2-185, and that there is another doublet about 3 cm -1 
higher with g z = 3-72, g x = g y = 0-2. Comparison with the 0- values 
of Table 13 shows that we must identify these levels with the 
M = ±i and M = ±5/2 doublets respectively. The discrepancies 
between the calculated and observed g- values are due to the per- 
turbing influence of the J = 7/2 level some 2000 cm" 1 higher and 
the B 9 °, B 6 * terms in (18.5). Magnetic susceptibility measurements 
indicate the presence of another level about 130 cm -1 above the 
two low lying doublets, and this must be the M = ±3/2 level. 
Comparing these figures with the relative energies of the levels 
shown in Table 13, we obtain 

£ 2 V = 25 cm- 1 , Bfi 1 = -74 cm- 1 . 

These values are again rather rough, but they illustrate the kind of 
way in which the magnitudes of the crystal field parameters can be 
obtained from experiment. Elliott and Stevens (1952) have given 
a much better fit to the data, and determined the values of all the 
constants in (18.5) (except B °). In particular B e 6 turns out to be 
large and important, as we might expect from the fact that it alone 
reflects the trigonal arrangement of the water molecules, all the 
other terms being axially symmetrical. 
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Crystal field splittings in chromous sulphate 

This salt CrS0 4 .5H 2 appears to have the same structure as 
copper sulphate. The Cr ++ ion is at the centre of a square of four 
water molecules with two oxygen ions centrally located above and 
below the square. The six oxygen atoms form approximately 
a regular octahedron, and the crystalline field consists predominantly 
of a large cubic component with symmetry m3m, and a smaller 
tetragonal component with symmetry 4/mmm. In addition a 
distortion of the square of water molecules gives a still smaller 
orthorhombic (usually abbreviated to "rhombic") field with sym- 
metry mmm, whose effect is comparable with that of the spin- 
orbit coupling. We shall now discuss qualitatively the energy level 
splittings on the basis of these symmetries and orders of magnitudes. 

The chromous ion Cr ++ is in the configuration (3d)* whose lowest 
term is 5 Z> (§ 12). Under the influence of the cubic field, the Hamil- 
tonian is invariant under the group of rotations m3m of the orbital 
variables, and under all spin rotations. The 2S -f- 1 = 5-fold spin 
degeneracy of each orbital level therefore remains. The unperturbed 
orbital functions transform according to Z) (2) under rotations, and 
this is reducible into the representations E g and T^ of the cubic 
group (Table 14). The characters of this representation with respect 

Table 14 
Irreducible Representations for Splitting of 5 D Term 



Cubic field. 


point-group 


m3m. 


D' 2 > (rotation group) = 


= Eg + T^g. 




rotation ""l 


x(-B> 


X(3) 


X(2*) 


X(2<») 


X(4*) 


parity 


group > 
.D<»> J 


5 


-1 


1 


1 


-1 


even 


E g 


2 


-1 


2 








even 


T„ 


3 





-1 


1 


-1 


even 


Tetragonal field, point-group 4/mmm. .E^cubic 


group) = 


= A lg + B x g 




oubio ^ 


xW 


X(2*) 


X(2*) 


X<2<*) 


*M 


parity 


group > 
E„ J 


2 


2 


2 








even 


A ig 


1 


1 


1 


1 


1 


even 


B lt 


1 


1 


1 


-1 


-1 


even 



Rhombic field, point-group mmm. 

Orbital function: B ig (tetragonal group) = A g (rhombic). 
Spin functions: Z)< a ) = A g + A g + B ig + B ig + B 3g . 
Complete functions: A g X Z>< 2 > — A g + A g + B lg + B ig -f B 3g . 
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to the group m3m are obtained from (14.4), the irreducible re- 
presentations of m3m from appendix K, and the reduction of the 
representation from (14.2). The L = 2 term is therefore split into 
an orbital doublet and an orbital triplet, and it so happens that the 
doublet lies lowest (Fig. 11). Under the action of the tetragonal 
field the lower doublet splits into two orbital singlet states trans- 
forming according to the representations A lg and B lg of the group 
4/mmm (Table 14). We shall suppose that the B lg level lies lowest 
(Fig. 11). The states of this level transform under orbital rotations 



5x5 



3x5 



< 



'2« 




Free ion 



Cubic 
field 



Tetragonal 
field 



Rhombic field ond 
spin orbit coupling 



Fig. 11. Splitting of 6 D term by crystalline fields. The degeneracy 
and symmetry of each level is indicated. 

according to the representation B lg of the group 4/mmm, which 
becomes the representation A g of the group mmm. Under spin 
rotations the states transform according to D {S) with S = 2, and 
under orbital and spin rotations together according to A g x D {2) , 
which is reducible into five one-dimensional representations (Table 
14). Thus under the combined influence of the rhombic field and 
spin-orbit coupling, we finally obtain five non-degenerate levels 
(Fig. 11). 

The spin-Hamiltonian for chromous sulphate 

The splittings produced by the cubic and tetragonal fields can 
easily be calculated in the same general way as the energies in 
Table 13, using the method of operator equivalents as discussed 
by Stevens (1952). We shall only concern ourselves here with the 
relative energies of the five lowest levels shown in Fig. 11, because 
it is these energies that can be studied experimentally as functions 
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of the strength and direction of an applied magnetic field. Now it 
is not usually possible to give analytic expressions for these energies 
as functions of the field, so that instead the theoretical and experi- 
mental results are conveniently interpreted in terms of a 5 x 5 
matrix whose eigenvalues are the required energy values (Schiff 
1955, p. 128). This matrix, which is called the spin-HamiUonian, 
we shall now proceed to calculate. 

We start with the 1 x 5-fold degenerate level transforming 
according to B lg x -D <2) under orbital and spin rotations of the 
group 4/mmm (Kg. 11). We apply the rhombic field, the spin- 
orbit coupling and the magnetic field as a perturbation. Since all 
three produce effects of the same order of magnitude (1 cm -1 ), 
they must be treated together as a single perturbation. To be 
precise, the rhombic field and AL • S produce no splitting of the 
level in a first order of approximation, but they are intrinsically 
large enough for their second and higher order terms to be com- 
parable with the first order magnetic field splittings. All other 
levels in the tetragonal field approximation lie considerably higher, 
so that perturbation theory can be used. The rhombic field can be 
expanded in terms of spherical harmonics (18.1), and we shall 
consider only the typical term 

i 

The spin-orbit coupling takes the form AL • S (13.20), since we 
shall neglect the effect of all levels not arising from the 5 D term. 
With the magnetic interaction (18.15) the whole perturbation 
becomes 

*?v = P* + AL • S + 0H • (L + 2S). (18.17) 

We shall denote the unperturbed states, i.e. the states in the 
tetragonal field approximation of Fig. 11, by two quantum numbers 
n, M. Here n denotes the orbital state, numbered from the lowest 
one (B lg ) as zero, and M is the spin quantum number Ms, —2 ^ 
M S 2. As a further piece of notation the matrix elements of some 
operators can be written in a simplified form. For example in the 
operator LxS x , L x operates only on orbital variables and S x on 
spin variables. Thus (problem 18.5) 



(nMlLAln'M'y 

= <nM"\L x \n'M"y<n"M\S x \n"M')> 
= <.n\L x \n'XM\S x \M'>, 



(18.18) 



158 GEOUP THEORY IN QUANTUM MECHANICS 

where in the last line we have dropped the quantum numbers 
«•", M" since the matrix elements are independent of them. We 
shall follow this convention throughout. 

We now apply the perturbation (18.17) to first order, the energy 
levels being obtained from the 5x5 matrix 

<0M | Jfj, | OM '>. (18.19) 

Since V rb is spin-independent, it gives a constant diagonal con- 
tribution to (18.19) which shifts all energies equally. This we shall 
neglect. The spin-orbit coupling gives 

A 2 <0|Z||0><Jf|S||Jf>. 
x,y,z 

This is zero because <0 1 Li |0> is zero, as we shall now prove. Suppose 
that <fi = <£ori>#sptn, or an antisymmetric linear combination of such 
functions, satisfies a spin-independent Schrodinger equation as 
our unperturbed states do. In the absence of magnetic fields, all 
terms in the Hamiltonian are real. Thus if ^orb^spm satisfies the 
Schrodinger equation, then so does <f> ib*U B pin- Now our ground 
state is orbitally non-degenerate, so that we must have <f>* = auf> 
where a. is some constant. By incorporating in <f> a suitable phase 
factor, we can choose ^ real. Hence 

<o|l»|o> = in j* *(-*^ + y -^J4> <*t = fa, (18.20) 

where a is real. But from (8.17a), we have 

<0 1 L z |0>* = [j pij dr]* = [j {I4)*i dr]* 

= J^*(7^)dT = <0|£*|0>, 

and hence <0|Z/ Z |0> is real. Comparing this with (18.20), we 
conclude 

<0|lv(|0>=0, i=x, y,z. (18.21) 

We next calculate the magnetic term in (18.19). The contribution 
from /3H • L is zero because of (18.21), and we are left with 

•*V" = 2 W H i< M \ s i\ M ' >• (18.22) 

i 

If H is in the z-direction, (18.22) is diagonal and the energy levels 
to this order of approximation are 

E M = 2$HM. (18.23) 
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Now a system with only orbital angular momentum has magnetic 
energy levels jSHMl and gives a contribution to the susceptibility 
the same as that of a classical magnetic moment of strength 
H = [L(L + l)] 1/a /3. Similarly a free ion with spin has a magnetic 
moment 



/* = gdw + m>% 



(18.24) 



where gi, is the Lande splitting factor (problem 13.6). However 
in the crystalline field, from (18.23) the Cr++ ion has a magnetic 
moment of 

(18.25) 



p = 2[S(S + l)Y<% 



as if only the spin and not the orbital angular momentum contri- 
buted to the magnetic moment. This situation is described by 
saying "the orbital moment is quenched". Table 15 compares the 

Table 15 
Magnetic Moments of Paramagnetic Ions 

Config- Lowest 
Ion uration level 

Ti+++, V 4+ 3d i s£> 8/2 

V+++ 3ef a *F t 

Cr+++, V++ 3d 3 *F 3/i 

Mn+++, Cr++ 3d 1 6 D 

Fe+++, Mn++ 3d 6 *S,/ t 

Fe++ 3d' "D d 

Co++ 3d' 4 F 9/ , 

Ni++ 3d 8 3 F t 

Cu++ 3d' *D 6ll 

The values of p are given in units of the Bohr magneton /3 = efi/2mc. The 

free-ion values are calculated from (18.24) and the spin-only ones from (18.25). 

The experimental values are for representative salts (Kittel 1956). 

observed magnetic moments of transition metal ions in salts with 
the calculated free-ion value (18.24) and the spin-only value (18.25). 
The quenching of the orbital moment is seen to be a general pheno- 
menon for such ions, and the physical reason for it is as follows. 
In a free ion the states of different Ml have the same energy, and 
in a magnetic field the atom tries to line up its magnetic moment 
with the field and hence to take up the state with minimum Ml- 
However, in a crystal this is impossible, because the states with 
different Ml have quite different energies. Their charge distributions 
differ, and there is one lowest orbital state whose charge distribution 



ji(calc) 


ji(calc) 




free ion 


spin only 


fi(exp) 


1-55 


1-73 


1-8 


1-63 


2-83 


2-8 


0-77 


3-87 


3-8 


000 


4-90 


4-9 


5-92 


5-92 


5-9 


6-70 


4-90 


5-4 


6-63 


3-87 


4-8 


5-59 


2-83 


3-2 


3-55 


1-73 


1-9 
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avoids as much as possible the electrons from the nearest neigh- 
bouring atoms. In this way the Coulomb repulsion between the 
two sets of electrons is lowest. The ion is therefore not free to take 
up the state of minimum M x, and the orbital angular momentum 
gives no contribution to the magnetic moment in a first order of 
approximation. 

We continue with the perturbation calculation of (18.17). Since 
the lowest five unperturbed states 0(0, M) are degenerate, then- 
energies have to be obtained by first calculating a 5 X 5 matrix 



jf, =^(1) +jfV» + jf,<» + 



(18.26) 



where 3^ s {1) , 3^, {i) etc. are obtained from first order, second order, 
etc., perturbation theory. This matrix is called the spin-Hamil- 
tonian, and the energies of the states are its eigenvalues (Schiff 
1955, p. 158; Pryce 1950). ^f,' 1 ' has already been calculated 
(18.22). We shall continue to express the whole of 3f t like 3t, w 
in terms of the matrices (M\St\M'y, i — x, y, z. These matrices 
can easily be calculated from (18.18): for instance <Jf \S x \M'y is 



1 



(18.27) 



Also for the sake of simplicity we shall from now on use S x for the 
matrix <Jf \S X \M"> like (18.27), as well as for the more general 
spin operator 8 X = I x spin . With this notation (18.22) can be 
written 

JT,<» = 20H • S = 2p(H x S x + HySy + H&). (18.22') 

The second order contribution to the spin-Hamiltonian is 



^ w = _ V <OM\^ p \nmy{nm\^ v \OM'y 



(18.28) 



On substituting (18.17) for Jf P and multiplying out the numerator, 
we obtain a number of terms, one of which is 



-2 



<OM \\Lt8z \nmy(nm \pH z L z \OM'y 



E n -E -■ < 18 - 29a > 



This can be expressed in the spin-Hamiltonian form 

WgjHA 



(18.29b) 



where 
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*—4 Cj n — £l 



This term and^f g a) (18.22') can therefore be collected together and 
written 

WA + QySySy + gt H&) (18.30) 

where gt = 2 + Zlgr<. 

Since we have not used V Ib so far, the system has tetragonal sym- 
metry and g x = g v . Further, for an incomplete shell less than half 
full of electrons, it can easily be shown from (11.8), (13.16) that A 
is positive in accordance with Hund's rule (§ 12). Thus from (18.29c) 
and (18.30), the values of gt tend to be less than 2. For instance in 
chromous sulphate g z = 1-95. For the same reason the observed 
magnetic moments of ions with less than a half full Zd shell tend to 
be smaller than the spin-only values (18.25). On the other hand a 
shell more than half full behaves like a few positive holes, which 
changes the sign of A. This explains why in the lower half of Table 
15 the observed magnetic moments are larger than the spin-only 
values. Furthermore selection rules for <0|£i|»> show that there 
is no contribution to (18.29), (18.30) from the level n = 1, so that 
the energy denominator E n — E is at least the large splitting 
produced by the cubic field (Fig. 11). Thus the Jgfj in chromous 
sulphate are small, of the order of 0-05. 

Similarly, it follows that the term <|L-S|><|L-S|> in (18.28) 
contributes 

2 dyStS, 
i.) 

to the spin-Hamiltonian, where dq is a tensor. Because of the 
tetragonal symmetry of the unperturbed system, the tensor must 
have the form 

aS x * + aS y * + bS z 2 = D[^ 2 - $S(S + 1)] + const. (18.31) 

There is a similar term Af$W z * due to <|^H-L|><|jSH-L|> in 
(18.28), which is very small and which we shall neglect. Further, 
selection rules show that all terms in (18.28) involving V Th are 
zero (problem 18.6). In fact it is only in the fourth order that terms 
involving V Th like 

(OM | Frh \nm,y<nm | F rh [n'm'y 

<jn'm'\L-S\n"m"y<n"m"\L-S\OM'> 

(E n — E )(E n - — E )(E n > — E ) 
n*m,n ,m 
n",m" 
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give non-zero contributions to the spin-Hamiltonian. Because of 
the rhombic symmetry, we expect some of these to have the form 
(18.31) and some the form E(S X 2 — S y 2 ). Similarly, there are very 
small contributions of the form (18.30) with g x ^ g y . Still higher 
orders of perturbation will give other rhombic components like 
S x * — Sy 4, which are very small. Thus we may write the total 
spin-Hamiltonian approximately as 

X, = ZW - \8{8 + 1)] + E{S X * - S y 2 ) + 

+ P(g x H x S x + g y H y Sy + g,H,S,). (18.32) 

The constants are not entirely independent of one another because 
of the way they depend on A, <0|£<|w>, etc. Ono et al. (1954) have 
calculated the energy levels on the basis of this Hamiltonian, and 
compared them with their observed paramagnetic resonance lines. 
From this they obtain the following values of the constants: 

\D\ = 2-24 cm- 1 , \E\ = 0-10 cm- 1 , 
9x^g y = 1-99, g z = 1-95, 

which they show to be compatible with the expected values of A, 
the cubic field splitting, etc. 

References 

The reviews by Bleaney and Stevens (1953) and Bowers and 
Owen (1955) have already been mentioned. The method of spin- 
Hamiltonians was first developed by Pryce (1950), and extended 
by Abragam and Pryce (1951a) to hyperfine interactions in crystals. 
An illuminating derivation of the spin-Hamiltonian has been given 
by Nierenberg (1957). The operator equivalents of crystal fields are 
developed by Stevens (1952), who gives some useful tables. 

Summary 

We have shown how symmetry properties are used to determine 
the qualitative nature of the splittings due to crystalline electric 
fields in paramagnetic salts. In setting up a quantitative theory, 
it is necessary to calculate a large number of matrix elements of 
various kinds. Here we have shown by discussing two particular 
salts how symmetry properties can be useful in a wide variety of 
ways in calculating these matrix elements, so much so that they 
often enable one to set up a complete theory and derive a spin- 
Hamiltonian involving just a few constants which then have to be 
calculated in detail or found by experiment. 
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Problems 

18.1 In writing down an operator equivalent for the potential 
(18.8) 35z 4 — 30r 2 « 2 + 3r* analogously to (18.10), show that r*z* 
must not be replaced by J Z 2 J{J + 1). but by the expression 

* 2 ( J * 2J i 2 + JzJiJzJi + J*JNz + JNz* + JiJzJiJz + JiJtV t ). 

i=x,y,z 

Using the commutation relations among the «7j, show that the 
complete operator equivalent for (18.8) is 

8[35J Z 4 - 30J(J + 1)J Z 2 + 25 J* 2 - GJ(J + 1) + 3J*(J + 1)»]. 

18.2 Calculate S in problem 18.1 for a Ce+++ ion, and hence 
derive the F 4 ° contribution to the energy levels of Table 13. 

18.3 Discuss the splitting of the upper level in Fig. 11 under a 
tetragonal field, and then under an additional rhombic field and 
spin-orbit coupling. 

18.4 Show that L x , L y , L z have zero matrix elements between the 
levels marked A lg and B ig in the tetragonal field approximation in 
Fig. 11. 

18.5 Prove the first step in equation (18.18) analytically. 

18.6 Show that the second order terms (18.28) which involve 
Frs are all zero or a constant. 

18.7 Calculate the eigenvalues of the spin-Hamiltonian (18.32) 
when the magnetic field is zero. Associate each level with the 
correct irreducible representation (Table 14) of the group mmm. 

18.8 Calculate the selection rules for magnetic dipole transitions 
(problem 13.2) among states transforming under the various irreduc- 
ible representations of the group mmm. 

18.9 A sample of chromous sulphate is placed in a microwave 
cavity such that the oscillating magnetic field is in the a;-direction, 
referred to the same axes as the spin-Hamiltonian (18.32). What 
magnetic dipole transitions are allowed among the levels (a) in zero 
magnetic field, (b) when the steady applied magnetic field is in the 
z-direction, and (c) when the applied field is in the y-direction? 

18.10* Outline the theory of the paramagnetic resonance spectra 
of hydrated cobalt salts (Abragam and Pryce 1951b). 

18.11 In a dilute alloy of cobalt in copper, three cobalt atoms 
are arranged as a cluster in a straight line at the nearest neighbour 
distance apart. Assume that they have a spin of one, and that their 
interaction energy is 

3/F = aS 1 • S 2 -\- aS 8 • S 3 + 6S 1 • S 3 , 
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where the S< are the spins of the three atoms with atom 2 being 
the central one, and a is positive (antiferromagnetic coupling). 
Show that the ground state of the cluster may be expected to have 
S = or 1 for physical reasons. Hence calculate the ground state 
energy by writing down the wave functions using Wigner coefficients 
(§ 9) and all the symmetries of Jf? . Discuss how you would do the 
calculation if Jj? contained higher order terms like (S x • S 2 ) 2 + 
(S a • S 3 ) 2 or anisotropic exchange (S lz + /S 3z )/S 22 . 



19. Time-Reversal and Kramers' Theorem 

Introduction 

In addition to the types of symmetry transformation listed in 
§ 3 and studied so far, almost allf quantum mechanical systems 
have an additional symmetry of a rather different nature, called 
time-reversal. Consider the time-dependent Schrodinger equation 

8V 
ot 

If we apply the simple time-inversion substitution t -*■ — t (denoted 
by t), we obtain 

8Y 

tf>y = -ih-^, 

and we note that the Schrodinger equation is clearly not invariant 
under t because of the minus sign. However we can easily fix this 
up by taking the complex conjugate as well, and the combined 
operation of time-inversion and complex conjugation is called the 
time-reversal transformation T. We shall first exhibit some of its 
features in a simplified form by an example. 

An electron is moving, say in an atom, in a spherically symmetrical 
potential on which is superposed a uniform electric field & in the 
z-direction. The time-independent Schrodinger equation is 

[~ £ V * + V{r) + az \ * = E *- (i9,i) 

The Hamiltonian is invariant under rotations about the 2-axis, 
and we can sort out the eigenfimctions to transform according to 

t The only known exception is a system in an externally applied magnetic 
field. There is also reason to suspect that the nuclear interaction involved in 
beta decay (§ 33) may not be invariant under time-reversal (Jackson et al., 
1957). 



THEOBY OF FBEE ATOMS AND IONS 165 

the representations exp(im^) (7.3). Since we are considering only 
one electron, the wave function can in fact be written 

*/,=f(r,0)exv(im<l>). (19.2) 

These representations are all one-dimensional, and at first sight one 
might suppose that they all have different energies so that all 
levels are non-degenerate. However, this is not so, as can be seen 
as follows. We take the complex conjugate of (19.1), obtaining 



[-- 
[ 2m 



V 2 + V{r) + tSz t/,* = jEty*- (19.3) 



This shows that ip* is also an eigenfunction belonging to the same 
energy as tp. Now (19.2) shows that <fi* belongs to the representation 
with — m, so that if m =£ 0, tfr and <p* must be linearly independent. 
Thus all the levels with m^O are at least two-fold degenerate; 
and when they are ra-fold degenerate then n must be even. More 
generally, the wave function including spin for a many-electron 
atom satisfies a Schrodinger equation which is much more com- 
plicated than (19.1). However, the two-fold degeneracy between 
wavefunctions with quantum numbers Mj and — Mj remains. 
In particular for an odd number of electrons 

Mj = half an odd integer =?£ 0, 

so that all levels have even degeneracy. This is called the Kramers' 
degeneracy. 

In the present example, the degeneracy between wave functions 
belonging to representations m and — m could have been proved 
using the reflection symmetry of (19.1) in the plane x = (cf. 
for instance the character table for the group oom, appendix L). 
The use of the time-reversal symmetry ifi — *■ $* is not really necessary. 

Summarizing, we have illustrated in a vague kind of way the 
following essential aspects of time-reversal symmetry. 

(i) Time-reversal symmetry involves taking the complex con- 
jugate <jj -> <p*. It is, therefore, not a simple transformation of co- 
ordinates as discussed in § 3. Consequently the representation 
theory of § 5 and appendix C do not apply, and the time-reversal 
symmetry has to be considered from first principles. 

(ii) To prove the existence of a degeneracy due to time-reversal, 
we have to prove firstly that </i and Tip belong to the same energy 
level, where T is the time-reversal operator (19.5) below, and 
secondly that ij> and Tt/i are linearly independent. In this way it 
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can be shown that an atom, with an odd number of electrons placed 
in any type of electric potential but in the absence of a magnetic 
field, has all energy levels w-fold degenerate where n is even. This 
is Kramers' theorem. 

(iii) It is usually only necessary to consider time-reversal sym- 
metry explicitly for systems having a low spatial symmetry and 
having spin dependent wave functions. In other cases the degen- 
eracy produced by time-reversal is usually produced also by some 
spatial symmetry. These points will become clearer as we proceed 
with the detailed development. 

The time-reversal operator 

The time-dependent Schrodinger equation is 

(jf-«|W(*)=0. (19.4) 

Recapitulating briefly the initial argument, the operator in this 
equation is clearly not invariant under the simple time-inversion 
substitution t -> — t. Thus if there is to be a time-reversal trans- 
formation, it must have a more complicated form, and we define 
the time-reversal operator T by the relation 



TW(r { , a zt , t) = W*(r { , a zi , -t). 



(19.5a) 



Here we have abbreviated all the electron co-ordinates ri, a zl , 
r 2 , ctz2, . . . r n , a zn to Tj, a Z i. 

This operator T has some important properties. Firstly suppose 
W is an energy eigenfunction, i.e. it has the form 

^(r*. a zi , t) = #n, a zi ) ex V (-im/h). (19.6) 

In this section we shall always use W and >p to denote time-dependent 
and time-independent wave functions respectively. We have 

TV = 0*(r,, a zi ) exp(-iEtlH), (19.7) 

so that if TV is also an eigenfunction of the Hamiltonian, then it 
belongs to the same energy level. 

From (19.5) we have immediately the second property 

T(aV x + bVs) = a*TW t + b*TV 2 . (19.8) 

Thus T is not a linear operator, and much of the representation 
theory of § 5 and appendix C does not hold, for instance the equations 
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leading to the equivalence relation (5.15). We shall just note one 
consequence of this to avoid confusion later. In § 7 it was shown 
that ordinarily a cyclic group has only one-dimensional irreducible 
representations, but it is shown below in proving Kramers' theorem 
that the cyclic group E, T, T* = —E, —T (cf. equation (19.13b)) 
has two-dimensional irreducible representations. Thus time-reversal 
can lead to degeneracy. 

In § 11 it was shown that the spin functions u + , u_ transform 
under rotations according to the representation D an) with matrices 
(8.24). Since these matrices are complex, the functions u + , u_ 
have been regarded quite properly as complex quantities. However 
this notion requires some care because it is possible to interpret 
the complex conjugates u + *, u_* in two different ways.f To obtain 
the first interpretation, we recall the definition (11.12) of u + , u_, 
and taking the complex conjugate of (11.12) we obtain w + *(l) 
= 1, w+*(-l) = 0, m_*(1) = 0, «_*(-l) = 1. Since u + * is still a 
function of the variable a z , it must be expressible as a linear combina- 
tion of u + and u_. Comparing with (11.12), we have 

u + * = u + , «_* = u_. (19.9a) 

This is the interpretation one uses in calculating matrix elements: 
for instance we have w + *(l)w_(l) = = «+*(— l)w_(— 1) and 
2 u + *u_ — 0. More generally 

2 «.*«* = 8.* (l»-»b) 

as in the footnote to equation (13.1). 

The second interpretation of u + *, w_* is obtained from the trans- 
formation properties. The complex conjugate of (11.13) is 

Bu + * = a*u + * + b*u_*, 

Ru_* = c*u + * + d*u_*, (19.10) 

where R is a real transformation of the real co-ordinate axes Ox, 
Oy, Oz. From the form (8.24) of the matrices of D ll/2> , we have 

a* =d, b* = —c, c* = —b, d* = a, 

and B(u_*) = a(«_*) + &(—«+*), 

R(-u + *) = c(u_*) + d(—u + *). 

t This confusion arises because our discussion of spinors is somewhat 
inadequate, in particular because we have not distinguished between row and 
column spinors. In fact (19.9b) should be written ES„*tt0 = 8«,s using the 
row spinors u a *, and (19.10) is correct as it stands with the u„* being column 
spinors like u a . 
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Thus «_*, — u + * transform like u + , u_, as follows alternatively 
from problem 8.16. As before, u + *, u_* must be expressible as 
linear combinations of u + , u_, so that by Schurs' lemma (problem 
D.2) u_*, — u + * are proportional to u + , u_. We may choose the 
arbitrary phase factor as unity, and obtain 

m + * = — u_, u_* = u + . (19.11) 

It is this latter interpretation that is required in connection with 
(19.5a), so to be explicit we shall complete the definition of time- 
reversal (19.5a) by the relations 



Tu + = — m_, Tu_ = « + 



(19.5b) 



For instance for one electron we have 

T[f + (r)u + +/_(!>_] =/_*(r) M+ -/ + *(r) W _, 
and for a many-electron function (11.11b) we obtain 

?tyorb ( r l. r )««l M /52 • • • 

= Ktx, (ri, r 2 , . . .){Tu A )(Tu^) . . . (19.12) 

For an ordinary function /(r) we have (/*)* = /, but note that 
from (19.11) (w + *)* = — w + , («_*)* = — u_. It follows then from 
(19.12) that 



T 2 W = W for an even number of electrons, 
= — W for an odd number of electrons. 



(19.13a) 
(19.13b) 



Transformation of the Hamiltonian 

Operating on the Schrodinger equation (19.4) with T, we obtain 
from (19.5a), (19.8) 

= T(Jf - ihdjdt)W 
= TtfT-WP - (-ih)dld(-t)TW 
= (TJTT- 1 - ihd/dt)TW, (19.14) 

where TJ^fT- 1 is the transformed Hamiltonian (cf. footnote to 
equation (5.4)). Since (19.5) does not state how to calculate TJfT- 1 , 
this product is denned in terms of its effect on an arbitrary function. 
Let </> be arbitrary; then T<f> is also arbitrary. Suppose Jf = Jff r 
+ itf \, where $? r and ■#"< are real operators. By a real operator 
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we mean an operator which operating on a real function gives a 
real function, j Then 

[2Vf r + itf^T-^Tj, = T3^4 + Ti#e4 

= (3fr - i^t)T4>, 

as follows as an extension of (19.8) or alternatively by writing 
4> = <t>r + i<f>t- Thus we have 

i.e. we obtain the time-reversed operator T3^T~ l by replacing every 
operator in 3^ by its complex conjugate. For instance a potential 
V(r) is real and remains unchanged. The momentum p x = —ihd/dz 
is pure imaginary and changes sign, p -> — p. Also the angular 
momentum operators change sign. For the orbital angular momen- 
tum this follows from the definition 1 = r A P. but for the spin 
angular momentum it is necessary to go back to its definition 
(11.6) as follows. A rotation R is a real operator,! and it follows 
from (8.1) that il% is real, and that all angular momenta %I% are 
pure imaginary operators. Since Jf is a, real function of r, p, s, we 
have 



TStT- 1 =je* = ^(r i , -P(, -s<). 



(19.15) 



Kramers' theorem 

This theorem states: in the presence of any electric potential 
but in the absence of an external magnetic field, every energy level 
of a system with an odd number of electrons is ra-fold degenerate, 
where n is an even number (not necessarily the same for each level). 

We first note that in the absence of an external magnetic field, 
the Hamiltonian contains only even powers of the momenta. This is 

t This notation differs from the one used for instance by Dirao (1958) who 
uses "real" to describe an operator with all real eigenvalues. 

% This is obvious as regards its action on an ordinary function / (x, y, z) 
because it is a real transformation of the real co-ordinates x, y, z. It is also 
true with respect to its effect on spin functions, for consider it operating on the 
real function (m+ + «+*): 

R(tt+ + «+*) = (au + + a*u+*) + (bu_ + b*u_*) 
= real. 
Incidentally, note that in deriving this result we have used (19.10), which 
explains why we use the definition (19.11) of complex conjugation derived 
from (19.10), rather than using (19.9). 
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so for the kinetic energy p 2 /2ra and for all the spin-orbit and spin- 
spin coupling terms of (11.8), (11.9) like lrs«, r$ A P]'&u Si-Sj, 
etc. Thus 

JtT{rt. Pi. s 4 ) = JT(r«, -p 4 , -s 4 ), (19.16) 

or from (19.15) 

TjeT~^=je. (19.17) 

In the presence of an external magnetic field H, the Hamiltonian 
contains the term (e/2mc)H • (L + 2S) (Schiff 1955, p. 292) which is 
linear in the angular momenta, so that (19.16) does not hold. This 
shows why the theorem must be restricted to systems not in an 
external magnetic field. Note, however, that interactions such as 
the spin-orbit coupling which depend on the internal magnetic 
fields of the system generated by the moving electrons are invariant 
under time-reversal, since these internal fields change sign if the 
momenta of all the particles are reversed. This is all completely 
analogous to the situation in classical mechanics (problem 19.4). 

It follows from (19.17) that if JVifi = E<fi, then M?T<ji = J?2ty, 
so that ifi and Tiji are eigenfunctions belonging to the same energy 
level. For this to give a degeneracy we have to show that they are 
linearly independent. Suppose 

Tf = <4 (19.18) 

where a is some constant. Then 

T 2 ^ = Twfi = a*2ty = «*wfi. 

For a system with an odd number of electrons, this gives a contra- 
diction to T^xji = —>fi (19.13b) since a*a is positive and cannot 
possibly equal -1. Thus (19.18) is false, and >fi and T<jt are linearly 
independent. Since T 2 >[> = — i/t, the degeneracy of every energy 
level is even, which proves the theorem. 

Energy level degeneracies 

Let us consider an atom in a J = 3/2 state placed in an electric 
field with point-group symmetry 32 due to its neighbours in a crystal 
or molecule, and let us determine the possible splitting of the level 
in the manner of §§ 6 and 14. The J = 3/2 states transform according 
to a double- valued representation r under rotations, and their 
characters for the double-group of 32 are (§ 16 and equation (14.4)) 



xnm 


X{E) 


X(B) 


x(A) 


X(K) 


x(*> 


4 


-4 


— 1 


1 
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Prom Table 12 we have 

r = r 4 + r 5 + r 6 , (19.19) 

so that we might expect the level to split into two singlets (.T 4 , T 6 ) 
and one doublet (.T 6 ). However we have not considered the full 
symmetry group of the Hamiltonian because this also includes time 
reversal, and Kramers' theorem shows that the greatest splitting 
possible is into doublets. Hence in this example time-reversal 
leads to a degeneracy, at least between .T 4 and r b , in addition to the 
degeneracies (J 1 ,) due to rotational and other symmetries. 

We shall now investigate the question of degeneracy more 
generally, and consider a degenerate set of states fa transforming 
according to an irreducible representation D under some group 
<S of rotational or other symmetry transformations R. 

Rfa = D v (R)fa. (19.20) 

There are three cases to consider. 

(a) The representation A;(-K) is real, or can be made completely 
real by an equivalence transformation (5.15) of base vectors. 

(b) The representations D t] (R) and D ij *{R) are not equivalent. 

(c) The representations D V {R) and Dij*{R) are equivalent, but 
they cannot be made completely real by an equivalence transforma- 
tion (5.15) of base vectors. 

We have to subdivide these further and discuss separately systems 
with even and odd numbers of electrons. We also assume that the 
Hamiltonian is invariant under time-reversal, and shall determine 
in which cases this leads to some degeneracy in addition to that 
expected from the symmetry group & alone. 

Consider first a system with an even number of electrons. Case 
(a). Suppose the fa have already been so chosen that Di)(R) is 
real. Then 

RTfa = D i} *{R)Tfa = D tj (R)Tfa, (19.21) 

and the functions fa = fa -\- Tfa also transform under <5 according 
to D tj (R). Further from (19.13a), Tfa = fa so that the set fa 
transforms into itself under all symmetry transformations, both 
those of <S and time-reversal. Thus there are no symmetry pro- 
perties connecting the set fa with any other wave functions, and 
hence there is no additional degeneracy ( § 6, Theorem 2) . An example 
of this case is the representation D ( " of the rotation group when I is an 
integer. The functions Yi m + {-l) m T t _ m andi[7j m - (-l) m Yi_ m ] 
are real base vectors transforming according to ZW so that the 
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matrices of the representation are all real. Here the Yi m are 
spherical harmonics transforming in the standard way (8.18). 
Other examples are the single- valued representations of the group 
32. Cast (b). The Tfa transform according to Dy*(R) which is not 
equivalent to Dij(R), so that the fa an d Tfa are linearly independent 
(lemma 5, appendix C). The representations Dtj{R) and £>y*(i?) 
therefore always occur together as a pair. Since 3C is invariant 
under T, they belong to the same energy level and we have an 
additional degeneracy. There are several examples of this among 
the representations of the crystal point-groups (appendix K), for 
instance the two complex representations of the group 4 which are 
bracketed together and labelled E. Since the two representations 
are always degenerate when there is time-reversal symmetry, 
they behave for elementary purposes as a single doubly-degenerate 
irreducible representation. This is the reason for bracketing them 
together and labelling the pair with a single letter. Case (c). In 
this case time-reversal leads to additional degeneracy, as the reader 
should have no difficulty in proving by following the hints in 
problem 19.11. The only example of this case which the author 
has come across is given in problem 26.10. — Note that if we are 
neglecting the electron spin completely, an orbital wave function 
always satisfies (19.13a) and the effect of time-reversal symmetry 
is exactly the same as in the even-number-of-electrons case. 

Consider now a system with an odd number of electrons. The 
difference is that we have to use T 2 i/i = — ifi now instead of T 2 <fi 
=<fi (19.13). Case (a). The functions fa and Tfa again transform 
in the same way (19.20), (19.21) under (B. As in the proof of Kramers' 
theorem (below 19.18)), we cannot have Tfa = afa, which is the only 
possibility if they belong to the same irreducible vector space. 
The representation D therefore occurs twice and we have an extra 
doubling of the degeneracy because of time-reversal. Case (b). 
Since in the discussion of case (b) for an even number of electrons 
we did not use (19.13), the situation is exactly the same for even 
and odd numbers of electrons. Case (c). In case (c) for an odd 
number of electrons, it can be shown that we may always choose 
base vectors fa such that Tfa is a linear combination of the fa 
(Wigner 1932, p. 557; Johnston 1958). There is therefore no extra 
degeneracy. An example of this case is the representation D n/m 
of the rotation group (problem 19.8). In fact all the representations 
ZW of the rotation group come under this case when j is half an 
odd integer (problem 19.9). Also it can easily be shown (cf. 19.19)) 
that u + , u_ transform according to P 6 under the point-group 32 
(Table 14), which forms another example. 
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We summarize these results as follows. The three cases are: 



(a) the representation D can be transformed to real form; 

(b) D and D* are inequivalent; 

(c) D and D* are equivalent but cannot be made real. 
For an even number of electrons or neglecting spin, this implies 
respectively the following consequences: 

(a) there is no additional degeneracy; 

(b) D and D* occur together and there is an additional 
degeneracy between them; 

(c) there is an additional degeneracy. 

For an odd number of electrons the consequences of (a) and 
(c) above are reversed. 



There now remains the question of deciding which category a 
given irreducible representation comes into, particularly deciding 
between (a) and (c) since case (b) can be picked out by inspection 
of the character table. We state without proof the following test 
which depends only on the group characters: 



R 


= 0, 


case 
case 


(a) 
(b) 




= -A. 


case 


(c) 



(19.22) 



Here the summation is over all the h group elements B of the 
group (g. Parts (a) and (b) of this relation can be proved easily 
by elementary methods using the hints in problem 14.16; case (c) 
is more difficult (Wigner 1932; Frobenius and Schur 1906; Johnston 
1958). For example, from Table 12 it follows that for the group 32, 
r i3 r 2 , r 3 belong to case (a), r t and r„ to case (b), and T 6 to case (c). 
Returning to the example of a J = 3/2 level being split by a 
crystal field of symmetry 32, we have that the states transform 
under the group 32 according to r (19.19). Since J is half an odd 
integer, we are dealing with an odd number of electrons. The 
representations J" 4 and r 6 come under case (b) and give a doubly 
degenerate level. P 6 is two dimensional and comes under case (c); 
this gives no additional degeneracy due to time-reversal and we 
have another doublet. Similarly the states of a J = 5/2 level trans- 
form according to 

r t + r t + r. + r 9 
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under the group 32. r« and T B together give a doublet. The two 
representations T 6 each give a doublet, and there is no reason to 
expect a degeneracy between them. 
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Summary 

We have discussed the transformation known as time-reversal. 
It is a symmetry transformation of the Hamiltonian for any electronic 
system in any electrostatic field provided there is no externally 
applied magnetic field. It leads to various additional degeneracies 
beyond those expected from rotational and other symmetries, 
particularly in the case of systems with a relatively low symmetry. 
In particular Kramers' theorem states that for an odd number of 
electrons all states have an even degeneracy. 

Problems 

19.1 The Hamiltonian for a system of electrons is known to be 
invariant under space inversion II and under time reversal T. 
Consider the following interactions between two particles i and j 
where p = p t — V) and r = r< — r t : (s< • s,)(p t), r-p A (s< + s,), 
r • p A (Si - a,), r • p A (* A «*), r • (s, - s,), (r • a,)(r • s,). Show 
that only the second and the last can occur in the Hamiltonian. 

19.2 Consider a single-electron time-independent wave function 
<f>. Show that the operator T can be written ia y C as regards its 
effect on <jt, where G takes the complex conjugate of the orbital 
part of tfi, and a y is the Pauli spin operator of problems 11.1, 11.2. 
Show that for n electrons T becomes (i) n o yl o y2 . . . a yn G. Use this 
form to establish (19.13). For one electron write the Hamiltonian 
in the form ^f +.#>* +■#>» +- 3 *V* and hence P rove ( 19 - 15 > 
(Klein 1952). 

19.3 The function <p M belongs to the representation exp(iM<f>) 
of the axial rotation group. Show that T<p M belongs to exp(— iM<f>). 

19.4 A domical system of particles is moving under velocity 
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independent forces. Show that the Hamiltonian 3f?{qi, pt) = JVi&u 
— pi)> where the qt, pi are the generalized co-ordinates and momenta. 
If qi(t), pt(t) gives a particular motion of the system, show that 
?«(—*)> ~~P((— l ) gives another possible motion, which is simply 
the original motion reversed. Discuss physically and mathematically 
how this situation breaks down in the presence of an external 
magnetic field. 

19.5 Discuss the splitting of a free-atom level with quantum 
number J under the action of an electric field with point-group 
symmetry 32, when J = 0, \, 1, f, • • • 6. 

19.6 Discuss the splitting of the J — 5/2 ground state of a cerium 
ion in a field of symmetry 62m ( § 18). The double-valued irreducible 
representations of this group can be calculated in the manner of 
§ 16 or found in Bethe (1929) or Koster (1957). 

19.7 Show that $(T<P)*(T<f>)dr = J^dr, where </>* is used 
in the sense of (13.1) and (19.9). L is any angular momentum 
operator. Prove its Hermitian property Jtfi*L<f>dT = j (Lip)*<f> dr, 
and that it is a pure imaginary operator TLifi = —LTi/i. Hence 
show f^Lt/idr = —$(T>li)*L(T>Ji) dr. Also prove that the expecta- 
tion value for the magnetic moment j8(L + 2S) is zero for any 
non-degenerate level. 

19.8 Show from first principles that there are no linear combina- 
tions w lf w 2 of the vectors w + , u_ which transform with real coeffi- 
cients under all rotations. Hint: suppose that w v w 2 exist. Using 
problem D.2 show that Twt = ocwt, which, however, leads to a 
contradiction as shown in connection with (19.18). 

19.9 The functions ip m transform according to D (}) under rota- 
tions, where j is half an odd integer. Using problem 8.16, show that 
the functions <£ m = $m + i~ 2m Ttfi_ m transform into one another 
under rotations and time-reversal. Show the same for the functions 
X m = i(xfi m — i~ 2m Tiji_ m ). Prove that this representation always 
comes under case (c) of the text. Hint: show that cases (a) and (b) 
do not apply by using the method of problem 19.8. 

19.10* If the ground state of a molecule or molecular complex is 
degenerate, then the molecule spontaneously distorts itself so as to 
split the ground state and lower the degeneracy. This is the 
Jahn-Teller effect. Exceptions occur for linear molecules, or when the 
degeneracy is the two-fold Kramers' degeneracy which cannot be split. 
Illustrate the origin of this effect, and discuss the importance in it 
of time-reversal symmetry, particularly when taking spin into 
account (Jahn and Teller 1937, Jahn 1938). 

19.11 Prove that in case (c) for an even number of electrons, 
time-reversal symmetry leads to a doubling of the degeneracy. 
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Hints: show that Ti/ij cannot be linearly dependent on the <fn for 
all j, because if it were we would have functions <f>) = fa -j- Tfa 
in the vector space (fa, . . . fa,) satisfying Tfa = fa giving case 
(a). Thus at least one Tfa is not a linear combination of the fa, 
and by orthogonalizing and then using problem 14.15 we can 
construct from it a whole set of functions orthogonal to the fa 
but degenerate with them. 



20. Wigner and Racah Coefficients 

Coupling of angular momenta 

Suppose that TJ m W and Y m ' (i '^ are two sets of normalized 
functions transforming respectively according to ZW> and D ( *' ) 
under rotations. For the present we shall also assume that the two 
sets are functions of two quite different lots of variables, such as 
orbital variables and spin variables or the co-ordinates of two 
different particles. Then the products U m WVm' i3 ' ) are also normal- 
ized. Using the method of § 9, we can in principle pick out normalized 
linear combinations 

0V J > = 2 (jj'mm'\JM)U m WV m 'W> (20.1) 

m,m' 

which transform according to D (J) , where 

\}-f\<J<j+f. (20.2) 

The phase of the coefficients (jj'mm' \JM) is fixed by making 

(jj'j, J — j\JJ) = real and positive, (20.3) 

for each value of J. This defines the vectors (20.1) completely and 
hence also the coefficients (jj'mm' \JM), which are known as Wigner 
coefficients or alternatively as vector-coupling or Clebsch-Gordon 
coefficients. Now since in (20.1) the vectors W M (J) and EV JV'' 
are all normalized, (20.1) can be regarded as a unitary transforma- 
tion in the vector space {. . . , V m i}} V m ' {1 '\ • • •} so that the matrix 
A of Wigner coefficientsf is unitary A' 1 = A* (problem A. 10). 
Furthermore since (8.18) contains only real coefficients, the process 
described in § 9 for picking out the vectors Wm iJ) (20.1) leads only 
to real numbers for the Wigner coefficients, so that 

A- 1 = A. (20.4) 

t In this matrix each row is labelled by a pair of numbers tn, to', and eaoh 
column by J, M. The matrix is dearly square of order equal to the dimension 
of the veotor space (of. problem 9.7). 
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Hence we can invert the equations (20.1) and write 

tfrn^JV"'' = 2 (jj'mm'\JM)W M i J \ (20.5) 

J.M 

The situation becomes slightly more complicated when the 
f7's and V'a are not functions of two completely different sets of 
variables, for now the products Um^Vm'^^ are in general not 
normalized. However the vectors 

2 {jj'mm'\JM)U m WV m W (20.6) 

m,tn' 

still have the same transformation properties (8.18) as in the previous 
case of (20.1). Hence (§ 8) all the vectors with the same J have the 
same amplitude, and we only need to include a factor Nj in (20.6) 
to obtain normalized vectors 



W M {J) =Nj 2 (jj'mm'\JM)U m WV m >W>, 

m,m' 



(20.7) 



where Nj is independent of M. Equation (20.4) can again be used to 
invert (20.7). 



U m WV m 'W> = 2 (jj'mm'\JM)W M i J >INj. 

M,J 



(20.8) 



This justifies the equations (9.7), (9.8) given in § 9. As already 
pointed out in § 9, we have 

(jj'mm' \JM) = unless M =m+m', (20.9) 

so that the summation in (20.8) reduces to a summation over J only. 

Spinor invariants 

We shall now carry out the first partf of the calculation of a general 
formula for the Wigner coefficients. This will also serve to introduce 
and illustrate the technique known as the method of spinor invariants 
(Brinkman 1956). Consider a sum 

— cjfa (j summed), (20.10) 

to which we apply a unitary transformation T. With the nomencla- 
ture explained below equation (5.14), we suppose that the fa 
transform as base vectors 

T<j>, = Tufa (20.11a) 

t This essentially follows the discussion of Van der Waerden (1933). 
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and the cj as coefficients 

Tc } = (HlT-^i = T v *ct, (20.11b) 

where the last equality follows from the unitary property (problem 
C.2). Then the sum (20.10) remains invariant under T, and is called 
an invariant. In order to compound angular momenta in the manner 
of (20.7), it is convenient not to consider arbitrary sets of U'a and 
V'a, but to use the specific sets of vectors 



w. 



}+m..j-m 



U m <t> = „. . -+ ."- . , V m W = : 



i^VI- 



tO - + m)Uj - m)\y' l(f + m')!(j' - w')!] 1/2 ' 

(20.12) 

Here u + , u_ and v + , v_ are spinors transforming according to D a ' 2t 
under rotations, and we recall from problem 8.11 that the vectors 
(20.12) do transform in the standard way (8.18) according to the 
representations £>W and DV'K The method of spinor invariants 
derives its name from the use of invariants (20.10) in which the 
functions are of the form (20.12). 

Step 1. We first suppose that x + , x_ are two quantities that trans- 
form as coefficients according to D a/2) . Thus 

x + u + + x_u_ (20.13) 

is an invariant. Step 2. Since (20.13) is invariant, so is the quantity 

(x + u + + x_u_r = (2J)l 2 X M ™ U M «\ (20.14) 

M 

where the Um {J) are defined in the manner of (20.12). The coeffi- 
cients XM iJ) therefore transform according to D (J) as coefficients. 
By expanding the binomial in (20.14) we obtain explicitly 

x j+m x j-m 

X " {J> ~ [( J + + M W ~- Jf)l]V (2 °- 15) 

Step 3. Under a rotation R the vectors v + , v_ transform according 
to (8.24), which may be written 



Rv + = av + + bv_, 
Rv_ = —b*v + + 1 

R(v_) = a*(i>_) + b*(-v + ), 



Rv_ = -b*v + +a*v_, ( 2 °- 16a > 



t>, x i./ \ , / x (20.16b) 

R(-v + ) = —b(v_) + a(—v + ). ' 
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Comparison of (20.16) with (20.11) shows that v_, —v + transform 
as coefficients, and hence 

v_u + — v + u_ (20.17) 

is an invariant. 

Step 4. We now consider the expression 

Z = (v_u + — v + u_Y(x + u + + x_u_)%~*(x + v + + x_vjfl'~ x 

(20.18) 
where A = j + j' — J. 

From (20.13), (20.17), Z is an invariant. Each factor can be expanded 
by the binomial theorem 

where the binomial coefficient j J is defined by (20.25) below. 
Collecting the powers of u ± , v ± , x ± together, we obtain 

z = 2 2 [(j + »)!(i - m Y-W + »')i(j' - m 'Y-( J + M)W - ^)'] 1/2 

m m! 

V V / V - m - r J U" +m' -r) m m m+m 

= A!(2j - A)!(2/ - A)! 2 2 < m W>XW +m ., (20.19) 

m m! 

wheref 



2(-D r 



^ _ ., .„ x 



x 



[(j + m)\(j - m)\{f + m')\ x 

X (f - m')\(J + M)\(J - M)\\v* 

U-m- r)\(j + m - A + r)\(f + m' - r)\ x 

X 0" - m' - A + r)!(r)!(A - r)\ 

(20.20) 

Since the -X" Af < J > transform as coefficients according to D< J \ the 
quantities 

"M iJ) = I <4»'£W n (20.21) 

m,m' 

with M = m + m' 

t The summation is over all terms such that none of the brackets becomes 
negative. Also 0! = 1. 
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which multiply the X M lJ} in (20.19) must transform as base vectors 
according to D (J K This is the coupling of angular momenta which 
we require, and comparison with (20.7) gives the proportionality 

(jj'mm' \JM) = b Jjr a J mm . (20.22) 

where bjy' is a constant. 

A general formula for Wigner coefficients 

A consideration of the result (20.22) illustrates both the power 
and the limitation of group theory. We have used transformational 
properties to relate the vectors w M {J) with the same value of J 
to one another, and this gives the relationship (20.20), (20.22) 
between the appropriate Wigner coefficients. However we have not 
obtained the actual values of the Wigner coefficients, or what is the 
same thing, we cannot so far compare coefficients with different 
J's in any systematic way. To do this we have to take account of 
some algebraic considerations (as distinct from the effects of 
rotational transformations above), namely (20.3) and the fact 
that the definition (20.1) of the Wigner coefficients requires vectors 
normalized to unity. Now there is no direct way of normalizing the 
U m u) and V m ' u,) defined by (20.12), so that we have to use instead 
the algebraic relation (20.4) f. This gives 

I A = E or 

2 (jj'mm'\JM)* = 1, (20.23) 

m.m' 

where the summation over m, m' is subject to m + m' = M . 

Following E. R. Cohen (1949), we now calculate bj)j' by sub- 
stituting (20.22) in (20.23) for one convenient value of M , namely 
M =J. Equation (20.22) then gives all the Wigner coefficients. 
For M = J we have m' =J — m, and the summation (20.20) 
reduces to the single term r =j — m. Hence from (20.22) 

(jj'm.J — m\JJ) 

WKaWV-iy-* TO" +J-w)1Q , +w)11 1/1 



Uj>+J- m )\(j+ m )W 



ti+j-mj'+J-j) 

t By interpreting the w+, w_ as creation and annihilation operators for 
spin J particles, Schwinger has been able to utilize the symmetry properties 
of expressions like (20.12) and at the same time to work with normalized 
wave functions. This then gives the Wigner coefficients directly. 



THEORY OF FREE ATOMS AND IONS 

Substituting this into (20.23), we obtain 
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6V«'(2J)! 



U+J-j'W+J-j) 

We now use the formula 
«(a - l)(a - 2) . 



2(j'+J — m\( j+m \_ 
.. m \ 3-™ )\j'-J + m)- 1 - 



(20.24) 



• (a-j9 + l) 



= ( _ 1)g (/*- «-!)(?-«- 2).. ■(!-«)(-«) (2025) 

-(-^rr 1 )- 

The sum in (20.24) becomes 

2/j'+J-m\/ j+m \ 
m \ j — m )\j' -J +m) 

-i<-.^r^- , )(V^i: 1 ) 

Here the summation of the binomial coefficients is obtained by 
picking out the coefficient of zl + l'- J on each side of the identity 

a + x)}-r--r-ni + x y-i-j-i = (i + x)-*-*. 

Thus (20.24) together with (20.20) and (20.22) gives 



(jj'mm'\JM) = 



(j+j'-JY-ti+J-j'V-x 

Xjj' +J- j)K2J + 1) 



(j+f+J + l)\ 



1/8 



8 M 

m + nf 



X 



t(i + m)\(j - m)\(j' + m')\ X 

V , lY X (J' - m')\(J + M)\(J - Jf)|]V« 

^ K ' ( j - m - r)\(J -j' + m + r)\(j' + to' - r)\ X 

x (J - j - m' + r)\r\(j + j' -J- r)\ 

(20.26) 
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Numerical values of some Wigner coefficients are given in appendix 
I, and algebraic tables for the cases/ = £, 1, f are given by Condon 
and Shortley (1951, p. 76). For references to further tables, see 
appendix I. 

Symmetry properties 

The Wigner coefficients have several symmetry properties obtained 
by permuting the quantum numbers. These symmetry properties 
could be obtained directly from (20.26) with some manipulation. 
However, it is more instructive to proceed as in the derivation of 
the general formula (20.26), i.e. to use first the transformational 
properties to establish a proportionality, and then to calculate the 
proportionality constant algebraically by considering a special 
case. We shall from now on use a, b, c instead of j, j', «/, and denote 
the corresponding magnetic quantum numbers by a, /?, y. 

Let U a a , Vp", Wy° be functions transforming according to D ( ° , ) 
D ib) , D (e) . From (20.8) we obtain the matrix element 

| {W/^U^Vg" dr = (const)(a6aj3|cy). (20.27) 

This matrix element can also be calculated in another way by 
recalling (problem 8.16) that 

(_l)±(e-y)(JF y e)* (20.28) 

transforms under rotations in exactly the same way as TT_ y c . 
Hence analogously to (20.27) we have 

j[(-l)- a+ *Us']* [(-l)°-rW Y '']Vf,<> dr 
= (another constant)(c, b, — y, fi\a, — a). 

Comparing this with (20.27) and putting y = a + /J, we obtain 

(ab<xP\cy) = {-\y^A abc {cb -yj8|a -a). (20.29) 

The two Wigner coefficients in (20.29) can easily be calculated from 
(20.26) for the special case a = a, j8 = c — a, y = c, and hence 
the constant A a t> c evaluated. We obtain 

(2c 4- 1\ 1/2 
^q-^J (cb -yp\a -«). (20.30) 
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All of the following basic symmetry properties can be proved in a 
similar way, and further symmetries derived by combining them. 



(o6ajS|cy) = (ba — — a|c — y), 
= (-l)«+e-«'(6aj3a|cy), 
= (— l)"+b-c(ab —a —P\c —y), 
/2c + 



= (- 1 )°-( : 26 + 

/2c + 1\ 1/2 



T J (oca -y\b -p), 
(cb — yj8|a —a) 



(20.31) 



Racah coefficients 

It happens in many calculations that sums of products of Wigner 
coefficients occur which are very difficult and tedious to sum by 
using the general formula (20.26) or a table of numerical values. 
By the use of the symmetry properties (20.31) and the unitary 
property (20.4), (20.23), it is usually possible to relate these sums to 
the Racah coefficients W(abcdef) which are denned by the relation 



W(abcdef) = Y 



(_l)«+/-6-c 



[(26 + l)(2c + l)]Vi 



ac, 0, Y,S,<t> 

X (af<x<f>\cy)(cd y 8\ee)(fd<l>8\bP)(abxP\ee). 



(20.32) 



We shall show below that this expression (20.32) is independent of 
the quantum number e which is not summed over, and make one 
use of it. However, we shall not discuss the properties of the Racah 
coefficients in any detail. Since the coefficients relate different j 
quantum numbers, most of their properties cannot be derived purely 
from the effects of rotational transformations for much the same 
reasons as were discussed in connection with the Wigner coefficients. 
Suffice it to mention that the Racah coefficients have been used to 
simplify formulae in many branches of physics including the follow- 
ing: the angular dependence of scattering and reaction cross sections, 
the angular correlation of successive decays, nuclear structure, the 
theory of hyperfine structure, atomic and molecular spectra of 
complicated configurations. 

The calculation of matrix elements 

We shall now use Wigner and Racah coefficients to express the 
values of some general types of matrix element. Let T m ik) be a set 

»3 



184 GBOUP THEORY IN QUANTUM MECHANICS 

of operators transforming into one another in the standard way 
(8.18) under rotations according to the representation D lk) . These 
are called irreducible tensor operators. For example the operators 

L x + iL y , —^/2L Z , —(L x — iLy) 

transform according to Z> (1) in the standard way. The components of 
a second rank symmetric tensor with zero sum of diagonal elements 
transform according to D (2) (see text of § 9 and problem 9.8). 
We shall first consider the matrix element 

0>i|2V*'b> 2 > = J^O'i.«i)ZV*Wi.w»)d'-. (20.33) 

From (20.27) we have 

0>ii | T m {k) \j 2 m 2 > = B hhk (kj 2 mm 2 \jxtnj, 

where from the fundamental theorem of § 13 the constant By^ 
does not depend on the m'a. This result can be put in a more sym- 
metrical form by using the symmetry property (20.30): 

0>l|V|.7>2> = 

/2j, +l\ 1/a 
It has become conventional to write the constant -B^* as 

^hh* I l > (2j x + 1) 1 ' 8 

Here (J^T^Wj^ * s another constant called the reduced matrix 
element which also is independent of ir^, m 2 , m. The double baTs 
denote that it is not a proper matrix element but just a quantity 
associated with the matrix elements (20.33). Thus, we finally 
obtain 



<Ji*i|2V M U>i> 

= (_l)>»+*+m a ^ + ( h j 2 _ mi m 2 \k - m), 



(20.34) 

where the Wigner coefficient gives the dependence of the matrix 
element on m lt m 2 , m. 

We consider next a matrix element of the type 

Z = '(LjSJJlA 2 (-l)»XV*>r- OT ( *>JJWA>- (20.35) 
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Here the wave functions 

^i^ 2 J 2 Jf 2 )= 2 (L 2 S 2 M Zi2 M S2 \J 2 M 2 )>l>(L 2 S !i M L2 M S2 ) 

(20.36) 

transform according to Z) (J * ) under rotations, and are linear com- 
binations of the ^{L^S^M Li M Si ) corresponding to energy level 
eigenfunctions in the limit of Russell-Saunders coupling (§§ 11, 12). 
Similarly 

Ml\Ms\ 

(20.37) 

In (20.35) X m w is an irreducible tensor operator which operates 
on the orbital variables only, and Y_ m ik} on the spin variables 
only. Thus we have 

<£Ailf /A il/5i \X m ™ r_ m <*> | L 2 S 2 M L2 M 52 > 

= (InMtoSMslXmWILzMteSMsy x 

X ^MsiLM^Y^^SiMsiLMLy (20.38) 

where the matrix elements are independent of S, Ms and of L, Ml 
respectively. The value of each matrix element is given by (20.34): 

<L x M LX SM s \X m ™ \LJ1 L £M^ 

= ( _ 1)£l+ * wgi^iiy (i , A - MaMu]k _ w)> 

(20.39) 

and a similar formula holds for the second element. Substituting 
(20.36) to (20.39) into equation (20.35), we obtain for the matrix 
element 

z = c&jix^h^x^iifmiis,) 

( _ 1 \m +2* +Li +5i +Mu +Mst 



X 



2 



(2k + 1) 

Msi. ATss 



X (L 1 S 1 M LI M S1 \J 1 M 1 )(L 2 S 2 M L2 M S2 1 J^M 2 ) 

X (L X L 2 -M L1 M L2 \k -m) (S& - M S1 M S2 \km). (20.40) 

To simplify this, we first note that as in (20.28), (-l)T_ m <*> 
transforms in the same way as (—\) k Y m w *, where "we assume 
k to be an integer. Hence 

2 {—l) m X m mY_ m i k > transforms like (-1)* 2 F ffl <»*I m '», 
m m 
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and is therefore invariant under rotations (problems 13.12). Hence 
from the fundamental theorem of § 13 it follows that the matrix 
element (20.38) is zero unless J 1 =J i (=Jsay) and M x — M a 
(= M say), and that it is independent of M. We now use the 
symmetry properties (20.31) to write 

(L^ — M Ll M Li \h - m) 

(9£ 4- 1 \ 1/2 
§I -t- T j (L l hM IA -m\L^I I ^ 

(SiSz-MsiMstlkm) 

(2ifc -4- 1 \ 1 ' !! 

We also use M L2 — M L1 + m = in the exponent of (—1). The 
summation in (20.40) then takes on exactly the form (20.32) required 
for the Racah coefficients and we have 

Z = <LJ|Z«»||£ k ><5 1 ||r<«||5,>(-lp+a-'ir(AS 1 £ 4 S t /*). 

The fact that the matrix element is independent of M shows that 
the summation in (20.32) is independent of e. In the above discussion 
the use of "orbital variables" and "spin variables" is, of course, 
unnecessary and any two independent sets of variables will do. 
We can therefore generalize our result and write 



m 

= V 8 «^(- 1 )' ,+r, " , <ii«x (W lli'i> x 



(20.41) 



where X m lk) operates on one set of variables corresponding to the 
quantum numbers j lt j'i, and Y_ m w on a different set corresponding 
to!*?*- 
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The coupling of angular momenta and in particular the properties 
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tion of the coefficients. We shall merely add the following: Wigner 



THEORY OF FREE ATOMS AND IONS 187 

(1952 and 1931), Schwinger (1952), Edwards (1957) covering the 
theory of angular momentum from various points of view; Siegbahn 
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radiation; Schwartz (1955) on the application to the theory of 
hyperfine structure. 

Summary 

We have first discussed the definition of the Wigner coeflScients, 
particularly as regards their phase, and the unitary property! 
Using only transformational properties under rotations, we derived 
the formula (20.20) which relates all Wigner coefficients with 
different m's but the same j. This calculation illustrated the method 
of spinor invariants, and led the way to a complete formula for the 
Wigner coefficients, as well as to a study of their symmetry pro- 
perties. The Racah coefficients were then defined, and two common 
types of matrix element were expressed in terms of Wigner and 
Racah coefficients. 

Problems 

20.1 Two normalized sets of functions u m =f 1 (r)Y lm (0,<f>) and 
v n =h{ r )Y llt (0, 4) both transform according to Z> (1) under rotations, 
where Y im are the spherical harmonics (8.20). Show that the products 
M m v M are neither normalized nor orthogonal, and that the vectors 

2 (1, 1, m,/x|JJf)M TO « w 



m, (i 



are orthogonal but not normalized. Calculate their normalization 
constants. 

20.2 By operating on both sides of (20.1) with /_ (§ 8), prove the 
recurrence relation 

A Y (ab a p\cy - 1) = A a+1 (aba + 10|cj/) + A^abofi + l\oy) 

where A m 2 =j(j + 1) — m(m — 1). 

20.3 Calculate the Wigner coefficients (j, £, m, ±i|j ± i» 
m ± i) in each of the following three ways: (i) from the general 
formula (20.26); (ii) by carrying out the procedure of § 9 in detail as 
in problem 9.3 starting with the vector with J = j + £, M = j + i; 
and (iii) by using the recurrence relation of problem 20.2 and the 
other recurrence relation given by Condon and Shortley (1951, 
p. 74) starting with (jiji\j + \, j + \) = 1. Which method is the 
quickest? 
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20.4 By squaring (20.29), summing both sides of a, /? and y, 
and using the unitary property (20.23), show that one obtains 
directly 

a * e ~ ± \2a + l) ' 

Show how the correct sign can be determined from (20.3) and 
(20.20) without using the general formula (20.26) for the Wigner 
coefficients. Note that this would be a more elegant way than the 
method used in the text for establishing the symmetry property 
(20.30), if it were not for the difficulty of establishing the correct 
sign. 

20.5 Prove all the symmetry properties (20.31) of the Wigner 
coefficients. Show that («600|c0) =0 if « + & + c = an odd 
integer. 

20.6 Using the symmetry properties (20.31) and the fact that 
the sum (20.32) is independent of e, show that 



W(abcdef) = 2 [(2e + 1)(2/+ 1)]~ 1/2 

X («M |ee)(6dj38 \f4>)(afoL<j> \cy)(ede8 \cy). 

This is the more usual definition of the Racah coefficients. 

20.7 By comparing problem 20.6 with equation (20.32), show 
that 

W(abcdef) = (-l)°+f-»-°W(afedcb). 

Similarly prove that 

W(abcdef) = W(badcef) = W{cdabef) = W(acbdfe) 

= (-l)e+f-a-dW(ebcfad) == (-l)*+f-i>-cW(aefdbc). 

20.8 Wiite down the value of the matrix element 

<,LSJM\h-S\LSJM} 

in terms of a Racah coefficient, and by comparison with (13.20), 
(13.22) calculate a formula for W(LSLSJl). 

20.9 Express the spin-spin coupling 

St • Sjlnf — 3(s« • T i} )(s } ■ Tti)lnf 

in the form ^(-lrX^My.,^*' as in (20.41), where the X's 
operate on the orbital variables only and the Y's on the spin 
variables only. Also express l/|r< — r/| in a series of terms of this 
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form, where in each term the X's operate on r* only and the Y'b 
on T] only. 

20.10* Discuss the use of Racah coefficients in one of the follow- 
ing fields (see references in the text) : (i) the angular dependence of 
scattering and reaction cross sections, (ii) the angular correlation of 
successive decays, (iii) nuclear structure, (iv) the theory of hyper- 
fine structure, (v) atomic spectra of complicated configurations. 

21. Hyperfine Structure 
Introduction 

In Chapter II, we found that the energy levels of an atom can be 

described in terms of configurations, which are split into terms by 

the electrostatic repulsion between the electrons. These terms are 

split again into levels by the spin-orbit coupling, where the levels 

are designated by a J quantum number. We now consider the 

previously omitted term ^nuci of (10.1), which takes into account 

(i) the motion of the nucleus, its finite size, and the deviation 

of the potential from a pure Coulomb field near and inside the 

nucleus, and 

(ii) the spin, magnetic moment, quadrupole moment, etc. of 
the nucleus. 
The items in category (i) only introduce small quantitative shifts 
of the energy levels, known as isotope shifts because they are 
different for different isotopes (Ramsey 1953). We shall not discuss 
them further. On the other hand the items in category (ii) above 
lead to interesting qualitative splittings of the atomic energy levels. 
These splittings due to the interactions between the electrons and 
the nucleus are called the hyperfine structure. 

It might at first sight be thought that to treat the electron- 
nuclear interactions we would have to know in detail the motion 
of the nucleons inside the nucleus, which in turn depends on the 
nature of nuclear forces. This is to some extent true as regards 
the items in category (i) above, i.e. if one wants to calculate some 
of the isotope shifts. However, as regards the major features of 
the electron- nuclear interactions (category (ii) above), we shall 
show that the nucleus can be considered as a mass point with 
charge Ze, with an intrinsic angular momentumf I of magnitude 
h[I(I + 1 )] 1/2 , a magnetic moment \i n , and with electric quadrupole and 
higher moments. Here / is the nuclear angular momentum quantum 
number, called the nuclear spin for short. We shall show that the 

t In this section wo shall have no oooasion to use the infinitesimal rotation 
operators, so that the present use of I and I should cause no confusion. 
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magnetic moment (i, n is always parallel to the angular momentum 
I, so that we write 



I 



(21.1) 



Here n n is a measure of the magnetic moment, and is by convention 
loosely referred to as the magnetic moment. Strictly of course the 
magnitude of fi n is 

vmi + 1)] 
/*» — j — 

from (21.1). 

We shall then show how the interactions between the nucleons 
and the electrons, and the energy splittings these give rise to, can 
be expressed in terms of the various nuclear moments. From the 
point of view of this section, we shall regard the values of these 
moments as arbitrary parameters to be determined by experiment. 
Clearly it is one of the aims of nuclear theory to calculate the 
moments from first principles, but at the present time this can only 
be done very approximately, and we shall not consider this aspect 
further. 

Nuclear spin and parity 

Let us first consider a system of A interacting nucleons not acted 
on by any external fields. The Hamiltonian is 

^1 * 

Jr = -h*y — \ t * + i I U {] (r { - r,). (21.2) 

j— i Ami t,]=i 

Here Utj is the interaction energy between nucleons * and j, which 
is not necessarily the same for all pairs of particles, and which may 
also depend on the nucleon spins and even their momenta. This 
Hamiltonian can be expressed in terms of the co-ordinates R(X, 
Y, Z) of the centre of mass, and the co-ordinates r'< of the particles 
relative to the centre of mass. 

A A 

MR = 2 w»ir«, M = 2 m u r'< = r< — R. r 

i i 

R and the r'* (t = 2, . . . , A) are independent co-ordinates, and 
r\ is a dependent co-ordinate given by 

A 
m x T\ = — 2 mtv'i. 

2 
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Then (21.2) becomes 

•3k = Jfcm 4" 3v int> (21-3) 

^ lnt = -K* J ^ ( V '<> 2 + £r G2 + i 2 U t} (r' t - r',), 



I 8 8 d \ A 



Here 3^C cm determines the motion of the centre of mass and J^int 
the internal motion of the nucleons relative to the centre of mass. 
There are no "cross terms" involving both R and the r'<, so that in 
the absence of external potentials the eigenfunctions of MP can be 
written rigorously in the form 

W = ^ cm (R)&nt(r' 2) . . . r' A ), (21.4) 

where ^mt specifies the internal state of the nucleus. Now «3f mt is 
invariant under rotations of the r'<, so that the eigenfunctions 
<£int can be sorted into degenerate sets transforming according to 
D {1) . This defines the nuclear spin I (nuclear angular momentum 
quantum number) already introduced. In addition the nuclear 
interactions £7y are known to be invariant under inversion to a 
very good approximation (§ 29), so that we can associate a definite 
parity w with the set of states belonging to each energy level (§ 15). 
We next suppose that the nucleons are moving in an external 
electric potential V(r), and add 

2 e,F(r,) = eZV(R) + [| e,F(r ( ) - eZF(R)] (21.5) 

to the Hamiltonian, where eZ is the total nuclear charge. The first 
term gets included in 3% ' cm and determines the motion of the centre 
of mass, whereas the bracketed term in (21.5) is a cross term that 
mixes different states of the form (21.4). However, it is extremely 
small, of the order of 10 -2 electron volts, compared with the excita- 
tion energy of the levels of ^f mt which is of the order of 10 6 electron 
volts. Thus the amount of mixing of levels with different / and w 
is negligible, and for almost all practical purposes the wave function 
for the whole nucleus can be written as a single function of the 
form (21.4). Expressed in physical terms, the external field does not 
influence the internal motions of the nucleons appreciably, so that 
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we can regard the nucleus as a rigid thing with fixed angular momen- 
tum and fixed magnetic and electric moments. These properties are 
unaffected by the surroundings, in particular by the motion of the 
atom's electrons, although the nucleus can of course rotate as a whole. 

The absence of an electric dipole moment. Higher moments 

Classically the electric dipole moment of the nucleus relative to 
the centre of mass is given by the operator 

A 

Dciass = 2 e«r'«, (21.6) 

i 

where e* (= e or 0) is the charge of the i th nucleon. Let <f> be any 
state in the vector space spanned by the ground state wave functions 
$int(^» Mi). Then from the theorem (13.8c) we have that 



J ^*I>clas8^ dr = 0, 



because <j>*<f> has even parity w 2 = +1, and D c i ass has odd parity, 
i.e. changes sign under rj => — r<. The expectation value of the 
classical orbital dipole moment Dciass is thus always zero. However, 
there still remains the possibility that the nucleons have an intrinsic 
dipole moment, in the same way as electrons and nucleons have 
intrinsic spin angular momenta and spin magnetic moments. 
Suppose this is represented by an operator D sp i n . For us to interpret 
this quantity as an electric dipole moment, it must manifest itself 
through the occurrence in the Hamiltonian of an interaction term 

— & • (D c i aS a + D sp i n ) 

with an external electric field S. Now all known electromagnetic 
interactions are invariant under inversion, so that D sp i n must 
behave in the same way as Dciass under inversion. Consequently 
the expectation value of D ap i n is also zero, and nuclei exhibit no 
permanent electric dipole moments, f 

In the same way it follows that nuclei can have no electric multi- 
pole moments of order 2 l where I is odd, and no magnetic multipole 

t The same result applies of course to any system interacting with parity- 
conserving forces. In this strict sense the ground state of an asymmetrical 
molecule does not have a permanent dipole moment, and it corresponds to a 
spherically symmetric wave function -with the molecule pointing in no particu- 
lar direction in space. However a molecule has a large number of rotational 
levels separated from the ground state by energies normally small compared 
with kT (§§ 23 and 24). This gives the system certain properties at ordinary 
temperatures which are analogous to those of a olassioal dipole moment. 
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moments of order 2 l where I is even. The other moments are allowed, 
e.g. magnetic dipole, electric quadrupole, etc. (For definitions of 
higher order multipole moments, see Stratton (1941) and Schwartz 
(1955).) A nuclear 2 ! -pole moment must therefore be an electric one 
if I is even and a magnetic one if I is odd. Hence the words "electric" 
and "magnetic" are usually omitted without causing any confusion. 
It should be noted how the proof that the nuclei have no dipole 
moments depends on the fact that the internal wave functions <f> 
have a definite parity ± 1 , which in turn followed from the invariance 
under inversion of the nuclear interactions Uy. Real nuclear inter- 
actions can be divided into three classes; the strong interactions of 
the order of 10 MeV. which are responsible for nuclear binding and 
most other properties, the electromagnetic interactions of the order 
of 1 MeV., and the much weaker interactions of the order of 1 eV. 
which are responsible for beta decay (§29). Of these, the last is not 
invariant under inversion, so that nuclei are expected to have some 
electric dipole moment which, however, is too small to detect 
experimentally (Ramsey 1953, Lee and Yang 1956). 

Limitation of multipole moments by I 

Let M (l) be an electric or magnetic multipole moment of order 
2 ! . This can be expressed as a linear combination of 21 + 1 irreducible 
multipole moments M m a) which transform according to the irreduc- 
ible representation D u) of the rotation group (Stratton 1941, p. 
182). The products M m w 4>mt{I,Mi) transform according to 
2# (i) where (§ 9) 

Hence by the fundamental theorem of § 13, the ground state matrix 
elements </, M'i\M m ll) \I, Jf/> are all zero unless 

\I-l\*I*I + l 



i.e. unless I < 21. 



Thus a single nucleon or any I = \ nucleus can only have a magnetic 
(dipole) moment, and no quadrupole or higher moments. Similarly, 
an / = nucleus has only a zero order moment, namely its charge Ze. 

The magnetic dipole interaction 

The operator of the nuclear magnetic moment due to orbital 
motion can be written down classically, 

A 

|*»,orb = 2 (eij2mc)r'i A p'«, 
i 
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where -p'< is the momentum of particle i relative to the centre of 
mass. Clearly {J.», rb transforms under rotations and inversion in 
the same way as the orbital angular momentum operator Zr'i A p'i, 
and this is still true if we include spin magnetic moment and spin 
angular momentum. (This latter fact was proved in detail in con- 
nection with the electron spin; see particularly below equation 
(11.18) and appendix F.) It follows from § 13 that the matrix 
elements of \x n and I are proportional within the vector space of 
the internal ground state wave functions <f>int(I, Mi), 

</, lf/[|A„|/, M'iy = (const)<7, Mi\l\I, Jf'/>. 

The proportionality constant is conventionally written as ix n j{%I), 
and since we are only concerned with the ground state of the internal 
Hamiltonian ^"int, we can write effectively 

I 

F-»=M»jjJ- (21.1) 

This proves that ja,„ and I are always parallel. Similarly H e iect. 
the magnetic field at the nucleus due to the orbital motion and spin 
magnetic moments of the electrons, is proportional to their angular 
momentum J, provided we restrict ourselves to considering only 
one particular (say the lowest) electronic energy level: 

Heiect = (const)J. (21.7) 

Now the magnetic interaction energy between the electrons and the 
nucleus is 

J&'m = — {*» * Heiect, (21-8) 

and after substituting (21.1) and (21.7) this becomes 



Heiect ' J 



wherea = -g< 



J 2 



>■ 



(21.9) 
(21.10) 



We now turn to consider the kind of energy levels given by an 
interaction Hamiltonian of the form (21.9). We defer to the next 
subsection the problem of calculating H e iect so that |x n can be 
determined from (21.10) once a has been measured experimentally. 
We consider only the set of low lying states. 

W(I, M It J, Mj) = ^ U ci(7, MrffaectiJ, Mj) 

in which the nucleus and the electrons are both in their respective 
ground states <£nuci(7, -M/) and ^eiect(«/, Mj). The interaction 
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3^m (21.9) is invariant under combined rotations of the electronic 
and nuclear co-ordinates together, so that the eigenstates of the 
whole atom can be designated by combined angular momentum 
quantum numbers F, M F . 

Y(I,J,F,Mf) = 2 (IJMiMj\FM r )W(IJ£ r ,JJlj), 

Mi.Mj 

\I-J\ < F < J +J. (21.11) 

The relative energies E( F) of these (2F + l)-fold degenerate levels are 
obtained by applying the perturbation Jf?M (21.9) to the first order 
of approximation 

E(F) = <IJFM F \al • J\IJFM F y. 

These matrix elements can be calculated by exactly the same 
procedure as was used in § 13 to calculate the fine structure splitting 
due to the spin-orbit coupling £L • S. If F = I + J is the total 
angular momentum of the atom, we have 

21 • J = F 2 - I 2 - J 2 (21.12) 

and hence 



E(F) = \ah\F(F + 1) - 1(1 + 1) - J(J + 1)]. 



(21.13) 



Usually it is the difference between successive levels that is measured 
by nuclear resonance techniques. 

E(F) - E(F - 1) = ah*F. 

Thus the intervals should bear simple numerical ratios to one another, 
and any deviation from these simple ratios indicates some omission 
in the theory, e.g. the existence of a quadrupole moment and 
second order perturbation effects from J^m . 

If the atom is in an externally applied magnetic field Ho, the 
Hamiltonian must contain also interaction terms — (A • H for both 
the electronic and the nuclear magnetic moments. For the same 
reason that \L n and I are parallel, the electronic magnetic moment 
(i« is parallel to J. From problem 13.6, it is given by 

a J 

p.e = -grf j: 

where g^ is the Lande" gr-factor 

J(J + 1) + S{8 + 1) - L(L + 1) 

9l = i+ 27(7+1) 



196 GROUP THEORY IN QUANTUM MECHANICS 

and p the electronic Bohr magneton. The Hamiltonian then becomes 

Jf = a\ • J + (gtflfyJ • H - {*„ • Ho. (21.14) 

Here p, n is of the order of the nuclear Bohr magneton ehj2m n c 
which is about 2000 times smaller than the electronic Bohr magneton 
because of the larger mass m„ of a nucleon. We shall therefore 
neglect the last term in (21.14). We first consider the case of a 
very weak external field (< 100 gauss) so that /?H ^ oM 2 . To a 
first order of approximation the nuclear and electronic angular 
momenta are still coupled as described by the total quantum 
number F, and from (21.13) the energy levels are 

E(F, M F ) = E(F) + (g L plh)<IJFM F \J ■ H \IJFM F >. (21.15) 

Within a manifold of states with the same F, the matrix elements 
of J must be proportional to those of F because they are both 
operators transforming according to D (1> . We can therefore write 
effectively [see (13.20)] 

J = fcF, (21.16) 

where the constant k is evaluated from the identity 

I 2 = (F - J) 2 = F 2 + J 2 - 2F • J 

= F 2 + J 2 - 2fcF 2 . 

If we choose the z-axis along the direction of H , the energy levels 
(21.15) finally become 



E(F, M p ) = $ah*[F(F + 1) - 1(1 + 1) - J(J + 1)] + 

, F(F + 1)+J(J + 1)- 1(7 + 1) 
+ trf** 2F(F + 1) Mf 



(21.17) 

Now if the field is rather larger (of the order of 10* gauss), we have 
that fiH > ah z , so that the electronic and nuclear angular momenta 
are decoupled and the states are designated to a first approxima- 
tion by the quantum numbers /, M It J, Mj. Also fiH is less than 
the fine structure separation, so that electronic energy levels with 
different J do not get mixed and the approximation (21.9) is still 
valid. We have 

I • J = J(/ + J_ + /_J + ) + IzJ Z , 
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and only the last term gives any diagonal matrix elements in the 
M It Mj representation. The energy levels of (21.14) therefore are 



E(Mj, Mj) = aWMjMj + gJHoMj. 



(21.18) 



Fig. 12 shows schematically the variation of the energy levels with 
H Q as they change from the low field region in which the approxima- 
tion (21.17) is valid, to the approximation of (21.18). 




Fio. 12. Variation of the energy levels in a magnetio field for the 

ease I = 3/2, J = 1/2, o > 0. The energy ia plotted in units of oft* 

and the field in units of aH 2 jg L p. 

Calculation of the interaction constant a 

We shall now calculate the constant a in the magnetic interaction 
2HC M (21.9). We regard the nucleus as a magnetized sphere with 
total magnetic moment (!.„, and we have to calculate separately 
(i) the interaction with the main part of the electron distribution 

which lies outside the nucleus, and 
(ii) the interaction with that part of the electron distribution 
which penetrates inside the nucleus. 
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We consider part (i) first. The orbital motion of the electrons 
produces a magnetic field H orb at the nucleus, given by 

„ _2fV v * A (— r<) _ e_ ^ p< A r< _ _ ^ _U_ 
"orb — c Z* n 3 mcZ, r< 3 P Z, hrf 

The interaction energy of the nucleus with the electronic spins is 
y — 2)3 1" s t • n-» 3(s«Tt)(n»Ti) 'l 

Putting H e iect = H rb + H a pin, we obtain from (21.10) 




(21.19) 

The matrix element must be evaluated for the particular electronic 
level considered. Closed shells make no contribution because the 
If and Sj add up to zero. For a single electron outside closed shells 
(21.19) reduces to 



aK* = 



I J(J + l) 



o 



(21.20) 



as the reader should have no difficulty in showing by following the 
hints in problem 2.15. 

We now turn to the contribution (ii) above to the interaction 
constant o. Near the origin, a single electron wave function behaves 
like (const)r 1 , so that only an s-electron has any appreciable proba- 
bility of being inside the nucleus. Furthermore its orbital motion 
is spherically symmetrical so that we need only consider the inter- 
action of its spin magnetic moment — (2jS/S)s with the nucleus. 
The nucleus is idealized as a small sphere of volume V with a uniform 
magnetization 

M=|i»/F. 
The magnetic flux density B w inside the nucleus is then 

8u-(i,m 



877,, 

B„=-g-M 



37 



(21.21) 



It does not matter for the purposes of the present calculation 
whether the magnetic moment is thought of as being due to circulat- 
ing currents corresponding to the orbital motion of the nucleons, 
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or due to a permanent magnet corresponding to the intrinsic 
moments of the nucleons, or indeed as due to a mixture of both. 
The flux density B„ is given by (21.21) in all cases, f The potential 
energy of a magnetic moment \x e introduced into this field is{ 

-{VB„. (21.22) 

The interaction energy is therefore 



m — 



-B„-2(— 2j3s</») (probability of electron being 
* inside the nucleus) 



= -(?>») '2 <- 



2/fe i /£)( WO) |*F) 



i.e. 




(21.23) 



This can easily be expressed in the form 

je M =oI-J 

using the trick of (21.10). A pair of electrons differing only in 
having opposite spins give no resultant contribution to (21.23). 
However, for a single s-electron outside closed shells, we have 
S{ = J and obtain 



(21.24) 



This is the most important case for practical purposes. 
Quadrupole interaction 

We start by writing down in full the Coulomb interaction between 

Let r„„ and r, B be 




e/3 



the protons in the nucleus and the electrons. 

the positions of the a th proton in the nucleus and the f? b electron. 

t It is the magnetic field intensity H that is not the same for the different 
cases. We have H = (87t/3)M if the magnetic moment is produced by a 
current distribution in vacuum, and H = — (4rc/3)M if the sphere is a per- 
manent magnet. However, the magnitude of H is irrelevant to the calculation. 

J Formula (21.22) is completely equivalent to (21.9). Firstly the inter- 
action energy between two magnetic moments |1« and (in can always be written 
in the two ways W = — p.. ■ B„ = — |t„ • B, depending on whioh one is 
thought of as being brought from infinity up to the other one. Secondly in 
(21.9) and throughout this book we should use B instead of H (Stratton 
1941, p. 130). However, since it only makes a difference in the present para- 
graph, convention has been followed and we have everywhere else written 
H although we mean the magnetic flux density B measured in gauss. 

14 
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If we neglect the electron density actually inside the nucleus, we 
have r e always greater than r„, so that the Coulomb interaction 
energy can be expanded in terms of Legendre polynomials P„(cos to) 
(Stratton 1941, p. 172). 

2-e 2 
a „ |r„.-r e ,| 

= -«" 2 [^ + ££*<«»«.*> + 

Tt UeP T ep 
•*» p 

+ ^P 8 (costo aj8 ) + ...l (21.25) 

where co a/3 is the angle between r^ and r e p, 

Ve£ cos w^ = x^p + y Ba y e „ + z„ji efl , (21.26) 

P 1 (cos cd) = cos to, P 2 (cos to) = J(3 cos 2 to — 1). 

In this expansion, the first term gives the potential —e 2 Z/r e of the 
nuclear charge, and this has already been included in the Hamil- 
tonian^f on, of Chapter II. The next term can be put equal to zero, 
because it leads to expressions involving the components e£z nx , 
etc., of the nuclear electric dipole moment which we have shown to be 
zero. The third term in the expansion (21.25) is called the electric 
quadrupole interaction ^fg. Using (21.26), we may write it as 

^Q = -H,Q»(.^)»< (21-27) 

H 

Qi}=e% [f (r Btrf r^ + r^r^) - V**,*], 

(VS) i} = e V — j[f {r em r m + r ePj r m ) - 8 t] r e ^l 

where the r, are the components x, y, z of r. Here the Qy are the 
quadrupole moment operators of the nuclear charge distribution, 
and the (V^)y are the operator components of the electric field 
gradient at the nucleus due to the external electrons. 

The expression (21.27) can be written in a much more convenient 
form. The r nxl transform under rotations in the same way as the 
component Ii of the angular momentum I, and hence the Qy trans- 
form in the same way as 

1(1,7; + Ifl t ) - S y I 2 . (21.28) 

Furthermore, these expressions form a symmetric second rank 
tensor with zero sum of diagonal terms, so that they transform 
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according to the irreducible representation ZK 2) of the rotation 
group (problem 9.8). Thus the fundamental theorem (13.8) can be 
applied, and inside a set of states with the same / the matrix elements 
of Qt) and (21.28) are proportional, so that we write effectively 

Qii = C[\(l % h + I)Ii) ~ Stfl 2 ], (21-29) 

where the constant G does not depend on i, j. C is customarily 
expressed in terms of another constant Q called "the" quadrupole 
moment of the nucleus and defined by 

eG = <I,Jf/=I|g«|I,Jfjr=/> 

= J Pn (Mi = I) [3z„ 2 - r„ 2 ] dr„ 

= (7<I, Mr = J|3/ z 2 - I 2 |/, Jf/ = /> 

= C% 2 [3J 2 - /(/ + 1)] = KKH(2I - 1), (21.30) 

where p n (M r — I) is the nuclear charge distribution for the state 
Mi = I. Similarly ( V(?)y can be written 

(V<f )« = m ~^ J _ 1} IWiJf + W - »« ja ] (21-31) 
in terms of the constant 

qj = _ \ J p e (Mj = J) P"" 2 ~ "'* ] dr e . (21.32) 



Therefore 



*< = az(2/- g iffgj-i)» | [f ™ + m ~ W 
x [UJtJi+JiJti-Wl. 

This can be simplified further. Since 3tf q is invariant under simul- 
taneous rotation of nuclear and electron co-ordinates, it must be 
expressible in terms of the only available invariant combinations 
I-JandPJ 2 : 

^Q = a(I-J) 2 + j8(I-J)+yI 2 J 2 . 

The coefficients a, /?, y can be evaluated by putting ihJ z =JxJ v 
— JyJ x , etc., in the j8I-J term, imagining everything multiplied out, 
and comparing coefficients of Ix 2 J x 2 > Ix % Jy z an <l IxIyJyJx- We 
obtain (Ramsey 1953) 






81(21 — 1)J(2J - 1) 



4(1 J) 2 2W 4I 2 J 2 



ft* h z 3h* 



(21.33) 
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The contribution of 3Vq to the energy levels can be evaluated 
easily in the limit of very small or zero magnetic field where F and 
Mp are good quantum numbers. We have from (21.12) 

<.IJFM F |2I • J \IJFM F > 

= H 2 K = h*[F(F + 1) - 1(1 + 1) - J(J + 1)], (21.34) 
and hence 

E Q = <f M F \je Q \FM F y 

= 8/(2/ -WJ-1) W* + V~ M + W J + W 

(21.35) 

Alternative treatment of quadrupole interaction 

The following, more elegant, derivation of (21.35) illustrates the 
method developed by Schwartz (1955) for handling multipole 
interactions of any order using Racah coefficients. As shown below, 
•3f q can be expressed in the form 



where 



*Q = -tI. (-l) m <3m(V«f)_ m , (21.36) 

m 

Qo = Qzz, Q±i = VKQxz ± iQyz), 

Q±i = ViiQxx — Qyy±2iQxy), 

and the (VS) m are denned similarly with (V«f ) = (V«? ) zz . By 
referring back to the definition (21.27) of the Q zz , etc., it is seen 
that the five quantities Q m or (V<? ) m are related to one another 
just like the spherical harmonics Y 2 , m (see below equation (8.21)). 
The Q m and the (V(f) TO therefore transform under rotations as 
standard base vectors according to the representation Z> (2) . The 
result (21.36) is now proved as follows. From (21.25), 3^q trans- 
forms irreducibly according to J> <2) under rotations of the nuclear 
co-ordinates alone, keeping r e/3 fixed, say along the 2-axis. Thus 
3tQ is a linear function of the Q m , and similarly of the (V(f) ra . 
Also JJ?q is invariant under rotations of nuclear and electronic 
co-ordinates together, and so is (21.36) (see the discussion below 
20.40)). The products Q m (V<?) m ' transform according to X> (2) 
X D w , and since this includes the representation Z) <0) only once, 
3^q must be proportional to (21.36). Finally the numerical con- 
stant can be written down by inspection from the coefficient of 
z n % 2 . 

In the absence of a magnetic field, the contribution of ^f G (21.36) 
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to the energy levels can be evaluated using formula (20.41) for the 
value of the matrix element. 

E Q (F) = (IJFM F \-± 1 (-l)>»Q m (V<?)_ m \IJFM F y 

= -i(-l) I+J - F <I\\Q m \\IXJ\\(V<?) m \\J>W(IJIJF2). 

(21.37) 

The reduced matrix element (I\\Q m \\I} can be expressed in terms 
of the quadrupole constant Q by using formula (20.34). From 
(21.30) we have 

eQ = «,M I =IlQo\I,M I = I> 

= { _ 1)2l+i <i\\Qm\\iy (/) h _ j /|2) 0) 

Here the last bracket is a Wigner coefficient which is evaluated 
from formula (20.26). 

(/, /, - I, I\2, 0) = (-1) 2 * [(2/ _ 2)!(2/ + 3)!]1/a - 

Therefore 

[721 — 2)\(2I 4- 3)!1 1/2 
</||«»P> = eQ ±- ( 2f)| ' ( 2L38 > 

and similarly 

U2J — 2)!(2J 4- 3V1 172 
<J\\(^) m \\J> = -eqj ^ ( 2J)l • < 2L39 > 

Making use of the symmetry properties of the Racah coefficients 
(problem 20.7), we have 

W(IJIJF2) = W{IIJJ2F), 

and in the latter form the coefficient can be looked up in the tables 
given by Biedenharn et al. (1952). 

W(IIJJ2F) = (-1)™ \&I-»W-W] - x 
v > K > [pi + 3)!(2J + 3)lJ 

X 6[K(K + 1) - §1(1 + 1)J(J + 1)], (21.40) 

where K is denned by (21.34). Now substituting (21.38), (21.39) 
and (21.40) into (21.37), we just reobtain the result (21.35) for E Q . 

References 

The subject of hyperfine interactions is covered in the books of 
Kopfermann (1940), Casimir (1936) and Ramsey (1953), where 
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further references may be found. Schwartz (1955) has developed 
the general theory in a form applicable to multipole moments of all 
orders. The theory of hyperfine structure of paramagnetic resonance 
spectra in crystals has been given by Abragam and Pryce (1951a), 
and the subject reviewed by Bleaney and Stevens (1953) and 
Nierenberg (1958). 

Summary 

It has been shown that the nucleus may be considered as a rigid 
system with a fixed amount of angular momentum and various 
magnetic and electric multipole moments. The magnetic dipole 
moment is always parallel to the angular momentum. Not all 
orders of multipole moments exist, the number of non-zero ones 
being limited by parity considerations and by the nuclear spin /. 
In particular there is no electric dipole moment. The interactions 
of the magnetic dipole moment and the electric quadrupole moment 
with the atomic electrons have been discussed in detail. 

Problems 

21.1 Show from (21.5) that a strong external electric field can 
produce an induced electric dipole moment in the nucleus. This 
polarization of the nucleus occurs for instance when the atom's 
electrons penetrate the nucleus, and it can lead to an appreciable 
shift of the energy levels in heavy nuclei, the magnitude of the 
shift depending on the particular isotope. Make an order of magni- 
tude estimate of this effect (Kopfermann 1940). 

21.2 Draw an energy level diagram analogous to Pig. 12 for the 
cases J = 1, / = J, and J — \, I — \. 

21.3 Calculate <JJFMp\— f%- HoIIJFMf} assuming H to be 
along the z-axis. 

21.4 Calculate the selection rules for magnetic dipole transitions 
between the levels of Fig. 12, (i) for low magnetic field and (ii) for 
high magnetic fields. Neglect those transitions which are induced by 
the coupling with the nuclear moment because their intensity is only 
about (1/2000) 2 times that of the electronically induced transitions. 

21.5 Deduce the value (21.20) of the coupling constant a for a 
single electron from equation (21.19). Hints: put J = 1 + s; 
1 • r = r A p • r = 0; use the relations of problem 11.1 valid for 
a single spin only. 

21.6 With the notation of (21.27), (21.28), why is it not correct 
to write 

</, Jf/lnryl/, M' x > = 0<I, Jf j|Ii/,|/, lf'/> 

where O is independent of i and jl 
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21.7 Someone tried to calculate the constant h of (21.16) by 
the following procedure. Why is it wrong? He put I = F — J 
= (1 - k)F, and then F 2 - I* - J* = 21 • J = 2&(1 - fc)F*, 

i.e. 2*(1 - *) _ fJF+T) ' 

which he solved as a quadratic equation for k. 

21.8 In deriving (21.35) from (21.34), one has to use the fact 
that 

<F, M F \(1 • J)*\F, M F y = {<*>, M,\l ■ 3\F, M F y}\ 

Prove this. 

21.9 Calculate (IJMiMj^qIUMiMj) from either (21.33) 
or (21.36). 

21.10 Use the method of equations (21.36) to (21.40) to calculate 
the contributions of the magnetic dipole moment and the octupole 
moment to the energy levels in zero external magnetic field (Schwartz 
1955). 

21.11 A paramagnetic ion with a single 3d! electron is in a crystal- 
line electric field, such that the wave function of the lowest (orbi- 
tally non-degenerate) level has the symmetry of x 2 — y a . Calculate 
the hyperfine interaction, and show that it can be expressed in the 
spin Hamiltonian form (§18) I.A.S, where A is the tensor 



A = 



-b . 
. 2b 



Calculate the value of 6 in terms of the expectation value <|l/r 3 |> 
for the 3d orbit. Note that the orbital momentum is completely 
quenched. 

21.12 The Mn++ ion has the configuration . . . (3s) 2 (3p) 6 (3d) s , 
the lowest term being *S. Is there any s-electron contribution 
(21.23) to the hyperfine structure (i) in the independent-electron- 
orbitals, Hartree-Fock approximation, and (ii) with a correct many- 
electron wave function? How does the situation differ in a term 
with L ^ 0? (Pratt, 1956; Abragam et ai., 1955; Heine, 1957). 



Chapter V 

THE STRUCTURE AND VIBRATIONS 
OF MOLECULES 

22. Valence Bond Orbitals and Molecular Orbitals 
Electron wave functions 

The purpose of this section is to discuss the electronic wave 
functions of molecules. We shall assume for the present that the 
nuclei of the atoms in a molecule are stationary, fixed to their 
equilibrium positions. The Hamiltonian for the electrons moving 
around the molecule is 

^=-£2 v ' 2 -2 F »( r ' )+ 2?£ (221) 

where the first term is the kinetic energy, — F n (r) is the attractive 
potential of the stationary nuclei, and the last term is the mutual 
Coulomb repulsion between the electrons. As in § 12, the wave 
function W has to be antisymmetric under the interchange of 
electron co-ordinates rj, and this is achieved automatically by 
writing IPasa determinant or as a sum of determinants. As in the 
case of an atom (§10), an exact wave function has to be represented 
by an infinite series of determinants because of "configurational 
interaction", but in practice the first one or two determinants 
serve as a reasonable approximation for many purposes. The 
elements of these determinants are one-electron wave functions 
>fi(r)u ± called orbitals. As we shall see, these are usually chosen to 
belong to one of three types, atomic orbitals, valence bond orbitals 
and molecular orbitals, depending on the circumstances. In each 
case one wants orbitals with definite transformation properties, 
so that one can use these properties in calculating matrix elements 
and energy values, etc. 

The hydrogen molecule 

In order to introduce the different types of orbital, we start by 
considering the hydrogen molecule. We take the two protons to 
be at the positions 

Ri = (0, 0, -Ja), R 2 = (0, 0, la). 
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The potential energy V(r) of an electron is shown in Fig. 13a, and 
includes the nuclear potential F»(r) as well as the self-consistent 
average potential of the second electron. The potential is symmetrical 
about the origin and the electron can penetrate easily from, the one 
hydrogen atom to the other one. The eigenfunction tpb with lowest 
energy is the orbital shown qualitatively in Fig. 13b. We can have 



V 



-<Ao 



■/ 2 <7 




(a) 









-V 2 a 


Vza 


(b) 




Fio. 13. The hydrogen molecule: (a) the potential energy of one 
electron in the molecule; (b) the bonding orbital i/i b ; (o) the anti- 
bonding orbital i/i t . In each case only the value along the line of 
centres (z-axis) is plotted. 

two electrons in this orbital, one with up spin and one with down 
spin, and the wave function for the two electrons in the H 2 molecule 
becomes 



^ 



HO 



(2!)- 



1/2 



^b(ri)M +1 
^b(r 2 )M +2 



<MriR 
M r i) u - 



(22.2) 



Since the orbital ^ has a low energy, it gives the whole system of 
electrons plus nuclei a low energy, which means physically that the 
two atoms are bound together in a stable molecule. The orbital 
is therefore called a bonding orbital. The orbital t/i a with next lowest 
energy has the form of Fig. 13c. It is called an anti-bonding orbital 
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because it has a rather higher energy than 0b and hence would 
detract from the binding of a molecule. For example in H 2 only the 
bonding orbital is occupied, which leads to a well-bound molecule. 
On the other hand in the molecule He 2 , the bonding and anti-bonding 
orbitals are both occupied by two electrons each, so that the molecule 
is unstable. The origin of the energy difference between a bonding and 
an anti-bonding orbital can easily be seen from Kg. 13. The charge 
density 0*0 is approximately the same for a and 0b, so that the 
potential energy J* 0* F(r)0 dv does not give the major contribution to 
the energy difference between them. However, the kinetic energy is 

J>*[-(fi72m)V^d« _ (»'/2m)J|Vfl'diF 

J"0*0di> J"|0| 8 di; ' { ' 

Prom Fig. 13, V0 is clearly much smaller for 0b than for a in the 
central region between the two nuclei, so that 0b has a considerably 
lower kinetic energy than a . 

Near the nucleus R x , the attraction of this nucleus is much 
stronger than that of the R 2 one and vice versa, so that 0b and a 
are approximately hydrogen Is wave functions near the nuclei. 
This gives us a rough analytical representation of 0b and a (see the 
dotted lines in Fig. 13b and 13c); 

0b = </>u(r - R0 + <Mr - R a ) (22.4a) 

0a = <Mr - Ri) - fc.(r - R 2 ). (22.4b) 

Clearly the more overlap there is between the functions centred 
on the two atoms, the lower the kinetic energy (22.3), and the 
stronger the bond formed by the electrons in bonding orbitals, other 
things being equal. 

The covalent bond 

It has been found that the electrons in polyatomic molecules 
can also be described often by bond orbitals, such as 0b and 0„ of 
Fig. 13, which straddle two neighbouring atoms. If d<fi/dz = 
midway between the atoms (or nearly midway between them if 
they are different elements), then the orbital is a bonding one 
^b and if = halfway or nearly halfway between the atoms 
then it is an antibonding one a . Each type can be occupied by two 
electrons, one with up and one with down spin. As in (22.4), 0b 
and a can be written 



0b = 0,(r - R x ) + 2 (r - R 2 ) 
a = x (r - R x ) - 2 (r - R 2 ) 



(22.5a) 
(22.5b) 
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in terms of some atomic-like orbitals ^ and tfi 2 . These need not be 
ordinary Is, 2s, 2p, etc., atomic orbitals which are symmetrical about 
the nucleus R t or R 2 . As already mentioned, the more overlap 
there is between ^(r — RJ and ^ 2 (r — R 2 ), the stronger the bond 
that is formed. The strength of the bond therefore tends to be 
increased by having lopsided orbitals, stretching out towards one 
another from their respective nuclei R 2 and R 2 as shown for the 
carbon-carbon bond in Fig. 14. These lopsided atomic orbitals are 
called directed valence orbitals. 




Fig. 



14. Carbon-carbon bonding orbital. The bonding orbital is the 
sum of the two directed valence orbitals shown dotted. 



A single directed valence orbital for a carbon atom is shown in 
Fig. 15a. Near the nucleus, the wave function must approximate 
to a 2s or 2p orbital, since the Is ones are already filled and higher 
ones like 3s, Bp, . . . have too high an energy. Fig. 15 shows how 




Fio. 16. A directed valence orbital for carbon (a) can be seen to be 
expressible as the sum of the 2p and 2» atomio orbitals (b) and (o). 
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the directed valence orbital can actually be formed as a linear 
combination of a 2s and a 2p atomic orbital. This is very satis- 
factory as regards one directed orbital by itself. However, as is 
well known, the carbon atom tends to form four valence bonds 
with its neighbours, directed as if towards the corners of a regular 
tetrahedron (i.e. alternate corners of a cube) as indicated by A, B, 
C, D in Fig. 16. The main problem is to show now that four orbitals 




Fig. 16. Symmetry of the directed valence orbitals of carbon. A, B, 
C, D are the directions of the four orbitals, shown with reference to 
a cube. The four orbitals transform into one another under the point- 
group 33m, a few representative symmetry elements being shown. 

<Pa> ^b, </>c> 'I'd, directed as described and all equivalent to one 
another, can indeed be formed from atomic 2s, 2p x , 2p y , 2p z functions. 
This can be proved as follows. The directed orbitals are transformed 
into one another by the point-group i3m, and form a representation 
D of this group. The 3-fold axis shown in Fig. 16 induces the 
transformation 

A^A, B^C, C^D, D^B, 

the transformation matrix being 

1 . . . 



We have therefore for the three-fold rotation the character 

X(3) = 1. 

Since the character is the sum of diagonal matrix elements, we only 
get a contribution to it when an orbital is transformed into itself, 
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such as A above. Thus we can write down by inspection x(4) = 0, 
X(m) = 2, x(2 z ) = 0, x(E) = 4. From the character table of the 
group 43m (Table 16) and from the decomposition law (14.2), we 
can reduce the representation D into 



D = A x + T 2 



(22.6) 



Also $(28) is spherically symmetrical and transforms according to 
A v i/i(2p x ), t/i(2p y ), ifi(2p z ) transform like x, y, z, according to the 
representation T 2 . This can be seen by inspection, or from (14.4), 
or it can be looked up in appendix K or Table 16. Thus >fi(2s), 

Table 16 
Character Table of Point-group 23m 



Representation 






Characters 










E 


I* 


2* 


3 


m 




A, 


1 


1 


1 


1 


1 


r» 


A 2 


1 


-1 


1 


1 


-1 




E 


2 





2 


-1 







2\ 


3 • 


1 


-1 





-1 




T % 


3 


-1 


-1 





1 


a. y, z 


D = A 1 + T 1 


4 








1 


2 




(see (22.6)) 















4>(^Px), <l>{%Py), >l>{2p z ) also transform according to D (22.6), whence 
it follows that we can form linear combinations of <fi{2s), t/i(2p x ), 
0(2f>»)> ^>(2pz) which have the required symmetry properties of 
0a> ^b, 4>c> 0d- The correct linear combinations, which can be 
found by using the projection operators (14.11) or by inspection, 
are (not in normalized form) 



•Aa = «A(2«) - +(2p x ) - 0(2p y ) + $(2p z ) 
>/>b = vK2«) + tf(2p«) + f{2p v ) + J,(2p z ) 
tc = $(2s) + $(2 Px ) - +{2p y ) - +{2p z ) 
^ D = <£(2s) - $(2p x ) + fflpj - <j>(2p z ). 



(22.7) 



Each of these directed orbitals forms a bonding orbital of the type 
Fig. 14 with the neighbouring atom in the appropriate direction. 
Combined with the two spin functions u + and u_, they make eight 
spin-orbitals. These are all occupied, four of the electrons coming 
from the central carbon atom and one each from the neighbours. 
Thus near the carbon atom the wave function is like a full shell 
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(2«) 2 (2p) 6 atomic wave function. However, the spin orbitals have 
to be normalized to unity, and since they straddle two atoms, each 
electron has only a 50% probability of being on the central carbon 
atom. The total charge on the carbon atom is therefore correctly 
given as 8 X | = 4 electrons. 

We can now see why the directed valence bonds of carbon must 
point in the tetrahedral directions of Fig. 16. From the fact that 
only one type of methyl chloride (CH S C1) molecule is known to 
exist, we infer that all the four valencies of carbon are completely 
equivalent to one another. They must therefore make equal angles 
with one another, which limits their arrangement to two possibilities, 
namely the tetrahedral one of Fig. 16 and the coplanar one Fig. 17a. 
We can now repeat the above analysis for the planar configuration 
Fig. 17a, and soon find that it is impossible to make such a set of 
directed valence orbitals out of the atomic orbitals <fi(2s), 4>i^Px)> 
ifi(2p y ), ^i(2p z ). The directed valencies of carbon must therefore 
point in the tetrahedral directions. 





(a) <»> 



Fig. 17. (a) Symmetry of four directed valence orbitals in a plane; 

(b) three directions at 120° in a plane; (c) six directions at 90° to one 

another. These are called octahedral directions because they point 

to the vertices of a regular ootahedron as shown. 

From the above example, the properties of the type of binding 
between atoms which we have been discussing can be summarized 
as follows: 

(i) The electrons are in localized bonding orbitals straddling two 
atoms, so that each electron is "shared" between the two atoms. 
(ii) There are two electrons with opposite spin in each bonding 
orbital, and by means of the sharing each atom tends to build 
up a full shell of electrons. Usually the atoms contribute 
one electron each to the bond, but one atom may contribute 
both, 
(iii) The bonds are directed along certain directions in space. 

Such a bond is known as a covaknt one. Table 17 shows what 
directed valence orbitals can be formed from various sets of atomic 
orbitals. Each of these orbitals is axially symmetric about the line 
joining the atoms and gives what is called a a bond, which is the 
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Table 17 
Directed Valence Orbitals 



Co-ordination 
number 


Configuration 
used 


Directions 
of valence orbitals 


2 


ap 


linear 


3 

4 


ap 2 
da* 

P" 
ap' 


trigonal, plane 

trigonal, plane 

trigonal pyramid 

tetrahedral 


5 
6 


dap* 

d*a 

d*ap> 


tetragonal, plane 

tetragonal pyramid 

octahedral 


8 


d*ap 
ap*d*f 


trigonal prism 
oube vertices 



usual type of saturated covalent bond. Unsaturated bonds can be 
described by an extension of the theory (see below). 

When an atom has two incompletely filled electronic shells, there 
clearly tends to be a considerable degree of choice in which atomic 
orbitals to use in making up directed valence orbitals. Not only 
can we vary which orbitals to use out of each shell but also how 
many electrons are to be allocated to each shell. For instance in the 
transition elements Ti to Ni, the 3d, 4s and 4p orbitals have com- 
parable energy and are only partly occupied, so that they are all 
available for bond formation. This explains why these metals form 
such a variety of covalently bonded complexes, such as the ferri- 
cyanides, ferrocyanides, and the [Co(NH 3 ) 5 ] +++ complex (see 
problem 22.4 and Table 17). 

Molecular orbitals and the structure of benzene 

If an electron can penetrate from one atom to the neighbouring 
one and be described by a bond orbital as in Figs. 13 and 14, then 
there would appear to be no reason why it could not go on to the 
next atom and so on. This can indeed happen, and electrons are 
therefore often described by molecular orbitals which extend through- 
out the molecule.f As an extreme example, a macroscopic crystal 
of a solid can be considered as one gigantic molecule, and Fig. 18 
shows an orbital in metallic sodium. It is an infinite chain made up 
out of 3s atomic orbitals. 

By way of a more detailed example, we shall consider the structure 
of benzene. The six carbon atoms are known from X-ray structure 

t In the case of a diatomic molecule, molecular orbitals and valence bond 
orbitals are clearly the same thing. 
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work to form a regular hexagon in a plane, which we shall take as 
the x, y-plane. The C— C and C— H bonds make 120° angles with one 
another, and this suggests (Table 17) that we can describe them 




No 1 No* No* 

Fig. 18. Lowest energy one-electron orbital in sodium metal. 

by bonding orbitals formed from </>(2s), i/i(2p x ), <l>(2p y ) atomic 
orbitals on the carbon atoms and >/i(ls) on the hydrogen. This gives 
the bonds shown as lines in Fig. 19, and leaves six electrons to be 




Fig. 19. Bond structure of benzene. The bonds corresponding to 
(22.9) are not indicated. 

fitted into orbitals made up out of the >}>{2p z ) functions on the six 
carbon atoms. Let us write i/t z as short for 



fc = 0(2p,)=tf(r), 



(22.8) 



and let R„ {n = 1 to 6) be the positions of the six carbon nuclei 
in Tig. 19. The six orbitals have symmetry 6mm but it is simplest 
to consider just the sixfold rotation (point-group 6). A symmetri- 
cally linked orbital forming a chain round the ring similar to Fig. 18 is 



^o = 2 M r - R »)- 



(22.9a) 



This transforms according to the identity representation A of the 
point-group 6 (see appendix K). Analogously the five orbitals 

*±i = 2 exp(±m \)Mr - R»)> ( 22 - 9b ) 

n " 

<l>±2 = 2 exp(±2w \)M* - R»)» ( 22 - 9c > 



<!>» = 2 (-l)"k(r - R »)> 
n 
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transform respectively according to the representations E lt E z and 
B. These orbitals are not a ones like those we discussed previously 
because the >/t z orbitals are directed up and down perpendicular to 
the plane of the hexagon as shown by equation (22.8). They form 
what are called ir orbitals (see below). Nevertheless <p is still a 
bonding orbital because of the way neighbouring atomic orbitals 
join up to reduce the kinetic energy. Likewise iji z has a nodal plane 
half-way between each pair of carbon atoms, and is an antibonding 
orbital. The other four ifi ±1 , ^r ±2 take up intermediate positions. 
In the case of benzene we take only the three orbitals i/> , i/i +1 , ^>_ x 
with lowest energy, putting two electrons in each (up and down spin). 
The Is inner core electrons on the carbon atoms are held tightly 
to their own parent atoms, and are therefore described by atomic 
orbitals. The total wave function is then a 42 X 42 determinant of 
12 atomic spin-orbitals (carbon 1* electrons), 24 valence bond spin- 
orbitals (C — C and C — H <7-type covalent bonds), 6 molecular spin- 
orbitals (C — C iT-type covalent bonds). 

There is a point of great chemical importance attached to the 
use of the molecular orbitals (22.9). If we apply a perturbation at 
one carbon atom by replacing the hydrogen atom by some radical 
such as -N0 2 or -CI or -OH, then the sixfold symmetry is destroyed 
and the molecular orbitals become linear combinations of the simple 
ones >/i , ^±i. ^±2) ^a- Since the energy difference between >p ±1 and 
tjj ±i is not very great, there will be a considerable amount of the 
latter mixed into the occupied orbitals. Thus since the orbitals 
extend round the whole ring, the charge density on every atom is 
affected, whereas in a valence bond picture only the two nearest 
neighbours would be affected to a first approximation. For instance 
in the trimethylphenylammonium ion [N(CH 3 ) 3 (C6H S )] + analogous 
to (NH 4 )+, the positive charge resides mainly on the nitrogen atom 
and thus attracts electrons from the benzene ring towards the 
nearest carbon atom, say number 6 in Mg. 19, resulting in a general 
deactivation of the whole molecule. Moreover it can easily be shown 
(problem 22.6) that the removal of electrons takes place preferen- 
tially from atoms 1, 3 and 5. These atoms are therefore completely 
deactivated, so that any reaction of the molecule takes place at the 
meta position (atoms 2 and 4). On the other hand most radicals 
( — CI, — Br, — I, — OH, — NH 2 ) tend to lose electrons to the benzene 
ring for reasons which we shall not go into here (Pauling 1939, 
p. 142; Coulson and Longuet-Higgins 1947, p. 56). If, however, 
we accept this as a fact, then the above argument shows that the 
ortho and para positions (atoms 1, 3 and 5) will be preferentially 
activated. 

i5 
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In solids a molecular orbital such as shown in Fig. 18 which 
traverses the whole of a macroscopic crystal, is called a Block 
orbital. In metals the fact that the electrons have such extended 
wave functions is intimately connected with their ability to move 
easily through the crystal and carry an electric current. 

Energy considerations 

So far we have put electrons into atomic orbitals, valence bond 
orbitals or molecular orbitals in a rather ad hoc fashion, and by 
using different orbitals, we can make up different types of wave 
function for the molecule. For example, we could write down an 
atomic orbital type of trial wave function for the hydrogen molecule 



^ao = (2!)- 1 ' 8 



lM r i — Ri)«+i fasin - R 2 )w_i 
^i«(r 2 — Ri)w +2 ^ lg (r 2 — R 2 )w_ 2 



(22.10) 



This contrasts with (22.2) in that here each electron is permanently 
on one atom. The deciding factor in the matter is, of course, how 
can the electrons arrange themselves into orbitals so as to achieve 
the lowest energy for the molecule as a whole. In general the wave 
function giving the lowest energy in this way is closest to the true 
wave function. It is therefore one of the tasks of theoretical chemists 
and of solid state physicists to find out what type of wave function 
is the appropriate one for any given situation, and why. We shall 
therefore consider in more detail the effect on the total energy 
of using different types of orbital. Our remarks will apply to all 
the types of orbital, Bloch, molecular, valence bond, and atomic, 
considered as a sequence ranging from the very extended Bloch 
orbitals to the highly localized atomic ones. 

The first principle is that the more extended an orbital, the lower 
is the kinetic energy (22.3), provided it is a bonding type orbital. We 
have already seen that this is so for a valence bond orbital com- 
pared with atomic orbitals (Figs. 13 and 14), and from the sodium 
wave function of Fig. 18 it is clear that we tend to achieve a con- 
tinually lower energy in this way as we string more and more 
atomic orbitals together. The kinetic energy therefore favours 
extended orbitals over localized ones. 

The second principle is that the Coulomb repulsive energy in (22.1) 
has exactly the opposite tendency: it favours localized orbitals. An 
orbital always has to be normalized to one electron, so that tha 
more extended an orbital the less the probability of the electron 
being on a given atom. The atom therefore has to be covered by 
more electron orbitals to achieve the correct charge on it. Although 
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only a few of these electrons will be found on the atom on the 
average, there is still a non-zero chance of them all being there 
together. In this case the electrons are very close together, giving 
a high Coulomb energy Ee 2 /^. For example, we have seen in a 
saturated organic molecule that the use of bond orbitals (22.5a) 
and (22.7) means that a given carbon atom has in a sense acquired 
a complete shell of electrons (2s) 2 (2p)*. On the average only half 
of these will be on the carbon atom at one time, but there is a 
probability of (J) 8 of them all being there together. Although this 
probability is small, it corresponds to an enormous Coulomb energy 
and may therefore be expected to give an appreciable contribution 
to the total energy. Similarly, we can consider the effect of 5, 6 and 
7 electrons being simultaneously on the one atom. 

The third principle is that small interatomic distances (relative to 
the size of the atomic-like orbitals) favour extended orbitals and large 
distances the localized ones. With extended orbitals, the coming 
together of many electrons on one atom gives a high Coulomb 
repulsive energy which does not vary greatly with interatomic 
distance since it is concerned with the state of affairs inside one 
atom. On the other hand, the lowering of the kinetic energy of an 
extended orbital depends on the amount of overlap between atomic- 
like orbitals on neighbouring atoms, and this is greatest for small 
interatomic separations. Thus the kinetic energy tends to win 
over the potential energy at small separations and vice versa at 
large ones. This is in accordance with common sense, as we shall 
see by considering the example of the hydrogen molecule. Suppose 
that we can alter the internuclear distance R = |R X — R 2 | arbi- 
trarily at will. For very large R, we have two separate atoms, each 
with one electron. We do not expect to find both electrons ever on 
one atom, and the localized atomic orbitals are the right ones to use, 
giving the atomic orbital type of total wave function ?Pao (22.10). 
At the opposite extreme for very small R, the two protons may be 
considered almost like a doubly charged helium nucleus, and the 
electrons revolve in molecular orbitals round the pair as a whole 
without being identified with the one proton or the other. This 
gives the molecular orbital wave function V'mo (22.2), in accordance 
with the third principle. At the equilibrium internuclear distance 
the molecular orbital function is still the better, corresponding to a 
covalent chemical bond. 

This example of the hydrogen molecule illustrates another point. 
The preceding discussion suggests that at an intermediate inter- 
nuclear distance, neither Fmo nor W^o is a satisfactory wave 
function and that we should take a linear combination between the 
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two. Only in this way can we go over continuously from the small 
B to the large B limit (see problem 22.7). However, even this would 
only give an approximate representation of the correct wave function. 
The true wave function of a molecule or atom cannot be written as a 
single determinant or as a simple sum of two or three; it requires an 
infinite series of determinants. The use of a single determinant, 
as we are mostly doing in this section, is therefore just an attempt 
to obtain a simple semi-quantitative description of molecules. 
Only in this context is the discussion of when to use which type of 
orbital meaningful. Also the use of valence bond or molecular 
orbitals with special symmetry properties is just a part of this 
approximation. Nevertheless, as in the case of atoms (§§ 10-12), 
the total Hamiltonian of the molecule (22.1) has a definite symmetry 
group. Thus the wave function W of the whole molecule can be 
assigned rigorously to an irreducible representation of this group, 
no matter how complicated W may be when expressed in terms 
of one-electron orbitals. Any symmetry arguments about V are 
therefore precise. 

Diatomic molecules 

We shall now discuss diatomic molecules in more detail, con- 
tinuing for the present to use the approximation of writing !Pasa 
single determinant of one-electron orbitals. We shall further assume 
that with the atoms at their ordinary equilibrium distance apart, 
the molecular orbital description like (22.2) is a better approxima- 
tion to the true wave function than the Heitler-London atomic 
orbital one like (22.10). In the case of diatomic molecules, valence 
bond orbitals and molecular orbitals are of course the same thing. 
If the two atoms are different, e.g. CO, the symmetry group of the 
molecule is oo m. We choose each electron orbital to transform 
according to one of the irreducible representations of this group 
(Table 18). The notation A lt A 2 , E lt ... is analogous to that for the 
finite groups, the alternative one E + , 2~, TI, . . . being the usual 
chemical one. Capital letters, H,II,A,... are used when the repre- 
sentations refer to states of the whole molecule, and small letters 
are often used for the same representations when these refer to one- 
electron orbitals. This is analogous to the use of 8, P, D, . . . and 
s, p, d, . . . states in atomic theory. The bonding and anti-bonding 
orbitals of Figs. 13 and 14 are seen to belong to the representation 
cr + . It is impossible to devise a one-electron orbital of the a~ type, 
because if it is cylindrically symmetrical under the rotations then it 
must be invariant under the reflection m. x . The symmetry S~ can, 
however, apply to a whole molecular wave function (problem 22.11). 



structure and vibrations of molecules 

Table 18 
Character Table for the Group oo m 



219 



Irred. 
rep. 



A x or 2+ 
A t or 2- 
E 1 or n 
E t or A 



Ei or A 



E 



Characters 
R(<l>, z) 



1 
1 

2 cos <f> 
2 cos 2$ 



2 cos ty 



The irreducible representations of the group oo/mm are the same with 
an additional suffix g or u according to whether they are even (gerade) or 
odd (ungerade) under inversion. 

Orbitals of the other symmetry types can be constructed as 
follows. If the axis of the molecule is chosen as the z-axis, then in 
the notation of (22.8), 



</i(ir x , bond) = <f, x (r — Rj) + <fi' x (r — R 2 ) 
<\>{tr y , bond) = if, y (r - R x ) + >fi' v {r - R 2 ) 



(22.11) 



form a pair of bonding -n orbitals. If the two atoms are unlike, 
>/i and tfi' may be different p functions, e.g. 2p and 3p ones. Together 
with the a orbital, these orbitals can be used to describe double and 
treble bonds as in acetylene H — C = C — H. The antibonding orbital 
can be formed similarly. When forming S and higher orbitals, it is 
helpful to note that a pair of functions transforming according to the 
general representation A (or Ei) can always be chosen so as to belong 
to the representations exp^iZ^) of the axial rotation group. For 
example instead of the pair (22.11), we could use the linear com- 
binations 



i/i(tt + , bond) = if)(TT X , bond) 
^(tt_, bond) = i(i(tt x , bond) 



■ ii/>(ir u , bond), 
iif>(TT V , bond), 



(22.12) 



which have this property. 

If the molecule consists of two like atoms, the symmetry group 
is oo/mm which contains the inversion as an extra symmetry 
element. The irreducible representations are the same as those in 
Table 18, except that each one has an additional suffix g (gerade) 
or u (ungerade) according to whether it is even (g) or odd (u) under 
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the inversion. (See the preamble to appendix K, and appendix L 
for further details.) 

The oxygen molecule 

Table 19 gives the different possible orbitals that can be formed 
out of the 2s and 2p functions on the two oxygen atoms, and which 
of these are occupied. They have been arranged in what is the 

Table 19 
Orbitals in the Lowest Energy Configuration of 2 







Number 










Number 


of 


Irreducible 


Atomio 


Bonding 


Orbital 


of 


independent representa- 


functions 


or anti- 




orbitals 


spin 


tion 




bonding 




occupied 


orbitals 








<7g2* 


2 


2 


o g + 


2s 


bond. 


a g 2p 


2 


2 


°* + 


2p z 


bond. 


TTv&P 


4 


4 


7T\x 


2pz, 2p y 


bond. 


a a 2s 


2 


2 


C+ 


2s 


anti-b. 


tr t 2p 


2 


4 


*t 


2p x , 2p y 


anti-b. 


o a 2p 





2 


<Tu+ 


2p z 


anti-b: 



probable order of increasing energy. The 2s atomic function has a 
lower energy than the 2p one, so that the a g 2s bonding orbital has 
the lowest energy. Of the 2p orbitals, the one made out of two 
2p z functions (<r g 2p) will have the maximum amount of overlap 
and the lowest energy. Likewise the corresponding antibonding 
orbital a u 2p has the highest energy. The 2p x and 2p y atomic 
functions have less overlap, so that the orbitals n u 2p and ir g 2p 
made up from them have an intermediate energy. Note that for 
a orbitals the even one (g) is the bonding one, whereas for rr orbitals 
the bonding one is odd (u). The precise order of the first four rows 
of Table 19 is actually somewhat uncertain, particularly as regards 
the position of the 2s antibonding orbital. This uncertainty is, 
however, quite immaterial, because if we put the twelve available 
valence electrons into the orbitals in order, only the last two types 
of orbital are incompletely filled and there is no doubt about their 
order. Thus the configuration of the molecule is 



(o- g ls) 2 (o- u ls) 2 (<r g 2s) > g 2p) 2 (7r u 2 i >)*(7r u 2s) 2 ( 7 7 g 2p) 2 



(22.13) 



In this configuration, the ir g 2j> shell is incompletely filled, only 
two of the available four spin-orbitals being taken up. Thus we can 
write down 4 G 2 = 6 different wave functions all belonging to this 
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configuration. As in the case of atoms, these wave functions group 
themselves into terms. All the terms can easily be found by extend- 
ing Slater's procedure for atoms, and this is left as problem 22.13. 
As in the atomic case (§ 12), each full shell like ((x g 2s) 2 or [ir a 2p) i 
is completely symmetrical and need not be considered in deriving 
the symmetry of the total wave function. Here we shall just write 
down the ground term by inspection, using arguments analogous 
to those relating to Hund's rule in § 12. The four w g 2p spin-orbitals, 
of which we have to choose two, are 

l/)(TT x )U + , </l(lTx)U_, </)(TTy)U + , l(l(TT V )U_ 

in the notation of (22.11), all being anti-bonding. The kinetic 
energy and the average self- consistent potential energy are the same 
for all of these, so what we need to minimize is the Coulomb energy 
c2 / r i2 between the two electrons. This is achieved by keeping the 
electrons as far apart as possible, i.e. by having one electron in a 
i{i(tt x ) orbital and the other one in a ^i(ir y ) orbital since each orbital 
is zero where the other is at its maximum. Also as explained in 
§ 12, the antisymmetry of the wave function keeps electrons of 
parallel spin apart, and in this way the energy can be lowered still 
further by choosing the spins parallel. The total wave function is 
therefore the determinant based on 

ifi(ir x ; r t )M +1 tf,(tT y ; r 2 )w +2 . (22.14a) 

Since inside a determinant we can take linear combinations of 
the columns without altering the value of the determinant, we can 
equally well use 

</r(7r + ; r x )w +1 xj,(ir_; r 2 )w +2 , (22.14b) 

in the notation of (22.12). From the latter form, the total wave 
function W is seen to be invariant under rotations so that we have a 
S term. Since both orbitals are even under inversion, ¥ is also 
even (g). In (22.14a), 4>(^x) and <fi(ir y ), respectively, do and do not 
change sign under m x , so that the product changes sign. We there- 
fore have a E z ~ term. Since the two electron spins are parallel, 
the term has a threefold spin degeneracy corresponding to S = 1. 
We therefore write it as 3 27 g _ with 2S -+- 1 as a pre-superscript as 
in the case of atomic terms. This resultant spin gives the oxygen 
molecule a magnetic moment and thus accounts for the paramagnet- 
ism of oxygen. 

Separating the atoms 

We consider a molecule in some definite state, and imagine the 
nuclei of the two atoms to be pulled further and further apart while 
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retaining the same symmetry throughout. This process can be 
followed spectroscopically, because as the molecule is excited into 
higher vibrational states, the average interatomic distance increases 
due to the asymmetrical form of the interatomic potential (Fig. 20). 



1 °° "' ^=+ 




- "^h ^"" s 



Fio. 20. Potential energy V of two atoms as a function of their 

separation a. U and o are the equilibrium values. For an energy 

£/„ the atoms oscillate between the points A and B on the curve, 

the mean separation a t being larger than o„. 

As the separation tends to infinity, the wave function tends to a 
combination of atomic functions like (22.10) and the energy to a 
sum of the corresponding atomic energy levels. The question is, 
which atomic orbitals and atomic energy levels? This can be 
answered group theoretically. 

Let the molecular wave function transform according to the 
representation D M , and let a be a parameter proportional to the 
interatomic distances. Then the wave function W must vary con- 
tinuously with a and hence its irreducible representation cannot 
suddenly change. As we shall prove presently, its energy E M (a) 
may cross the energy E W) (a) of another level for some value of a 
only if D M and D <P) are not equivalent. Thus we write down all 
the irreducible representations of the energy levels of the molecule 
in order of increasing energy in one column, and the same for the 
set of separated atoms in a parallel column. The n tb state belong- 
ing to D M in one column must then change continuously into the 
TO fh state belonging to D M in the other column (Fig. 21). 

Before going on to discuss a specific example, it is important to 
prove the theorem used above, namely that two energy levels 
Ey(a) and E 2 (a) do not cross one another if they belong to the same 
irreducible representation D M . Let the corresponding wave 
functions be W 1 and V 2 , and let us suppose that E t and E % are close 
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a- oo 
Separated atoms 

Fig. 21. Variation of energy levels E with o. The labels a, /}, y, . . . 

refer to the irreducible representations ZX a >, etc., of the symmetry 

group of the molecule. 

together but not equal for some value say a' of a. Small variations 
of a and a' can be treated by perturbation theory and we shall 
investigate whether we can expect the energy E x (a) — E 2 (a) to 
vanish for some value of a near a'. Let the variation of the Hamil- 
tonian be A3^(a). The interaction between the levels W± and W t 
cannot be treated by ordinary non-degenerate perturbation theory, 
and we need to consider the eigenvalues of the 2x2 matrixf 



[c* b[ 



(22.15) 



However, the interaction with all the other levels can be included 
in this matrix in the spirit of the spin-Hamiltonian formalism of 
§ 18 by putting 

<l\Aje\ny<n\Aje\\y 

El — E n 



A = <l|4tf|l> + g ^. -;— -^ + 

n 

^ <l|A?^|«><w|/Lr|2> 
C = <l|Ar|2>+2, x 



E, — E n 



+ ... 



f For an exposition of the matrix formulation of quantum mechanics, see 
Setoff 1955. 
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with an analogous expression for B (Pryce 1950). Since this in 
principle includes up to infinite order of perturbation, we expect 
(22.15) to give a good picture of the energy levels for some finite 
range of a. We only neglect E 2 — E ± compared with E n — E lt 
and this error can be made arbitrarily small by taking a' arbitrarily 
close to the assumed point of degeneracy. The difference in energy 
between the two levels is given by 



(E 1 - E 2 )* = (A- B)* + 4GC*, 




and this can only vanish if 




f(a) = A(a)-Bffl)=0, 


(22.16a) 


and g(a) = C(a) = 0. 


(22.16b) 



If l F 1 and W 2 belong to the same representation, then (22.16a) and 
(22.16b) are two independent equations (actually three if we note 
that is in general complex), and it is vanishingly improbable that 
both should be satisfied for a single value of a. We conclude there- 
fore that the energy levels E t (a) and E 2 (a) will not cross. If, however, 
W t and W 2 belong to different irreducible representations, then 
(22.16b) is automatically satisfied by the fundamental theorem of 
§ 13. Thus only the one equation (22.16a) need be considered, and 
it is therefore quite possible that this gives a zero energy separation 
for some values of a. This proves the theorem. Note that the 
theorem may not hold if Jti? varies as a function of two or more 
arbitrary parameters a, b, c, . . . , an example of which is given 
in problem 26.8. 

By way of a detailed example, we shall consider the ground 
state of HC1. The first step is to decide what the symmetry of the 
ground state is. The configuration of a neutral chlorine atom is 
(ls) 2 (2s) 2 (2p)«(3s) 2 (Zp)i. Of the 3s and 3p atomic orbitals, the 
3p z one or some hybrid of it with 3s will have maximum overlap 
with the hydrogen Is function. Thus we shall put four 3p electrons 
in the spin-orbitals ^(3p a )M ± , <l>(3p y )u ± , and the remaining two 
electrons in the covalent bonding spin-orbitals 

[K3pt : r - R C i) + #1« : r - R h )]m±. (22.17) 

This gives a total symmetry of 1 U + . So far we have assumed that 
HC1 is covalently bonded. We might alternatively assume it is 
ionic H+C1~, analogously to Na+Cl - . In this case the proton has no 
electron on it, and the chlorine atom has a closed shell (3p) B . The 
symmetry is therefore again 1 27+, and the ground state may be 
considered to be a linear combination of the two configurations. 
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Measurements of the dipole moment of the molecule show that it 
can be regarded as about 83% covalent and 17% ionic. This illus- 
trates how one can have intermediate types of bonds by writing the 
wave function of the molecule as a linear combination of several 
wave functions corresponding to several different simple structures. 
This of course can only be done when the separate wave functions 
all have identical symmetry, e.g. 1 27+ in the present case, since the 
whole wave function must belong to some definite symmetry type. 
We now consider the states of the separated atoms. From Table 
6, the atomic states are hydrogen 2 8 and chlorine 2 P. There are 
therefore 2 X 6 = 12 independent wave functions for the pair. 
We write these as 

I (±l)P<fia(M L , Ms = ±)4>s.{M L = 0,M s = ±), 

abbreviated to (Ml, ±)(0, ±)> 

where 2(±1)P is the antisymmetrizing operator. We can group 
these into terms by following Slater's procedure (see Table 5), and 
obtain the terms 3 77, 3 27+, 1 II, 1 2+ as shown in Table 20. These 

Table 20 

Lowest Terms for Two Separated Chlorine and Hydrogen 
Atoms 



Atomic states 


Total 


Total 


Termf 


CI 


H 


Ml 


M s 




(1 +) 


(0+) 


1 


1 


a 


(1 -) 


(0+) 


1 





a 


(1 +) 


(0-) 


1 





b 


(0+) 


(0+) 





1 


o 


(0+) 


(0 -) 








o 


(0-) 


(0+) 








d 



t(a) »i7; (b) *7T; (o) ».£+; (d) »£+. 

The M L refers to the representation for rotations about the line joining the 
atoms. All the M L = functions are even under the reflection m» 

all have the same energy in the limit of infinite separation. One of 
these is a 1 27+ state, the same as the state of the molecule, and since 
we are dealing with the lowest energy states these join up in the 
sense of Fig. 21. That is, the molecular state goes over into a 
state of the separated atoms which leaves each atom in its lowest 
state. This therefore gives the limiting energy of E(a) as a -> oo. 
It should be noted that if 1 £ + had not occurred among the terms 
found from the ground states of the atoms, then as a -»- oo one or 
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more of the atoms would have been left in an excited state. An 
example of the latter situation is the methane molecule (problem 
22.14). 

Clearly similar arguments can be applied to the way the one- 
electron orbitals change with interatomic distance, and we can 
also investigate what happens in the limit a ->■ as the nuclei of 
the two atoms coalesce into a new single nucleus. 

Spin-orbit coupling 

So far we have based our discussion on the Hamiltonian (22.1) 
without spin-orbit coupling, and all symmetry considerations have 
referred to the orbital part of the wave function only. However, if 
the spin-orbit coupling is important, the Hamiltonian is not invar- 
iant under orbital transformations alone, and we have to apply the 
symmetry transformations to the orbital and spin variables simul- 
taneously. As with the full rotation group, the spin functions 
u + , u_ transform according to double- valued representations, and 
thus so do all spin-orbitals. It has already been shown in § 16 how 
to work out these double-valued representations of the point- 
groups, and we shall not consider the matter further. As mentioned 
there, they have been tabulated for all crystallographic point- 
groups by Koster (1957). 

Further references 

The whole subject of the quantum mechanical basis of molecular 
structure is covered in rather greater detail than here by Eyring, 
Walter and Kimball (1944). Pauling (1939) and Coulson (1952) 
apply the quantum mechanical ideas to give a description of the 
chemical properties of a wide range of compounds. Van der Waerden 
(1932) discusses the spectra and symmetries of diatomic molecules 
in great detail. Coulson and Longuet-Higgins (1947-48) treat the 
chemical properties of conjugated hydrocarbons in terms of molecular 
orbitals. Boothan (1951) reviews some aspects of molecular orbital 
theory. Boys, Cook, Reeves and Shavitt (1956) show how one can 
calculate the properties of simple molecules quantitatively from 
first principles by systematically approximating to the exact wave 
function by a linear combination of many determinants. Mott and 
Stevens (1957) discuss the use of localized versus extended orbitals 
in solids. 

Summary 

We have discussed the different types of orbitals, atomic, directed 
valence, valence bond, molecular and Bloch orbitals, and in what 
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physical situations they are used to describe the electrons in molecules 
and solids. Their symmetry properties have been used to describe, 
classify, and enumerate them. We have also considered the sym- 
metry of the whole molecular wave function, and how this affects 
the way the energy changes as the molecule is pulled apart into 
single atoms. 

Problems 

22.1 Calculate the kinetic energies of the orbitals 0b and a 
(22.4), and hence show that 0b has the lower kinetic energy. 

22.2 Show that a set of three directed valence orbitals making 
120° angles with one another in the x, y-plane (Fig. 17b), can be 
constructed out of 0(2s), tjj{2p x ), ip(2p y ) atomic orbitals. 

22.3 Show that the following are four directed valence orbitals 
making 90° angles with one another in a plane (Fig. 17a): 

0a = 0(2s) + 4>Vpx), <Ab = <A(2s) - 0(2^), 
0c = 0(2s) + 0(2^), D = 0(2*) - 0(2^). 

Why cannot these be used to describe the four valences of carbon? 

22.4 Show that six octahedrally directed valence orbitals can 
be formed from the set of atomic orbitals (3<Z) 2 4s(4p) s . Hence dis- 
cuss the electronic structure of the octahedral, covalently bonded, 
complex ion [Co(NH 3 )6] +++ , and show that it must be diamagnetic, 
in contrast to the paramagnetic moment that one would expect 
a Co +++ ion to have (Table 15). The nickelous ion Ni ++ forms 
complexes with four covalent bonds, sometimes at 90° to one another 
in a plane (Fig. 17a) and sometimes tetrahedrally directed like the 
carbon valences. What would you expect the magnetic moments 
of the two types of complex to be (Pauling 1939, p. 111)? 

22.5 Calculate the kinetic energies of the molecular orbitals 
(22.9) compared with that of a simple two-atom w bonding orbital. 

22.6 Referring to Fig. 19 and the discussion below (22.9) in the 
text, suppose that the hydrogen atom on carbon atom number 6 
has been replaced by a radical which attracts the electrons of the 
benzene ring towards this atom. Treat this effect as a perturbation 
and show that the occupied orbitals have the form 

0A = 0o + otner terms, M = +1 — 0_ x , 

0, = cos oe(0 +1 + 0_ x ) + sin a(0 +2 + 0_ 2 ) + other terms, 

where for the roughest picture we may neglect the "other terms". 
Hence calculate the charge density on all the carbon atoms and show 
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that the electrons are removed preferentially from the ortho and 
para positions (carbon atoms 1, 3 and 5). Check this conclusion 
by taking into account all the first order perturbation terms in the 
orbitals. 

22.7 Let the wave function of the hydrogen molecule for all 
values of the interatomic distance R be written 

W = COS a "Pmo + Sin a — ^ (^A0,1 — ^A0,2)- 

Here V'mo is the molecular orbital function (22.2), ¥^0,1 the atomic 
orbital function (22.10), and ¥^0,2 the same with u + and u_ inter- 
changed, each function being suitably normalized. Choose a to 
minimize the expectation value of the energy (22.1), and hence 
show that a -> for small R and a ->■ 90° for large R. (Coulson 
and Fisher 1949.) Note: the linear combination Vao.i — ^ao.2 
is required to give an 8 = function: the corresponding S = 1 
functions refer to excited states of the molecule. 

22.8 The radii of the 4/ and 6s shells of the gadolinium atom 
are about 0.3 and 2 Angstrom units. In gadolinium metal, the 
distance between nearest neighbour atoms is 3.6 A.U. What types 
of orbital would you expect to use to describe the magnetic 4/ 
electrons and the conduction 6s, Qp electrons in the metal res- 
pectively? 

22.9* What types of wave function are commonly used for 
the electrons in pure solids? Illustrate your answer by particular 
reference to sodium metal, sodium chloride, diamond, solid hydro- 
gen, iron, nickel. References: Seitz 1940, Hall 1952, Mott and 
Stevens 1957, Heine 1958. 

22.10 Prove the following theorem: if a single determinant 
W = |det *li](Ti, a z i)\ of orbitals tji] describes a particular non- 
degenerate state of a molecule, then the ipj form a complete basis 
for a representation of the symmetry group (5 of the molecule. 
Hint: (a) show that TW = ct*F where T is any element of <S and 
ct a constant; (b) suppose that the tfij have to be supplemented by 
a few more functions <f> r to make up an invariant vector space. 
Show that this would imply that Ttfij must include some <$> r for 
some T and some ifij, and hence that it leads to a contradiction 
to (a). 

22.11 Construct a simple function of the variables r x and r 2 
that transforms according to the irreducible representation U~ 
of the group 00 m. 

22.12 Valence bond orbitals are formed out of the following 
pairs of atomic orbitals on two neighbouring atoms: (a) 2s-2p z 
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(b) 2s-2p x (c) 3d-3d. What are the irreducible representations of 
these valence bond orbitals? Consider both cases of like and unlike 
atoms. 

22.13 Using Slater's procedure (see Tables 5 and 20), show that 
the lowest configuration (22.13) of the oxygen molecule gives rise 
to the three terms 3 U g ~, x £g + , x A g . In what order do you expect 
their energies to lie? 

22.14 Consider the ground state of the methane molecule, and 
suppose that the internuclear distances are being gradually in- 
creased to infinity while retaining the symmetry of the molecule, 
until the wave function describes a set of five separate atoms. What 
atomic states (terms) will the atoms be left in? Are these the ground 
states for the atoms? 

22.15 A bonding and an anti-bonding molecular orbital are 
formed from the 2s functions on two identical nuclei a long distance 
a apart. What functions do the two molecular orbitals change into 
as a is decreased continuously to zero (Coulson 1952, p. 93)? 

23. Molecular Vibrations 

In the last section, we used a model in which the nuclei of all 
the atoms in a molecule are fixed at positions R a = (X„, Y a , ZJ). 
We showed how one could then discuss the motion of the electrons 
round the nuclei, and in principle one could obtain the electronic 
energy of the molecule to any desired degree of approximation. 
In this section we shall assume that this has been done, so that we 
start with a total energy E(RJ which clearly depends on what 
positions R a we assume for the nuclei. Then 



F(RJ = JT(RJ - tf (R*) 



(23.1) 



is the potential energy of the system when the nuclei are displaced 
from their normal equilibrium positions R,,, to an arbitrary position 
R a , though strictly this potential energy function F(R a ) applies 
only to static displacements. However, molecular vibrations are 
in general so slow compared with the electronic motion, because 
the mass of the nuclei is so much greater than that of the electrons, 
that we may regard the vibrations as slowly varying semi-static 
displacements. In this section, therefore, we shall base our discussion 
of molecular vibrations on the assumption that the nuclei move 
subject only to the potential (23.1). For a quantum mechanical 
justification of this approach, we refer the reader to Eyring, Walter 
and Kimball (1944, p. 190). 
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Separation of co-ordinates 

The Hamiltonian for our system of vibrating nuclei is 

Jf = T + F(RJ, (23.2) 

where T is the kinetic energy 

T = 2 i«aV a 2 = 2 (l/2mJP.», (23.3) 

and m„ V a , P„ the mass, velocity, and momentum of the <x th nucleus. 
R a , V B , P, all refer to a system of co-ordinates OX, OY, OZ which 
is fixed in the laboratory. However this is rather an inconvenient 
system of co-ordinates to use. If we picture the movement of a 
molecule, we naturally think of this movement as made up out of 
three components; a sideways motion of the whole molecule (trans- 
lation), a rotation of the molecule about itself as a rigid whole, and 
an internal vibration of the nuclei relative to one another. It is 
therefore convenient to define a new system of co-ordinates. We 
use three co-ordinates (X em , Y cm , Z cm ) for the centre of mass 

R cm = (l/M)2m a R x , M = Zm M 

and any variation of R C m means the molecule is moving sideways 
as a whole. We next define the positions of the nuclei by their 
co-ordinates 

R' a = R. - R cm (23.4) 

relative to the centre of mass. Then we redescribe the R' a further 
in terms of a frame of reference Ox, Oy, Oz which is rigidly fixed to 
the equilibrium configuration of the molecule. The orientation of 
this frame of reference, and of the molecule as a whole, is specified 
by three angles 6 t (i = 1, 2, 3) with respect to the laboratory 
axes OX, OY, OZ. The vibrations of the molecule are then described 
in terms of the displacements 

S« vlb = r. - r^, (23.5) 

of the nuclei from their equilibrium positions r^ in the rotating 
Ox, Oy, Oz frame of reference. The S^ 1 " are still not our final co- 
ordinates because there are too many of them so that they are not 
linearly independent. To specify the positions of all the N nuclei, 
we need 3N co-ordinates. Six of these are X cm , ^cm. Z cm , and the 
three angles 0<. We therefore choose any 3.ZV-6 independent linear 
combinations of the displacements 8 a vlb , which we shall refer to as 
the vibrational co-ordinates Qp (j8 = 1 to 3N-Q). 
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We can also divide up the total Hamiltonian (23.2) corresponding 
to the new set of co-ordinates. We first expand the potential energy 
as 

V(Q P ) = dfrQzQy + higher terms, (jS, y summed) (23.6) 

where we may neglect all higher terms than the second because 
for the present we shall discuss only small, simple harmonic vibra- 
tions, f The vibrational velocities of the nuclei can be specified by 
the co-ordinates Q\ e — dQp/dt. We can now write the total Hamil- 
tonian for the nuclei as 



Jz = 2k cm + 3v rot ~\~ <^* vib> 
•» rot — on Ton ^ on > 



2Q- 



2Q« ' 2Q Z 



(23.7) 



(23.8) 



•^vib = e»6A + dfiQfir 



(23.9) 



Here Jf? em describes the sideways motions of the whole molecule. 
3fc° r ot is the kinetic energy of rotation, where Ox, Oy, Oz have been 
chosen along the principal axes of inertia of the molecule. The 
Li are the corresponding components of the angular momentum, 
and Q x , Qy, @z the principal moments of inertia. Jt? v ua is the remain- 
ing vibrational energy, consisting of a kinetic term in the vibrational 
velocities and the potential term (23.6). 

Actually this division (23.7) of the Hamiltonian is not quite 
correct. If we contemplate a gross rearrangement of our molecule 
such that the nuclei are moved far from their original positions 
in arbitrary directions, we come to the conclusion that there is no 
really unique way of dividing this displacement of the nuclei into 
so much pure rotation and so much vibrational displacement. 
The division is only unique in a first order of approximation for 
small distortions. Thus the Hamiltonian (23.7) contains terms that 
depend in fact on both the t and the Q p : for example the mean 
moments of inertia Q x , Q y , Q z are not really constants but are 
effected by large vibrations, and the vibrations can contribute to 

t The linear and constant terms in (23.6) are of course absent because by 
definition the position Qp = 0, for all fi, gives a potential energy minimum 
V(0) = 0. Also V is independent of R cm and 6i since physically the potential 
energy of the molecule depends on its internal configuration only and not 
on its position or orientation relative to the laboratory OX, OY, OZ axes. 

16 
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the angular momentum L if we have two degenerate modes as 
in a conical pendulum. References to further discussions of these 
difficulties are given at the end of this section. 

Normal co-ordinates 

The vibrational Hamiltonian (23.9) can be brought into a more 
convenient form by using a new set of co-ordinates 



& = Np# y , & = N^, 



(23.10) 



where for the moment N is an unspecified matrix. With these 
co-ordinates the Hamiltonian becomes 

*%,„ = (#-w-%&$„ + (S-iDN-^rfar (23.il) 

Now there is an important theorem in matrix algebra (Margenau 
and Murphy 1943, p. 311) which states that a matrix N can be 
found which satisfies the two conditions 



R-V3N- 1 = \ 



ft-WN- 1 = i 



"In-h. 



Indeed there exist systematic methods for finding N as we shall 
see later. The corresponding co-ordinates q e defined by (23.10) are 
called normal co-ordinates, and we have from (23.11) 

■*%» = i I (&* + « fl V). 





The conjugate normal momenta are 

8T 



(23.12) 
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so that we finally obtain ^ V ib in the form required in quantum 
mechanics, namely in terms of co-ordinates and conjugate momenta 
only 




= T va + V. 



(23.13) 



Incidentally we notice that the cug are all real (<o^ z positive) since 
the potential energy for any distortion is positive. Each bracket 

Up 2 + «> V) (23.14) 

is the Hamiltonian for a simple harmonic oscillator, and the quantum 
mechanical energy levels aref 

En = (n + i)ha>. 

Thus the energy levels and eigenstates of 3tif v ib can be designated 
by a set of 3N-Q numbers n^ (positive integers or zero). 

E(n^ n 2 , . . . n 3N -e) = 2 (% +-i)^>p- (23.15) 

Symmetry transformations 

We now consider the group (8 of symmetry transformations of 
the molecule when all the nuclei are in their equilibrium positions. 
By this we do not mean the rotation of the molecule in X, Y, Z 
space, which has already been described by the rotational co- 
ordinates 8t. We mean the symmetry transformations of the 
molecule (rotations, reflections, inversion) in the x, y, z space, for 
instance the point-group of transformations 6m2 which was dis- 
cussed for the ozone molecule in § 4. Let the equilibrium positions 
of the three oxygen atoms in the ozone molecule shown in Fig. 
22a be given by some fixed co-ordinates in the x, y, z space. Then 
the symmetry operation consisting of a 180° rotation about the 
2/-axis interchanges the nuclei 2 and 3, producing a new position 
of the molecule (Fig. 22b) which is indistinguishable from the 
original position. Consider now a distorted molecule, e.g. that 
shown in Fig. 22c where one atom has been displaced. After rota- 
tion by 180° about Oy, the molecule looks like Fig. 22d, and we 
can consider this as a new distortion of the original molecule. We 
say, therefore, that the distortion of Fig. 22c has been transformed 

t The energy eigenvalues and eigenfunotions for a simple harmonic oscil- 
lator are derived in appendix G. 
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(c) (d) 

Fig. 22. Rotation of an ozone molecule by 180° about the j/-axis: 

(a) and (b), two equilibrium positions of the molecule, related by the 

rotations and physically identical: (c) and (d), two distortions of 

the molecule related by the rotation. 






Fi8. 23. Vibrational normal co-ordinates of the ozone molecule, 

(a) transforming acoording to the irreducible representation A' v 

and (b) and (c) according to E'. 

by the rotation into the distortion of Fig. 22d. In this sense dis- 
tortions can be transformed just like functions f(x, y, z) can, and 
we can have distortions that transform according to definite re- 
presentations. For example Fig. 23c shows a distortion which is 
invariant under a 180° rotation about Oy, whereas the distortion 
of Fig. 23b changes sign. The distortion of Fig. 23a is invariant 
under any transformation of the point-group 6m2. 

From (23.13), the potential energy (23.1) is given in terms of 
normal co-ordinates by 

V = 1 1 «flV- (23-16) 

This must have the same value for two distortions such as Figs. 22c 
and 22d which are related by a symmetry transformation. That 
is, V(qp) is invariant under the group <S. If a particular to is not 
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equal to any other <o y , then from (23.16) the invariance of V implies 
the invariance of q fi 2 . Thus q $ has to transform according to a one- 
dimensional representation in which every element is represented 
by +1 or — 1, or what is the same thing, by a real one-dimensional 
representation (problem 23.3). If two or three co 3 's are equal, say 
<op = top +1 = w M , then we require the invariance of 

V(?* 2 + W + W)- (23.17) 

It is clearly necessary that q fi , q fi+1 , q $+2 transform only among 
themselves under <8, i.e. form the basis of a representation. This 
representation must in general be irreducible for the following 
reason. Suppose the representation were reducible, say into a one- 
dimensional representation (base vector q e ) and a two-dimensional 
component (base vectors q fi+1 , q fi+i ). Then from problem C.4 
(appendix C), we have that 

Aq? + B(q e+1 * + & +2 2 ) 

is invariant, where A = wf and B = ai |3+1 a = <5 /3+2 2 are arbitrary 
constants. It is not impossible that A and B are accidentally equal, 
but the probability of this happening exactly is zero. We there- 
fore conclude that q $ , q ?+1 , q ?+2 in (23.17) transform according to an 
irreducible representation, accidental degeneracies excepted as 
usual. The frequency <o p and the co-ordinates q fi , q^ +1 , q $+i are said 
to be three-fold degenerate. More generally, a frequency is said 
to be n-fold degenerate if the corresponding co-ordinates transform 
according to an n-dimensional irreducible representation. 

The case of complex representations is somewhat anomalous. 
Let D and D* be two complex conjugate representations, e.g. the 
two representations of the point-groups 4 which together are labelled 
E in appendix K. Such complex conjugate representations always 
have to occur in pairs with equal values of w p . We can see this in 
two ways. If q transforms according to a complex representation 
D under real rotations, etc., then q must itself be complex. To des- 
cribe the molecule by real co-ordinates, we must use 

1x = q + q*, q 2 =q~ q*. 

Here q* transforms according to the complex conjugate representa- 
tion D*, so that q t and q 2 are not invariant but transform into one 
another under <5. Thus they must occur together in (23.16) with 
equal values of to^. Another way of looking at this is from the point 
of view of time-reversal. It was shown in § 19 that states transform- 
ing according to D and D* are degenerate. The complex co- 
ordinate q describes a travelling wave, rather than a standing 
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wave oscillation as a real co-ordinate does. For instance q may 
represent a compression travelling round a benzene ring. The 
co-ordinate q* then refers to the same compression travelling in the 
reverse direction around the ring. Clearly if one is a possible motion 
of the molecule, then so is the other, and they have the same 
frequency cop. It is for this reason that a pair of complex conjugate 
representations in appendix K have always been bracketed together 
and regarded as a single two-dimensional representation. 

From (23.12), p^ transforms in the same way as q^, so that in 
all of the above cases the kinetic energy T = ^,p$ 2 remains invari- 
ant. Thus the whole vibrational Hamiltonian is invariant under the 
group <£> of symmetry transformations. 

Enumeration of normal modes 

We shall now show how the normal co-ordinates of vibration 
can be enumerated, by discussing the specific example of ozone. 
An arbitrary distortion or displacement of the molecule can be 
specified by the nine quantities S Xot , S yot , S Zcc (a = 1, 2, 3) where 
8 a is the displacement of nucleus a from its equilibrium position. 
These quantities form the basis of a representation Z>tot of the 
symmetry group 6m2 of the molecule, whose characters can easily 
be written down. From Fig. 22 a rotation of 180° about Oy turns 
the initial distortion B u into a new distortion S' ix given by 



8 xi = — "xi, 
&'x2 = — $xs> 

S'a;3 = — $x2> 



S'yl = Sj/], 

8'yi = Oy 3 , 
8' J/3 = 8g/2. 



8'zi = — 8 21 , 

8'z2 = — 8z3. 

8'zs = — 8 Z 2. 



This rotation is represented therefore by the matrix shown in 
Table 21, and the character (sum of diagonal terms) is —1. Actually 

Table 21 

The Matrix Representing the Rotation by 180° about the 

y-axis 



8 J,1 8 Z1 8 Z2 S l/2 8 22 8 X3 8 J,3 



-1 



8' 



. 


1 

-1 


1 

- 


1 
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there is no need to go through all this business of writing down the 
matrices. For any transformations, only those nuclei can contribute 
to the character which are transformed into themselves, i.e. not inter- 
changed with some other nucleus. Thus the 120° rotation about 
Oz has character zero because every nucleus is shifted round to a 
new position in the molecule. Moreover from (2.2), each nucleus 
which is transformed into itself contributes ±(1+2 cos 9) to the 
character, where the plus and minus refer to proper and improper 
rotations respectively. The different classes of symmetry elements 
of the group 6m2 are shown in Table 22, and applying the above 
two rules we have 

X (E) = 9, x {m z ) = 3, X (3 Z ) = 0, 

X$z) = 0, x(2j,) = -1, x(%) = 1. 



Table 22 
Character Table of 6m2 



6m2 


E 


m z S 


Z Hz 


2„ 


m x 




A\ 


1 


1 




1 


1 




x* + y\ z» 


A\ 


1 


1 




-1 


-1 


/* 




A\ 


1 


—1 


1 


1 


-1 






A\ 


1 


-1 ] 


— 1 


-1 


1 


z 




E' 


2 


2 -] 


— 1 








», y 


x 2 — y 2 , xy 


E" 


2 


-2 -] 










Ix> ly 


yz, zx 



Using Table 22 and equation (14.2) or (14.10), we can reduce this 
representation, and find 



Aot = A\ + A\ + A\ + 2E' + E" 



(23.18) 



Since we started by considering an arbitrary displacement of the 
molecule, Dtot includes besides the rotational co-ordinates also the 
representations of the translational and rotational co-ordinates. 
The latter we now want to subtract out. The translational dis- 
placements Xcm. F C m> ^cm transform into one another like the 
functions x, y, z. This can be seen pictorially from Pig. 24a for 
instance, which shows 8Z cm . Thus from Table 22 8Z m belongs 
to the representation A" 2 , and 8X om , 8r cm to E'\ i.e. 



-Dtrans = A" 3 + E'. 
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Turning to the rotations, we have from (8.2) that a small rotation 
R(0, z) induces the displacements 

of the nuclei from the original positions. The set of equilibrium 
positions r^ of all the atoms is invariant under <8. Therefore if we 
write R z for the set of displacements 8jj ot ' z , we have that R x , R y , 
R z transform in the same way as I x , Iy, Iz. The latter are the com- 
ponents of a pseudo-vector, i.e. they transform like x, y, z under 





(o) 

Fio. 24. Displacements of the ozone molecule; (a) the translational 
displacement 8X cm > (b) the rotational displacement S M . 

proper rotations but remain invariant under inversion. This was 
proved in appendix F and § 11. Thus the characters of the repre- 
sentation formed by R x , R v , R z or I x , I y , I z are given by 



X(of I x , I v , I z ) = x(of x, y, z) for proper rotations, 

— — x(°f x > y> z ) f or improper rotations. 



(23.19) 

This is illustrated for instance by the representations A' 2 and A" 2 
(Table 22) appropriate to I z and z. The rotational displacement 
R z is shown in Fig. 24b, and this also makes it clear that R z 
transforms according to A\. Thus from Table 22 we have for the 
group 6m2 

A-ot = A\ + E". 

Now subtracting Arans and Z> ro t from (23.18), we obtain finally 

D vlD = A\ + W. (23.20) 

The ozone molecule therefore has one non-degenerate vibrational 
frequency (A\) and one doubly degenerate frequency (E'). The 
> modes of vibration are shown in Fig. 23. 

The normal mode A\ can easily be written down by inspection 
(Fig. 23a), and so can the other two with a little practice. But 
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the projection operators (14.11) enable one to obtain any mode 
systematically. We recall that if 8 represents symbolically an 
arbitrary displacement, then 

<7 = 2 X W *(T)T8 (23.21) 

T 

transforms according to the irreducible representation J9 (A) , and 
in particular 

qt = 2 D V W*(T)T8 

T 

according to the * th row of that representation. In order to use 
these formulae, we need to represent a displacement mathematically. 
There are two ways, both of which we have already used to some 
extent. The first method is to represent a displacement by the nine 
co-ordinates (in the case of ozone) S Xx , b y „ 8 za or by some linear 
combination of them. For example 

SX cm = J<**i + S x2 + S„) (23.22) 

clearly measures the X displacement of the centre of mass. In 
(23.21) we can put 8 equal to any linear combination of the 8y„, 
TB then being obtained from Table 21 plus the corresponding 
matrices for the whole group. Choosing Z) w as the representation 
A\, it can easily be found in this way that the corresponding co- 
ordinate is 

q lA ' l) = 8yi - \* n - iVSS^ - iS y3 + £V38*3. (23.23) 

What does this mean? It means that if the arbitrary displacement 
described by the 8y a is decomposed into a translation, a rotation, 
and a sum of normal vibrational distortions, then the amplitude of 
the A\ mode (Fig. 23a) is given by (23.23). The second method 
of representing a normal co-ordinate is a more pictorial one, and 
is obtained if we associate with each nucleus a displacement vector 
such as in Figs. 22 to 24. Starting with an arbitrary set of displace, 
ment vectors and applying (23.21), we easily obtain Fig. 23a. The 
relationship between the two ways of representing a normal co- 
ordinate is the following. Fig. 23a represents such a displacement of 
the molecule, that the value of q{A\) (23.23) is non-zero while the 
values of all the other q'a are zero. Fig. 24a and (23.22) are similarly 
related. A little difficulty arises when a given representation occurs 
more than once in Dtot- For instance when we apply the construc- 
tion (23.21) to the representation W , we will in general obtain a 
linear combination of the vibrational mode, Fig. 23b or c, and the 
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translation X cm or Y cm , Fig. 24a, since each transforms according 
to E'. We then have to subtract out some SJC cm , 8F em until there 
is no displacement of the centre of mass, in order to obtain a purely 
vibrational mode. 

Infra-red and Raman spectra 

The main discussion of infra-red and Raman spectra will be 
deferred till the next section, but if we neglect all overtones and 
combination frequencies, the situation is briefly as follows. A 
normal vibration q p gives an absorption line in the infra-red spectrum 
if q$ transforms in the same way as one of the dipole moment com- 
ponents [i. x , fJ-y, pz- Further, q^ gives a line in the Raman spectrum 
if it transforms in the same way as one of the polarizability tensor 
components ay (or linear combination thereof). The dipole moment 
is an ordinary vector, and the components px, py, J"* transform like 
x, y, z. In the case of ozone this is according to E' + A" 2 . Hence 
the doubly-degenerate vibrational mode E' of (23.20) is infra-red 
active, whereas the A\ mode is not. The polarizability <m is a 
symmetric tensor and hence the components transform in the same, 
way as x % , y*, z 2 , xy, yz, zx. We have already obtained the trans- 
formation properties of these quantities in (5.20) for the point- 
group 32, and from this they can be assigned by inspection to the 
representations of 6m2 as shown in Table 22. Thus any vibrational 
mode transforming according to A' v E' or E" is Raman active, and 
this includes all of the vibrational modes (23.20) for ozone. 

The transformation properties of these quantities are sum- 
marized in Table 23. From this table together with the group 

Table 23 



Transformation Properties 


of Some Often Used Quantities 


Quantity 


Transforms like 


translation of centre of 
moss, Jlcql, ■* cm* ^cm 


x, y, z (vector) 


Rotational displacements 

Jttx, Hy, XI s 


Ix, ly, J* (pseudo-vector) 


dipole moment, 
P<t, liy, /*» 


x,y,z 


polarizability tensor, 


**, y % , «', xy, yz, k» 
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character tables (appendix K), the symmetry species of the vibra- 
tional normal co-ordinates of any molecule can easily be derived 
by the method described above, and the infra-red and Raman 
active ones among them written down. 

Linear molecules 

The procedure for obtaining the normal vibrations of a linear 
molecule is the same as that given for ozone above, with one minor 
difference. If we choose the axis of the molecule as the 2-axis and 
consider the molecule in its equilibrium state, then a rotation about 
Oz does not change the position of the molecule at all. We have 
therefore only two rotational co-ordinates 0$ or R x , R y . This has to 
be remembered when subtracting R rot out from Aot- 



A t „ mode 



"*~" ** *"* \u mode 

j 1 j E [u mode 

Fig. 25. Vibrational normal modes of the CO a molecule. The 

second E lxi mode is the same as the one shown above, but in the 

plane perpendicular to the page. 

The symmetry group of a linear molecule is either oom or oo/mm, 
depending on whether it has a centre of inversion symmetry or not. 
Consider for example carbon dioxide, which has symmetry oo/mm. 
Applying our rules for the characters, we obtain for Aot 

X&) = 9, rtBtf, z)] = 6co S <f>+ 3, X (2 X ) = -1, 

X(I) = -3, xtl-Rtf. «)] = -2 cos *> - 1, x (m x ) = 3, 

whence from the character table for oo/mm (appendix L) 

Aot = A lg + 2A 2n + E lg + 2E la . 

We subtract out the three translational components in accordance 
with Table 23 and the character table 

-Dtrans = -^zu + -®iu, 
and the two rotational co-ordinates 

£>rot = -Big, 
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and obtain 

Arib = Aig + A iu + E lu . (23.24) 

There are therefore two non-degenerate modes (A lg and A iu ) and 
a pair of degenerate ones (E lu ). Of these A lg is Raman but not 
infra-red active, and the others are infra-red but not Raman active. 
The normal modes are pictured in Fig. 25. 

The ammonia inversion line 

At the beginning of this section we adopted the model that the 
electrons in a molecule move very rapidly around the nuclei, whose 
vibrations in comparison are slow semi-static displacements. 
The wave function corresponding to this model has the form 



^ = ^elect( r <«; R J ^nucl( R a). 



(23.25a) 



and it can indeed be shown that this is in general a very good 
approximation to the wave function. Here Select is a wave function 
in the electronic co-ordinates r<, with the nuclear co-ordinates 
R„ entering only as fixed parameters. The approximate separation 
(23.7) of the nuclear Hamiltonian further implies that i/'nuci can be 
written approximately as 



<Anucl( R J = <Atrans(Rcm) <Arot( i) "Avlbfe)- 



(23.25b) 



However, our argument so far implicitly assumes that the nuclei 
never penetrate far from a definite equilibrium configuration, as 
witnessed for instance by the fact that our discussion has been 
couched in terms of small displacements. If each nucleus departs 
arbitrarily from its position by something of the order of the inter- 
nuclear distance, then it is difficult to regard such a displacement as 
the sum of a rotation of the whole molecule and an internal dis- 
tortion, nor are the approximations (23.25) valid any more. 

For this reason, our model breaks down when a molecule can 
take up more than one distinct equilibrium configuration. An 
example of this is the ammonia molecule (Fig. 26) in which the 
nitrogen nucleus can either be above or below the place of the three 
hydrogen nuclei (position N x or N 2 ). We would expect that the 
nitrogen nucleus has quite a large potential barrier to overcome in 
passing from one position to the other, so that this transition will 
be slow compared with the vibrational frequencies. We can there- 
fore write down two approximate wave function ^nuci.i and ^nuci,* 
to describe the molecule vibrating about the two equilibrium 
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H^- 



Fig. 26. The two possible positions N\ and N 2 of the nitrogen 
nucleus in an ammonia molecule. 

positions respectively. However, the transition from N x to N t 
is a symmetry transformation for the system of nuclei (though 
it is not a symmetry of each equilibrium configuration individually), 
and the whole molecule wave function must be either the symmetric 
or antisymmetric combination 

^elect(^micl,i ± ^nucl,2). (23.26) 

Now the time t for a transition from N 1 to N 2 is very long, and the 
energy difference AE ~ hjt between the two states (23.26) is rather 
small. This has two consequences. Firstly, the transition N 1 to N 2 
gives an extra spectral line, namely the so-called inversion line of 
ammonia which is in the microwave (1.25 cm) region of the spectrum, 
compared with the vibration frequencies which lie in the infra-red. 
This is the line used in the ammonia maser. Secondly, it means 
the rest of the vibrational spectrum is just that of one configura- 
tion alone, with possibly some fine structure of magnitude AE. 

Other examples of molecules with several equilibrium configura- 
tions occur among organic molecules with hindered rotation. For 
instance in C 2 C1 6 , the two C Cl 3 groups are not free to rotate about 
the central C — C bond because the big chlorine atoms get in one 
another's way. However, the two groups can take up three different 
relative positions, in which the two sets of chlorine atoms interlock. 

References 

For the separation (23.25a) between the electronic and nuclear 
motion, the reader is referred to Eyring, Walter and Kimball 
(1944, p. 190) and to the original paper by Born and Oppenheimer 
1927. The separation of the nuclear Hamiltonian into the centre 
of mass, the rotational and vibrational motions is discussed by 
Wilson, Decius and Cross (1955, Chapter 11) and by Bodi and 
Curtis (1956). The energy levels of the rotational Hamiltonian 
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are conveniently summarized by Wilson et al. (1955, appendix 16), 
the results for a linear molecule being derived by Eyring et ah 
(1944, p. 72). The whole subject of molecular vibrations is very 
fully and clearly discussed in the book by Wilson, Decius and 
Cross (1955). Two shorter reviews having a scope similar to the 
present section are Rosenthal and Murphy (1936) and Sponer and 
Teller (1941). 

Summary 

The motion of the nuclei in a molecule can be represented approxi- 
mately as the sum of three parts; a sideways translation of the whole 
molecule, a rotation of the molecule as a whole, and internal vibra- 
tions or distortions of the molecule. The latter are expressed in 
terms of the vibrational normal modes which have different sym- 
metries. This symmetry determines whether or not a particular 
vibration gives a line in the infra-red spectrum and the Raman 
spectrum of the substance. 

Problems 

23.1 What are the symmetry groups for the following molecules: 
C 2 H 2 , H 2 , H a O, DHO (heavy water), NH 3 , CH 4 , benzene, cyclo- 
hexane? Note: H 2 is not a linear molecule because of the lone 
pair electrons on the oxygen; benzene is planar. 

23.2 Enumerate the symmetries of the normal vibrations of the 
above molecules and illustrate some of them by figures. Determine 
which ones contribute as fundamentals to the infra-red and Raman 
spectra. 

23.3 Prove that every element of a real one-dimensional represen- 
tation is ±1. Hint: use the unitary property of problem C.2. 

23.4 By looking at the character of m z , sort out the normal 
modes of benzene into those that are vibrations in the plane of the 
molecule and those perpendicular to it. 

23.5* In order to interpret the vibration spectra of a com- 
plicated molecule, one usually makes a theoretical calculation of 
the frequencies from a theoretical model, in which some force 
constants are assumed for the various inter-atomic bonds to repre- 
sent their resistance to stretching or bending. Give an account 
of how the normal modes and frequencies are calculated from the 
model, and in particular of how group theory can help in the cal- 
culation. Reference: Wilson, Decius and Cross (1955). 

23.6* Outline how the energy levels of a rigidly rotating molecule 
are derived (rigid rotor), distinguishing between the linear, spherical, 
symmetric and asymmetric cases. Obtain the degeneracies of the 
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levels, and selection rules for transitions between them. References: 
Casimir 1931; Wilson etal. 1955, appendix 16; Herzberg 1945. 

23.7* Show how to incorporate the nuclear spins (§21) into the 
wave function (23.25) of a whole molecule, and discuss their effect 
on the spectra of diatomic molecules with particular reference to 
H 2 , HD, D 2 , and 2 18 . The nuclei of H, D, O 16 have spins of. J, 
1, respectively, and D stands for a deuterium atom (Eyring et 
al. 1944, p. 265). 



24. Infra-red and Raman Spectra 

In the last section the wave function for a whole molecule was 
written in the approximate form 



V = ^elect(>*<; R«) &rans(Rcm) kot(*i) ^vibfo)- 



Here the vibrational wave function 



0vib = <p\Vb(ni, iH, . . . najf_ 6 ) 



(24.1) 



(24.2a) 



corresponds to an excited state of the molecule with n p quanta 
of energy in the /7 th normal mode of vibration, the energy of the 
state being 



e 



(24.2b) 



The existence of these vibrational excited states and the transitions 
between them give rise to various types of line spectra, of which 
we shall discuss the infra-red absorption spectrum and the Raman 
spectrum. 

Infra-red absorption spectrum. 

If two energy levels E t and E% of the molecule are separated by 
an amount 



E 2 — E lt 



(24.3) 



then the molecule can absorb light of frequency to and make a 
transition from the state E t to E z . For light polarized in the X- 
direction, the transition probability, and hence the absorption 
coefficient of the bulk liquid or gas, is proportional to the modulus 
squared of the matrix element 



(2\D x \iy=j^ 2 *D x W 1 dv. 



(24.4) 
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Analogously to the atomic case (13.7), Dx is the X component of 
the dipole moment operator 

D = -e 2 r< + e 2 Z«R«, (24-Sa) 

where the summation is over all the electrons (i) and nuclei (a) 
Z x being the atomic number. 

The formula (24.4) can be reduced using the wave functions 
(24.1). In almost all cases, the electronic energy levels of a molecule 
are separated by about 1 electron volt (10 4 cm -1 ) or more, corre- 
sponding to visible and ultra-violet frequencies. Infra-red light has 
insufficient energy to excite the electrons to above the ground state 
^eo. so that in an infra-red transition we must have 

Select. i = Select, 2 = ^eo- 

Turning now to the translational wave function, we have 

^trans = exp (ik • R c m) 

for a freely moving molecule, so that 

</Hrans(R« + A) = exp(tk- A)0tr»iu(R«). 

Since D is invariant under a translation A of the molecule, we have 
from the fundamental theorem (13.8b) that ^trans.i an d ^trans>2 
must belong to the same translational representations for (24.4) 
to be non-zero, i.e. we must have k x = k 2 . We consider finally the 
rotational and vibrational co-ordinates, and refer D to the x, y, z 
co-ordinate axes fixed to the molecule as defined in the last section; 

D x = lxxD x + lxyD y + IxzDz, (24.5b) 

Here the l I} are the direction cosines of the x, y, z set of axes relative 
to the laboratory set of X, Y, Z, and are functions of the rotational 
co-ordinates 0i only. With these substitutions (24.4) becomes 

<2 1 D x 1 1 > = 2 j ^totJxjhot,i dv j ^ib.2 w ^vib.i dv, 

1 (24.6) 

where 



w(ft) = JVeo*(r<;R„) -Dy(r t ,R a ) >M r <; R «) d» e 



(24.7) 



In (24.7) only the electron co-ordinates are integrated over. Physi- 
cally m{j = x, y, z) is the value of the dipole moment of the molecule 
when the nuclei are in the positions specified by the q fi or R„. 
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The form (24.6) for the transition matrix element is particularly 
convenient for discussing selection rules. The first integral depends 
on the 6i only, and because of the factor lxj(0i) the transition W x 
to W 2 can involve a change in the rotational as well as the vibrational 
state of the molecule simultaneously. However, the rotational 
quanta of energy are of the order of only 1 cm -1 , whereas the 
vibrational frequencies are in the infra-red with Ko> **s 10 2 to 10* 
cm -1 . Consequently the purely rotational transitions are seen 
more in the microwave region of the spectrum. In the infra-red, a 
transition involving a vibrational quantum can be accompanied by 
a simultaneous rotational transition, so that the vibrational lines 
have a fine structure. This structure is determined purely by the 
first integral in (24.6) and we shall not consider it further. How- 
ever, we obtain a selection rule for whether the whole vibrational 
line is absent or present from whether the second integral of (24.6), 
namely the matrix element 

<2 1 w 1 1 > = J </r* lb>2 w $ vlbil dv n 

= J(^w^ii>,i)*«d»«. (24-8) 

is zero or non-zero. From the matrix element theorem (13.8b), 
(24.8) can be non-zero only if the representation of m is contained 
in the reduction of the representation Z) (vll) ' ^, X Z)^ 1 "- 1 '*. More- 
over, as usual in such symmetry arguments, we can assume that the 
converse is also true; i.e. if the representation of /*/ is contained in 
2)<vit>,2) x 2)<vib,i)* ) then we expect (24.8) to be non-zero (apart 
from accidental cases) as long as we have included all the symmetry 
properties of the system in the group & to which the representations 
refer. From (24.5a), the [ij transform like a vector in the same way 
as x, y, z (Table 23), according to the representation D< vect > say. 
Also in (24.6) there is a summation over j, so that the transition 
probability is finite if at least one of the matrix elements <2|/^|1> 
is non-zero. We have therefore derived the general rule: 



there is an infra-red absorption line corresponding to 
the transition t/r V ib,i to ^vib.s if and only if the representa- 
tion £)< vect > of one or more of the dipole moment components 
f-x> V-y, V^z ^ contained in the reduction of the representation 

2)(vit>.2) x £f{vib,l)* 



(24.9) 

We shall not discuss till later how to derive the transformation 
properties of the vibrational wave functions, but suppose for the 

i7 
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sake of example that we are interested in the absorption spectrum 
of ozone, and that ^vib.i and <jtvu>, 2 transform according to the 
representations A\ and E' of the symmetry group 6m2 (Table 22). 
The ix] transform as a vector like x, y, z, i.e. in the present case 
p%> v-y according to the representation E' and /i Z according to A" 2 . 
Also the product ^vib,2^vit>,i transforms according to E' X A' 2 , 
which from (14.3) and the character Table 22 turns out to be equal 
to E'. This contains the representation of px, (j. y but not that of 
H Z . Hence the matrix element <2|/x 2 |l> is zero whereas <2J/Ltar[l> 
and <2|juj,|1> are non-zero, and from (24.6) the latter two are 
sufficient to guarantee an absorption line in the spectrum corre- 
sponding to the energy E 2 — E t . 

Raman spectrum 

In the Raman effect, one shines light of a fixed frequency a^ 
usually from the mercury spectrum on to a substance, and one 
observes light of a different frequency a> 2 emerging scattered by the 
substance. The molecules of the substance meanwhile make a 
vibrational and/or rotational transition W 1 to W e , the total energy 
of course being conserved 



%(Oi -f- E± = 7wo 2 + E 2 . 



Thus it is the frequency shift (wj — w 2 ) that corresponds to the 
energy difference E 2 — E v The intensity I 2 of the scattered light 
is given by 



K 4 A> 4 )|<«2i>l 2 A- 



(24.10) 



Here <x 21 is a component of the polarizability tensor of the molecule 
when the nuclei are in fixed positions R a . The suffices 1 and 2 refer 
to the directions X, Y or Z of polarization of the incident and 
emergent beams. As well as being derivable quantum mechanically 
as in problem 24.11, (24.10) is suggested by a semi- classical argument. 
The electric field & x of the incident beam induces a dipole moment 
in the molecule of strength 



This oscillating dipole radiates energy at a rate proportional to 
^i 2 , and |<^i| 2 is proportional to the indicent intensity. Thus 



1 2 oc v* = a 2 ^ 2 oc a 2 I v 
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Since the molecule is itself vibrating with frequencies cu fi , the various 
combination frequencies 

to s = ««! ± wp, etc. (24.11) 

occur among the radiated light. Just as in the direct optical absorp- 
tion theory the classical px gets replaced the quantum mechanical 
matrix element (24.6), so analogously a 21 gets replaced by 

<2|aj,7|l> = J ifi*ot,2lliljj<f>iot,l dv J 4>vib,2 a« <Avib,l dtt. 

(i, 3 summed) 

(24.12) 

As in the case of infra-red absorption, the first integral determines 
the purely rotational Raman effect and the rotational fine struc- 
ture of each vibrational Raman line, though these effects are only 
rarely observable in practice. The last integral in (24.12) determines 
the selection rules for \he possible vibrational transitions. The 
ay are the components of a tensor and transform respectively like 
x 2 , y 2 , z 2 , xy, yz, zx. Analogously to (24.9), we obtain the rule: 



a possible vibrational transition ^ V ib,i to ^ v ib,2 can give 
rise to a line in the Raman spectrum if and only if the 
representation D {tens0T) of one or more of the polariza- 
bility component ay occurs in the reduction of 

£)(vlb,2) x £)(vib,l)* 



(24.13) 

For example consider again the transition ^vib,i(-4'2) to ^ V ib,2(#') 
for ozone already discussed above. The representation Z><vn>,2) 
X Z>(v«).i)* is 

W x A\ = W 

as before, and from Table 22 this is seen to be the same as the repre- 
sentation formed by the components a. xx — «. yy , <x xy . The Raman 
spectrum therefore contains a line due to this transition. 

Fundamental frequencies 

The selection rules (24.9) and (24.13) are completely general. 
To apply them, we would first have to work out the irreducible 
representations and energies of all the vibrational states of the 
molecule, and then start testing all possible pairs of states to see 
whether the transition between them is an allowed one. While 
this may be a useful thing to do in the later stages of analysing a 



250 GBOUP THEORY IN QUANTUM MECHANICS 

spectrum to understand all its detail, it is clearly unsuited to giving 
a quick overall idea of what kind of spectrum to expect from any 
given molecule. It is too tedious, and does not distinguish between 
strong lines and ones too weak to observe. Moreover the selection 
rules (24.9) and (24.13) are concerned with the initial and final 
states and not at all with the energy difference between them. For 
instance a transition from a state with tip = 6 to one with rip — 1 
gives the same spectral line as a transition from n$ = 2 to n$ = 3, 
or indeed as any transition involving an energy difference of one 
quantum %wp. The above selection rules can tell us individually 
which of these transitions are allowed, but the argument we shall 
now develop will tell us whether the line as such is allowed, i.e. 
whether or not there are any allowed transitions with a given energy 
difference. Furthermore the allowed lines will be grouped into sets 
in approximately decreasing order of intensity. 

The dipole moment p x , \i. y , ju, z (24.7) is a function of the internal 
co-ordinates q$ only, and we can expand it (using the summation 
convention) as 

^-^ + ^{w)+^{mX (24 - 14) 

+ higher terms. 

Here the suffix zero refers to the equilibrium position of the nuclei. 
The first term /xj is the permanent dipole moment of the molecule, 
and from (24.6) we see that it determines the intensity of the purely 
rotational transitions. We can tell whether fij is zero or not as 
follows. On the one hand it has already been noted from (24.5a) 
and (24.7) that ja ? and hence /i 20 transforms like the function z, 
which in the case of the ozone molecule (point-group 6m2) means 
the representation A" 2 . On the other hand /* zo is a property of the 
equilibrium configuration of the molecule, and must therefore be 
left invariant under the group 6m2 (since each operation of the 
group simply moves the nuclei around into a new set of positions 
which is physically equivalent to the original set: this is what is 
meant by the symmetry group of the molecule!) That is, p,^ trans- 
forms according to the identity representation A\. Now (i z0 cannot 
at the same time transform according to both A" 2 and A\, and the 
only way out of this self-contradiction is to have fi z0 zero. Similarly 
H-xo, Pya are zero and we conclude that the ozone molecule has no 
permanent dipole moment (as is also intuitively obvious). 

A similar argument can be applied to the second terms of (24.14). 
The suffix zero on the quantity (dpj/dqp) denotes that it is evaluated 
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at the equilibrium position. It is a numerical quantity which is a 
property of the molecule in its equilibrium configuration. It is 
therefore invariant under the symmetry group, i.e. transforms 
according to the identity representation which in the present case 
is A\. Thus the term 



*(& 



(24.15) 



transforms in the same way as q^. But it also has to transform in 
the same way as w, and hence (24.15) can be turn-zero only if q g 
transforms in the same way as fij. In the case of ozone the vibrational 
co-ordinates are 

q x transforming according to A\, 
q z , q 3 transforming according to E' , (24.16) 

and p x , p y , nz transform according to W and A\ as already noted. 
Hence the q t term is completely absent, but the q t , q 3 terms occur 
in/ij,, /x z . 

The question now is, what kinds of spectral line does the term 
(24.15) give rise to? It is shown in most elementary books on 
quantum mechanics and also later in this section (see equation 
(24.31)), that for simple harmonic oscillator wave functions the 
matrix elements of q fi are zero, except between pairs of states differing 
in energy by one quantum h\o p . In symbols 

JV*(»fls) ?/» ^(»0i)d« = unless » w — » w = ±1 (24.17) 

and n n = n Yl for y =£ j3. 

The absorption lines are thus at the fundamental frequencies co . 
Combining this with the italicized result above (24.16), we have 
the rule: 



there is an infra-red absorption line at the fundamental 
frequency a> $ if the corresponding normal co-ordinate q & 
transforms in the same way as one of the dipole moment 
components \t, x , p-y, p z . 



(24.18) 
This is just the rule stated without proof and illustrated in § 23. 
The theory for Raman lines is completely analogous. We expand 
the polarizability components; 

■* = «», + ft (e^)+ 9* ( W J o (24.19) 

+ higher terms. 
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The first term on the right side determines the intensity of the purely 
rotational Raman spectrum, which only exists if at least one of 
the components ay (or a linear combination thereof) transforms 
according to the identity representation. The next term gives rise 
to the fundamental Raman lines and we have the rule: 



the Raman spectrum contains the fundamental line of 
frequency shift <»$ if qp transforms in the same way as 
one of the polarizability components ay (or a linear com- 
bination of them). 



(24.20) 

Overtones and combination tones 

The same type of argument can be applied to determine which 
quadratic and higher terms are present in the expansions (24.14) 
and (24.19). All the derivatives such as (dy } jdqgdq Y ) in (24.14) 
remain invariant under symmetry transformations of the molecule, 
and they are non-zero only if the appropriate product like q^q v 
transforms according to the same irreducible representations as 
p.) does. For instance from (24.16), we have for ozone 

qj 2 transforms according to A\ X A\ = A\, 
q t q 2 , q x q z transforms according to A\ X E' = W , (24.21a) 
q 2 2 + q 3 2 transforms according to A\, 
ii ~ 1*> "Ms transforms according to E' . (24.21b) 

Thus all of the above terms can appear in one or another of the 
ay, but only the terms (24.21a) and (24.21b) can occur in the w 
expansions. 

Before going on to derive what lines these quadratic and higher 
terms give rise to, it is necessary to recall some results about simple 
harmonic oscillator wave functions which are derived fully in 
appendix G. If we put 

a = (2ha))-V*(p + iwq), a* = (2hco)- 1 ' 2 {p - iwq), (24.22) 

then the Hamiltonian for each mode of vibration becomes 

^ = J( P 2 + a>Y) = (aa* + £)/*«>. (24.23) 

The eigenvalues of the operator aa* are the positive integers n 
(including zero). The energy levels are therefore 

E n = (n + i)hw 
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and n is the number of energy quanta in the oscillation above the 
"zero-point energy" %Ka>. The corresponding wave functions can 
be written 

«A» = «"</V (24-24) 

The wave functions in this form are not normalized, but this is 
irrelevant in the present context since we are not interested here 
in calculating absolute intensities of lines. Similarly the vibrational 
Hamiltonian (23.14) 



has eigenvalues 



and eigenfunctions 



where 



^vib = 2 i(V + «* V) 

-B(w^) = 2 ( n f> + i)1>*»f> 





0vlb(%) = n (a,,)"? O , 



(24.25) 
(24.26a) 

(24.26b) 



O = exp [- ^ J w Af\ ■ < 24 - 27 ) 



Let us first consider the case of only one fundamental frequency 
w. Suppose symmetry allows a term Aq N to be present in the 
expansion of fij or <x#. From (24.12) we have 



nN = 



B(a — a*) N = B[a N ± (a*) N + other terms], 



where B = (-i)^(hj2ai)i N , 

so that the transition matrix element (24.8) is 

<2| w |l> = ABJ</> ni *[a N + (~a*) N + other terms]0 ni dv, 

(24.28) 

where A is some constant. This expression can be evaluated with the 
help of the symmetry properties of the Hamiltonian. (24.23) is 
invariant under the group of transformations T^, 



T 4> a=a e<*. T+ a* = a* c"'*, 



(24.29) 



where <f> is any angle, so that the wave functions tfi n belong to 
definite representations of this group. Actually (24.29) is a rather 
unphysical transformation which cannot be applied easily to <fi . 
However, when we use the wave functions (24.24), ip Q always turns 
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up in matrix elements in the combination ^i *<l> which is invariant, f 
It is therefore irrelevant how >p itself transforms, and we arbitrarily 
suppose that O is invariant under T^. Hence from (24.24), <Ji n 
transforms according to 

X<»TO = exp(w^). (24.30) 

If we take only the first term in the square bracket of (24.28), we 
have that the matrix element transforms according to 

X(T ) = exp i(-m 2 + N + %)<£. 

From the result (13.8c) of the matrix element theorem of § 13, this 
part of the matrix element is non-zero only if x(^V) is tne identity 
representation, i.e. if 

u 2 _ Ul = N. (24.31a) 

Similarly the second term in (24.28) gives a contribution to the 
matrix element if 

w 2 _ nx = -N (24.31b) 

Physically therefore, (24.28) always allows transitions in which N 
quanta are absorbed or emitted. These i\T-quanta transitions are 
referred to as overtones of the fundamental line of frequency <o p . 
If N > 1, (24.28) contains other terms leading to further lines 
which we shall mention again below. For N = 1 we just obtain the 
selection rule (24.17). More generally, if 

q e % e q a a . . . with N = 6 +c + d + . . . (24.32) 

transforms in the same way as one of the [jlj or ay, then this term occurs 
with non-zero coefficient in the expansion of fij or ay, and all the 
N-quantum transitions 

-Z-j — 1 = ±bw p ± cw Y ± dco a ± . . . (24.33) 

have a non-zero intensity. Such transitions are called combination 
tones. The choice of ± signs throughout (24.33) derives from the 
fact that (24.32) always contains equal powers of a^ and a^*, etc., 
like in (24.28). This has the consequence that a summation tone 
(Ojs + coy and the difference tone a> 3 — w Y are either both present 
or both absent from a spectrum. It also means that in a Raman 
spectrum the lines are symmetrically placed about the exciting 

t This follows from the fact that tfi is non-degenerate and therefore trans- 
forms according to a one-dimensional representation, x{T) = exp (ia) say. For a 
one-dimensional representation we have x*(T) x(T) = xi^' 1 ) x( T ) = x( E ) ~ *• 
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frequency w, the absorption and emission of a given energy differ- 
ence \E 1 — E 2 \ being either both possible or both forbidden processes. 
We now mention two complications. Firstly the expansion (24.28) 
contains other terms besides a N and (a*) N , for instance the term 
a N-i a * which by the same argument is seen to give an (N — 2)- 
quantum transition. If the corresponding frequency a>p is non- 
degenerate, it can easily be shownf that this (N — 2)-quantum 
transition would already have been found in analysing the term 
qf _i . In the case of degenerate frequencies however, it is possible 
to obtain new lines this way. The second complication arises only 
with doubly or triply degenerate frequencies. Consider the term 
q^q Y . From (28.33) this gives the transitions 

E 2 — E x = (20)0 + a> Y )h, (2w e — co Y )h, 

(— 2a>0 + <o Y )fr, (— 2o>0 — ai Y )h, 

in general all obviously 3-quantum transitions. However, if cop = w Y , 
these transitions become 

E% — E 1 = 3%a>£, hwp, — 1ia>p, — 3hwp, 

and the middle two appear to be one-quantum transition. How- 
ever, they have only the intensity of a 3-quantum process (see 
below), if the genuine fundamental line is not allowed. 

Relative intensities 

We shall now calculate the order of magnitude of the relative 
intensity of an iV-quantum transition (28.33). The usual Hamil- 
tonian for a simple harmonic oscillator is 

and comparison with (23.14) shows that our q^ are more or less 

q e — m 1/2 X (displacement of atoms) 

where m is the mass of the vibrating atoms. Thus the matrix 
elements of the term (28.32) are of order 

( m l/23)tf 

t If qp transforms according to a real one-dimensional representation, then 
9(3* transforms according to the identity representation. Thus q$& and q^~ 2 
transform in the same way, and are either both present or both absent from 
the expansions (24.14) and (24.19). 
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where 8 is the distance through which the atoms vibrate. Also 



<w w 



dqf dq Y o dq a < 



P fin A 



\h 



(m^R)* 



where R is the internuclear distance. Thus the intensity of the lines 
is proportional to 

2 / 8 \ 2JV 

|2| 



<2| W |1> 



IWl 



■©' 



We can estimate S as follows. Classically, when the atoms are at the 
end of their swing, all the energy is in the form of potential energy 
and 

E = (n + \)%u> = %ma>*8 2 . 

Taking typical values n = 5, Hut = 200 cm -1 , m = 15 proton 
masses, R = 10 _8 cm, we find 8[R ?w 0-1, so that successive sets of 
2V-quantum transitions differ in intensity by a factor of about 
(S/i?) 2 «s 1/100. We shall see below that the presence of anhar- 
monicity increases the intensities of some lines rather, but it never- 
theless remains true that transitions with high values of N become 
increasingly weaker. For example, in the observed spectrum of 
C0 2 as listed by Herzberg (1945, p. 274), the line with highest N 
is a 7-quantum transition. 

All these intensities have to be multiplied, of course, by the fraction 
f t of molecules actually in the state ^ V it>,i initially, and hence able 
to make the particular transition. If the sample is in equilibrium 
at an absolute temperature T, then 

/i = (const) expi—EJkT). (24.34) 

Molecular vibrations have an energy of about 2000 cm -1 , whereas 
at room temperature hT = 200 cm -1 . Thus transitions from 
excited states will tend to be very weak. This is seen very clearly 
in the Raman effect, where the lines on the high frequency side of 
the incident radiation (anti-Stokes lines) are much weaker than 
those on the low frequency side (Stokes lines), the intensity ratio 
of corresponding lines being 

Anharmonicity 

We shall now examine one of the simplifying assumptions that 
has been made throughout § 23 and the present section so far. In 
§ 23, we started with an arbitrary potential V(RJ) governing the 
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nuclear motions, and expanded this about the equilibrium con- 
figuration as a power series (23.6) in the Q$. Assuming that the 
amplitude 8 of a nuclear vibration is very small compared with the 
internuclear distance B, we retain in Jtf'vib (23.9) only the quadratic 
terms, and this then led to the simple harmonic oscillators Hamil- 
tonian (23.13) or (24.25). However, the assumption is not strictly 
valid because we showed above that 8/R fa 0-1. The true situation 
is that the vibrations are sufficiently small for (24.25) to be a very 
good first approximation to the Hamiltonian, but that the real 
Hamiltonian contains anharmonic perturbing terms such as 

Me 3 + SMpV+W + • • • . (24.35) 

which have small but observable effects. These effects are of two 
kinds, (i) an increase in the intensity of some lines, and (ii) a splitting 
of some degenerate levels and lines. 

As regards intensities, the presence of perturbing anharmonic 
terms in the Hamiltonian means that the eigenstates will not have 
the simple harmonic oscillator form (24.26), and those arguments 
which depend on this specific form have to be re-examined. For 
instance the selection rule (24.17) no longer holds, and the term 
q & in the expansions of ^ (24.14) and ay (24.19) can give rise to 
various lines in addition to the fundamental frequency w $ . These 
other lines will have an intensity proportional to the amount of 
anharmonicity in the potential. This can be seen explicitly by 
considering the g^ 3 term in (24.35). We restrict ourselves to the 
case of a single frequency a> and drop the suffix /?. From ordinary 
perturbation theory and the selection rules (24.31) for the matrix 
elements (2\gq s \l} of the perturbation, we have that the perturbation 
mixes wave functions tji n with A n = ±3 (Schiff 1949, p. 151). 
The perturbed wave functions are 

^pert(w) = c„i/i„ + Cn+s^n+3 + other terms 
^pert(w + 4) = dn+iipn+i + d n+1 tfi n +i + other terms, 

where c n fa d n+i fa 1, c n+3 fa d n+1 fa g, and where the wave 
functions on the right-hand side are the unperturbed ones (24.24). 
If the expansion of m contains the term Aq, then we have 

J ^pert( M + 4)wiApert(») dv 

fa Ac n+s d n+i J </£+4#»+s dv + Ac n d n+1 J </r* +1 #„ dv oc g, 

so that the linear term Aq in the expansion of m leads to a 4-quantum 
transition with intensity proportional to g 2 (SjR) 2 . In this kind of 
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way the allowed .Af-quantum transitions with high N usually have 
their intensities increased considerably above that expected from the 
unperturbed simple harmonic oscillator calculation. 

Some of the energy levels (24.26a) of the simple harmonic oscillator 
Hamiltonian are highly degenerate, and the anharmonic perturba- 
tion (24.35) produces a splitting in it. Consider a pair of degenerate 
frequencies cop = co Y = w say. The energy 

E(n) = (n $ + fthcop + (n Y + $)fra> v = (n $ +n y + l)hw 

(24.36a) 

depends only on the total number of quanta n = n fi + n y . The 
level is therefore (n + l)-fold degenerate,! corresponding to the pairs 
of values of n ? and n Y , 

n p = n, n — 1, n — 2, . . . , 1, 0; 

n v = 0, 1, 2, . . . , n — 1, n. (24.36b) 

For the point-groups, the irreducible representations are at most 
3-dimensional, so that for n greater than 2 or 3, the wave functions 
of the level must form the basis of a reducible representation. This 
will be split by the perturbation (24.35) into irreducible components 
in accordance with the general theory of § 6. The splittings are 
usually up to about 50 cm -1 . For example in ozone the n = 2 
level of the degenerate frequencies <o 2 = w 3 (24.16) is three-fold 
degenerate in the simple harmonic oscillator approximation, the 
wave functions being 

o 2 Vo» «2«3!Ao» «sVo- (24.37) 

These transform according to the representation A\ + E' of the 
symmetry group 6m2 (see below), and the anharmonic perturbation 
therefore splits the level into a non-degenerate one (A\) and a 
doubly degenerate one (E'). The spectral lines are split corre- 
spondingly. 

Symmetry of the wave functions 

In order to study the splittings of the energy levels by anhar- 
monicity in detail, it is necessary to know the transformation 
properties of the wave functions (24.26b). From (24.27), ifi remains 
invariant under the symmetry group of the molecule just like the 

t Although this degeneracy is obvious by inspection, it is an interesting 
exercise to derive it group theoretically. (See problems 24.9 and 24.10.) 
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potential energy \ 2 ^/s 2 ^ 2 does. We also havej Pp = 4p (23.12), 
so that j)p transforms in the same way as q e , and hence so do a 3 
and ap* (24.22). If we write the representation of q e and a p as D'^', 
we have that the state <i>{n e ) (24.26b) with energy 2 ( n e + \)h<»& 
transforms according to the product representation 

D = D(n p ) X D(n Y ) X . . . , (24.38) 

where D(%) = D (0) X -D" 3 ' X D (( " x ... to % factors. 

For a real one-dimensional representation, we have that D ie) 
X -D (p) is the identity representation,:!: so that if a>p is a non- 
degenerate frequency 

D(n,p) = DM i£ rip = odd, 

= identity representation if n^ = even. 

The reduction of D(n^) is rather more complicated for degenerate 
frequencies, co^ — w Y = u> say, D (W = D M . The degenerate states 
(24.36) now transform according to 

D(ri) = Z><"> x D^ X D ll » x . . . to n = n $ + n Y factors. 

(symmetrical product) (24.39) 

Here the words "symmetrical product" denote that this representa- 
tion is not quite the same as what is usually meant by a product 
representation. We first illustrate this by taking the case n = 2 
as an example. Suppose that we have four quantities Op, a Y and 
6/s, f> Y , each pair transforming according to the two-dimensional 
representation D^K There are in general 2x2=4 second degree 
products between them, 

apbp, a^> Y , ciybp, a Y b y , 

the important point being that these reduce to only three independent 
ones when we put a^ = bp, a Y = b Y because then a^b Y and a Y bp 
become identical. Specializing to the case of the degenerate fre- 
quency (24.16) of ozone, we have the four linear combinations 

Wa + «A); («A — a 3&3> a 2&3 + a A); (aj>a — «3&2); 

(24.40a) 

t This result is directly connected with the form (23.14) of the Hamiltonian, 
and thus assumes implioitly that the qp are all real. It is therefore essential 
in this connection to regard a pair of one-dimensional complex oonjugate 
representations as a single real two-dimensional one. 

J There are three simple ways of seeing this: from the footnote below 
equation; 24.29), from problem 23.3, and from (14.13) or problem 13.13. 
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transforming according to 

W X E' = A\ + E' + A\. (24.40b) 

This is the reduction of the ordinary product representation E' x E ' 
However, to obtain our wave functions (24.37) we want to put 
a 2 = 6 2 , o s = b 3 , in which case the last term in (24.40a) becomes 
identically zero and the representation A" 2 drops out of (24.40b). 
We have what is called the symmetrical product 

E' X E' (sym) = A\ + E'. (24.40c) 

More generally if a set of base vectors fa transform according to 
D, the products <f>i<j>) are said to transform according to the sym- 
metrical product D X D (sym). This is equal to the ordinary 
product D X D with some of the irreducible components dropped 
out, because fafa and fafc are not independent quantities (see 
problem 9.4). The same applies to repeated products D x D X D 
X . . . (sym). Clearly in the case of degenerate frequencies it is the 
symmetrical product (24.39) that we have to use in (24.38) to obtain 
the total representation. 

From (14.3) the characters of the ordinary n th product are 
tx(^ r ')]"> where the x{T) are the characters of D {e \ but from what 
has been said above this cannot be applied to the symmetric product 
D(n) and we have to develop a new formula for the characters of 
D(n) which we denote by x lnl (T)- For a doubly-degenerate frequency, 
the matrix Dij m (T) can always be reduced by an equivalence 
transformation (5.15) to the diagonal form 



[ 6 ;]• 



Then x(^) = ° + c - I* 6 * a 3 an( l a y be the base vectors corresponding 
to this form of Dij { ^(T). With these base vectors the other matrices 
of the representation will not be diagonal, but it is sufficient that a 
pair of such base vectors exists for each transformation T. We have 



Tap = ba e , 


Ta Y — ca v , 


T»a $ = b»a p . 


T«a y = c n a y , 


r(V»-»a/) = 


= 6»- r c' , (a /3 »-'a/). 



The base vectors of the representation D(n) are the eigenfunctions 
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of the degenerate energy level (24.36). The characters of D(n) 
are therefore 

X in) (T) = b n + b*-^ + b n ~ 2 c 2 + . . . c n 

= WP + c)^"- 1 + 6"- 2 c + . . . + c"- 1 ) + (b» + c»)] 

= MxW"- 1 '^) + x(T n )l (24-42) 

This recurrence relation serves to determine the characters x {n) (T) 
of the symmetrical product representation D(n). The total repre- 
sentation D (24.38) can then be built up. For the sake of com- 
pleteness we quote an alternative formula for x in) (T) (Wilson et 
al. 1955, p. 355): 

if X (T) = and X (T 2 ) = 2, then 

x {n) (T) = for n odd, 
= 1 for n even; 

-fcc + Dfc (24-43) 



otherwise v ln '(T) = : — 2 

sin Up 




where cos 6t = fai(T); 




in the limiting cases of Ot = or it, 




x m)(T) = n + 1 for T = 0, 




= (-1)»+ 1 (» + 1) for e T = 


= 77 



Analogous formulae exist for three-fold degenerate frequencies 
(problems 24.5 and 24.6). 

Summary 

The intensities of the lines in the infra-red absorption spectrum 
and the Raman spectrum are largely determined by the matrix 
elements 

j<Avit>,2/^vii>,i d *' and J ^vib,2 <Hi ^vib,i dv (24.44) 

of the dipole moment w and the polarizability tensor a# of the mole- 
cule. The ft] and ay are expanded as power series (24.14) and (24.19), 
only certain terms being allowed in the expansions on account of 
symmetry. The allowed terms give one immediately the correspond- 
ing fundamental frequencies, overtones and combination tones 
(24.33) which will be present in the spectra. One also obtains a 
rough lower limit estimate of the intensity. Such an analysis is 
very quick and helpful in arriving at a first tentative interpretation 
of a newly observed spectrum. If, however, one tries to derive the 
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complete and detailed form of the spectrum in this way, one runs 
into the following difficulties: (i) the "other terms" in (24.28) give 
rise to lines in addition to those we have considered; (ii) with 
degenerate frequencies some of the ^-quanta transitions degenerate 
into ones of apparent lower order; (iii) the anharmonicity of the 
potential splits the lines quite appreciably and upsets the calculation 
of the expected intensities. 

Having made a preliminary identification of the spectrum, it is 
therefore better to draw up a complete table of the allowed energy 
levels with their associated irreducible representations, taking 
into account the splittings of the levels due to anharmonicity. 
One can then determine systematically all the allowed transitions 
between these levels from the rigorous selection rules (24.9) and 
(24.13), which are derived directly from (24.44). This is not too 
arduous a task because the temperature dependent factor (24.34) 
in the intensity usually allows one to restrict one's attention to just 
the few lowest lying states for the initial state ^vib,i- It should be 
emphasized that this procedure is rigorously exact. Each energy 
level has a definite irreducible representation of the symmetry 
group of the molecule associated with it. Although these repre- 
sentations are calculated with the help of the simple harmonic 
oscillator wave functions, they remain unaffected by the anharmonic 
part of the potential which only affects their energies and thus 
produces splittings (see § 6). On the other hand the transformation 
T$ (24.29) is a purely mathematical device, unrelated to the sym- 
metry of the molecule, and applies only to the simple harmonic 
oscillator Hamiltonian. Thus the simple harmonic oscillator selec- 
tion rules and degeneracies derived from T$ do not apply rigorously 
any more when the anharmonic part (24.35) of the potential is taken 
into account. 

References 

Wilson, Decius and Cross (1955) discuss the theory of vibrational 
spectra in detail, and Herzberg (1945) tabulates and interprets the 
actual spectra of a large number of molecules. 

Epilogue 

In the last two sections and earlier in this book, we have often 
used the ozone molecule for illustrative purpose, assuming that the 
oxygen atoms form an equilateral triangle. An analysis such as 
described above then predicts a vibrational spectrum which is 
different from the observed one, so that the assumption cannot 
be correct (Herzberg 1945, p. 286). Electron diffraction studies and 



STRUCTUEE AND VIBRATIONS OF MOLECULES 263 

an analysis of the binding energy of the molecule also support this 
conclusion. The correct configuration appears to be an obtuse- 
angled isosceles triangle. 

Problems 

24.1 What strong two- quanta transitions do you expect to find 
in the infra-red and Raman spectra of some of the molecules of 
problems 23.1 and 23.2? 

24.2 A certain molecule with point-group symmetry oom has 
three low lying vibrational energy levels, the associated irreducible 
representations being A x , E t and E 2 . What infra-red and Raman 
transitions are allowed between these levels, and between them 
and the ground state? 

24.3 The methane molecule has a triply degenerate frequency 
corresponding to the normal co-ordinates q it q 2 , q 3 which transform 
according to the representation T 2 of the point-group 33m. Deter- 
mine the degeneracy of the n = 2 level and how it is split by the 
anharmonic part of the potential. What infra-red and Raman 
transitions are allowed between these states and the ground state 
of the molecule? 

24.4 The vibrational frequencies of the carbon dioxide molecule 
are about 1350 cm- 1 (A^), 667 cm- 1 (E 1U ) and 2349 cm- 1 (A^) 
(see equation (23.24)). Taking the ground state as the zero of 
energy, make a list of the approximate energies of the first few 
excited states. List also all the transitions E 2 — E t that are allowed 
in the infra-red and Raman spectra with E 2 < 10,000 cm -1 and E x 
<1000 cm -1 , and are less than 4-quanta transitions. Check this 
against the list of observed frequencies (Herzberg 1945, p. 274). 

24.5 Derive for the three-fold degenerate case the expression 
analogous to (24.42): 

X <»»(T) = &2 X (T) X <»-"(T) + 

+ 4{X(^ 2 ) - b((Tmx ln - 2) (T) + X(T»)). 

24.6* Derive (24.43) and the analogous result for the three- 
fold degenerate case (Wilson et al. 1955, p. 352). 

24.7 D is a real representation of some group. Show that the 
symmetrical product D x D (sym) contains the identity representa- 
tion once. 

24.8 Show using the method of § 9, that 

D<» x 2>tf> (sym) = 2 # < ■ 7, 
with J = 2j, 2j - 2, 2j - 4, . . . , 2, 0, 

18 
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where D {}) is a representation of the full rotation group, and _;' is an 
integer. What is the corresponding result when j is half an odd 
integer? 

24.9 The Hamiltonian J(f for a doubly-degenerate simple 
harmonic oscillator is invariant under (24.29) and under a p -*-a^ 
cos 6 — a v sin 6, a v -*■ a fi sin 9 + a v cos 6. Hence show that the 
symmetry group of Jf is isomorphic with the full rotation group 
(§ 8), and derive the degeneracy of the higher energy levels. Com- 
pare with problem 24.10 and with the method of Wilson et al. 
(1955, p. 352). 

24.10 Deduce from the symmetry of the Hamiltonian that 
the energy levels of a two-dimensional isotropic harmonic oscillator 
are (« + l)-fold degenerate, where n may be any positive integer 
or zero (Baker 1956). Use the fact that the Hamiltonian in the form 
%«>(«!*% + a 2 *a 2 + 1) is invariant under the group of two- 
dimensional unitary matrices operating on a v a 2 , and this group 
is almost isomorphic with the full rotation group (problems 8.13, 
8.15 and 8.17). 

24.11* Extend the results of the previous problem to an n- 
dimensional isotropic harmonic oscillator (Baker 1956). Can this 
approach be used to calculate the splitting of the levels by anhar- 
monic terms in the potential? 

24.12* Baman scattering intensity. Give a quantum mechanical 
derivation of the scattered Raman intensity formula (24.10). 

Notes: the author has been unable to find an elementary modern 
derivation of this, but had no difficulty in obtaining one along the 
following lines. Consider the whole system of electrons and nuclei 
and electromagnetic radiation interacting with one another. The 
transition probability to a new state in which one photon <o t is 
absorbed and a> 2 is emitted is given by second order perturbation 
theory (equation (29.20) of Schiff 1955). It is necessary to consider 
two types of intermediate state, one in which eo 2 is emitted after 
co x is absorbed and one in which at t is emitted first. The one-photon 
matrix elements are given by equations (50.9) and (50-13) of Schiff 
1955. To reduce the resultant expression to the desired form, it 
is necessary to use some identities of Dirac (1927) and Schiff (1955, 
equation (35.20)). The assumptions that the ground state is elec- 
tronically non-degenerate and that the vibrational quantum is 
small, plus the use of time-reversal symmetry, allow one to cast the 
result into the form of (24.10) (Placzek 1934). To obtain the con- 
nection with the polarizability <x 21 , it is necessary to obtain a 21 by 
calculating the dipole moment induced by a time-dependent electric 
field £ cos tojt. 



Chapter VI 

SOLID STATE PHYSICS 

25. Brillouin Zone Theory of Simple Structures 
The translation group and the Brillouin zone 

In this and the next section we shall develop the irreducible 
representations of the symmetry groups of crystalline solids, with 
applications to the motion of an electron in a perfect crystal. Such 
a group is called a space group <S and includes both translational and 
rotational symmetries. The distinguishing feature of a crystal is, of 
course, that it consists of a regular periodic array of identical cells. 
Thus fundamental to any space group is the translational group C 
consisting of all translations t» of the form 



t„ = n&i + « 2 a 2 + » 3 a 3 . 



(25.1) 



Here a 1; a 2 , and a 3 are three primitive translation vectors (not coplanar) 
along the crystal axes, and %, w 2 , n 3 are any set of integers. For 
instance the face centred cubic lattice (Fig. 27) is obtained by taking 

»i = &% + U), a 2 = \a(i z + i^), a 3 = \a(i x + ij,), 

(25.2) 
where a is the cube length and i x , i y , i z unit vectors along the edges. 





(a) (b) 

Fig. 27. (a) Primitive translation vectors and primitive unit cell 

of the face centred cubic structure, (b) Primitive translation vectors 

of the body centred cubic structure. The primitive cell is obtained 

by completing the rhombohedron. 
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Now a finite crystal is not really invariant under any of the t» 
(25.1). Whereas t TO leaves the middle of the crystal invariant where 
the structure is really periodic, it displaces all the sides of the 
crystal to new positions. To make use of the translational symmetry 
therefore, we have to modify our problem so that it has £ as an 
exact symmetry group. We do this by one of two artifacts. Take 
as a sample a crystal of size N^ by N 2 sl 2 by N a a 3 where N t , N 2 , 
N 3 are large numbers. We either consider an infinite number of 
identical such samples stacked together or we imagine opposite 
faces of the crystal to be made mathematically to join up in the 
same sense as we can join up the two ends of a straight line by 
bending it into a circle. In either case we regard the three translations 
N^, N z a 2 , N 3 a s as affecting no change at all and we put them 
equal to the identity element, i.e. to zero translation 

tjv x oo = toj\r 2 o = toozv, = tooo- (25.3) 

Expressed in terms of the wave function i/i, this procedure gives the 
usual periodic boundary conditions 



flr) = flr + 2VW = ftr + tf 2 a 2 ) = #r + N 3 a 3 ). 



(25.4) 



The artifact does not, clearly, correspond to anything physical and 
occasionally it has to be used with care, e.g. in discussing any 
surface effects. 

The translations (25.1) with the restriction (25.3) now form a 
finite group of N 1 N a N a elements. The group is Abelian, so that 
all the irreducible representations are one-dimensional (appendix 
E) and can be written down by the method of § 7. They are labelled 
by a wave vector k such thatf 



t„ is represented by exp(ik • t n ), 
or t„0 k (r) = ^ k (r + t„) = exp(ik • t„)^ k (r), 



(25.5a) 
(25.5b) 



where ^ k (r) transforms according to the irreducible representation 
k. A function which has the property (25.5b) is called a Block 
function, and (25.5b) is taken to define its k vector. 

From (14.14), the group tE has only N i N 2 N i distinct representations, 
and we obtain these by putting two types of restriction on k. The 

t No confusion should arise from using t„ both as a translation operator as 
in t„0k(r) and as an ordinary vector in exp(ik-t n ). 
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first is obtained by noting that there exists in k-space a whole 
lattice of vectors 



K m = w^Ki + m 2 K 2 + m 3 K s , 



(25.6) 



called the reciprocal lattice, each satisfying the condition 

exp(*K-t„) = 1 for all t„. (25.7) 

This is easily shown along the lines of problem 25.2. It follows 
that k is not uniquely defined by the property (25.5), since k and 
k + K m give identical representations 



exp *k • t„ = exp i (k + Km) • t„ for all t„. 



(25.8) 



To label the representations uniquely, it is therefore necessary to 
restrict k to some region which is a unit cell of the reciprocal lattice. 
The particular unit cell which has been adopted by convention is 
obtained by bisecting the lines joining K = to the nearest reciprocal 
lattice points. It is called the Brillouin zone and from now on we 
shall assume without further mention that the k's which we use 






. K o, 



. K oo =0 



k* 



. K n 




Fio. 28. Beciprooal lattice of the square lattice. The dots are the 
reciprocal lattice points K m . A B C D is the conventional Brillouin 
zone, but any other unit cell of the reciprocal lattice such as E F G H 
could in principle be used instead. All the points marked x denote 
the same irreducible representation in the sense of (25.8) as the point 
k inside the Brillouin zone. 



268 



GROUP THEORY IN QUANTUM MECHANICS 



to denote representations always lie in the Brillouin zone. With this 
convention k is often called the reduced wave vector and the 
Brillouin zone the reduced zone. Fig. 28 illustrates the situation 
for the two-dimensional square lattice, which we shall use for 




(a) 




(b) 

Fig. 29. Brillouin zonea of (a) face centred cubic structure, and 
(b) body centred cubic struoture, with special points shown. 

illustrative purposes throughout this section although all our 
arguments apply equally to one, two and three dimensions. Fig. 
29 shows the Brillouin zones of the body centred and face centred 
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structures. The second restriction on k comes from applying 
(25.3) or (25.4), and we obtain 



• ILK mI*.v -l r * v 



(25.9) 



where r ls r 2 , r a are integers. This gives correctly the total number of 
N t N 2 N 3 difFerent irreducible representations in the Brillouin zone 
see problem 25.4). 
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(a) 

Fig. 30. Brillouin zone of the square lattice, showing some points 
related by reciprocal lattice vectors. 

In this scheme, there is still some ambiguity about k's on the 
surface of the zone. Since the Brillouin zone is a unit cell of the 
reciprocal lattice, opposite faces are always separated by a reciprocal 
lattice vector. For example in Fig. 30 

k F = k G + K lt 

so that kp and kc denote the same representation and we shall use 
either one of them indiscriminately. Likewise there is one re- 
presentation which can be referred to by either k^, kg, kc or kx> 
(Fig. 30). 

Other symmetry elements 

As well as the translation group (E, a space group <S in general 
contains purely rotational symmetry elements R and combined 
rotational-translational elements {JB|t}. Among the latter, t is 
not necessarily restricted to the lattice translations (25.1): if the 
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crystal symmetry involves screw axes or glide planes, then t may 
be a fractional lattice translation (§ 26). In any case a translation 
t does not alter the k vector of a function,! 

Wk(r + t) = fc(r + t + t„) = exp(ik • t n )^(r + t). 

However, the rotation R transforms a function ^(r) with wave vector 
k into a new function >/>k'(r) with wave vector k', where k' is derived 
from k by the rotation R applied in k-space. This result which is 
intuitively obvious, follows from the fact that in (25.5) the scalar 
product k • t„ remains invariant if we apply the same rotation of 
axes in both k-space and real space. 

The question now arises, is the concept of a k vector any use in 
sorting out the irreducible representations of <&, in view of all the 
rotational symmetry elements? Consider some vector space H 
transforming according to an irreducible representation of (8. 
Since <S contains the translation group C as a subgroup, H is 
invariant under (£ and we can reduce it with respect to (E to give a 
set of base vectors! ^(k x ; r), ^(k 2 ; r), . . . with definite k vectors. 
Thus 



in setting up the irreducible representations of any space 
group (8, we can restrict ourselves to base vectors which 
are Block functions, 



(25.10) 

i.e. functions each of which has the property (25.5b) with some 
definite k vector. 

Consider now the energy of an electron moving in a crystal. 
The Hamiltonian is 

-(k*l2m)V 2 + V(r) (25.11) 

where the crystal potential V(r) has the symmetry of the crystal. 
From the result (25.10) we may use the Bloch functions ^n(r) as 
our basic energy eigenstates, the energy E being given by some func- 
tion E(k) varying continuously with k through the Brillouin zone. 
.E(k) is normally a multivalued function of k, the branches being 
numbered one, two, three, ... in order of increasing energy, starting 
arbitrarily with the lowest one of interest, e.g. in metallic sodium 

t Note that in general 0k(r + t) = exp(ik -t)</n(r) is only true if t is a lattice 
translation t n . 

% To avoid multiple suffices, we shall on ocoasions write 0k(r) as ^(k; r), 
or by way of abbreviation as 0(k). 
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with the one relating to the valence electron. Because of the discrete 
nature of the allowed k vectors (25.9), a branch of E(k) really 
represents a band of closely spaced energy levels, and the form of 
E(k) throughout all bands is called the band structure of the crystal 
as illustrated in Fig. 31. f 



£"»)] 




*-*, 



Fio. 31. A typical band structure E(k) with several bands, plotted 
along the k x axis. 



Let ^(k^ r) be an energy eigenstate with k x at a general point 
in the Brillouin zone (Fig. 32a). Then the various rotations will 

generate from this other functions ^(k 2 ; r), ^(k 3 ; r) and from 

the fundamental theory of § 6 we have that these are also energy 
eigenfunctions with 



E<&) = EQtJ = E(k,) = . 



(25.12) 



Thus E(k) has the full point-group symmetry of the crystal, and this 
conclusion is independent of whether the axes are pure rotation 
axes or screw axes. This theorem allows us to investigate the form 
of E(1s) near the surface of the Brillouin zone. Let us consider one 
such band, which we shall assume has no degeneracy with any 
other band. In Fig. 32a, we have £(kj — .E(k 4 ) by rotational 

f The branohes of J7(k) are sometimes referred to as the "first zone", 
"second zone", etc., because of the way they can be remapped in the extended 
zone scheme (problem 25.11). For our purposes the region of k-space, namely 
the Brillouin zone, is the same for all of them: it is just that there are different 
states with different energies having the same irreducible representation k. 
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symmetry. Now k' 4 and k" 4 are removed from k 4 by reciprocal 
lattice vectors K x and — K 2 , and they may be used instead of k 4 
to designate the states. In fact the choice of the Brillouin zone as 
our fundamental cell in k-space was rather arbitrary, and we could 



•k' 
"4 



—k. 



kg* 



(a) 




Fig. 32. Symmetry of the band structure, (a) Brillouin zone of the 

square lattice with points related by rotational symmetry, (b) iJ(k) 

plotted along the line k t k x k' 4 of Fig. 32a, with a maximum at the 

zone boundary h x = ±w/a. 



equally well have chosen a cell displaced sideways somewhat to 
include k' 4 and to exclude k 4 . Thus we can conveniently extend 
2J(k) as a continuous periodic function in the whole of k-space with 

fl(k t ) = E(k\) = E(k\) = ... etc. 

as shown in Fig. 32b. By choosing k x near enough to the Brillouin 
zone boundary, we see from the relation E^) = ^(k' 4 ) that E(k) 
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has a minimum or maximum as it crosses the zone surface. I.e. 
in the case of the square lattice, the normal component of grad^E 
is zero on the zone boundary. 

General representations of a space group <S 

At this stage we shall restrict ourselves to space groups involving 
ordinary rotations but without screw axes and glide planes, and 
return to the general case in the next section. In symbols, all the 
symmetry elements have the form {.R|t w }. We have already 
shown (25.10) that in setting up the irreducible representations of (5 
we can choose as our base vectors Bloch functions ^ k (r). These 
are all invariant under t„ (apart from the factor exp ik • t„) so 
that we need only consider the effect of the rotations R which by 
themselves form a point-group p. 

Let ^(k^ be a base vector of some irreducible representation of 
(8, where k 2 is at some general point in the Brillouin zone (Fig. 
32a). We shall construct from this the rest of the representation. 
By operating on ^(kj with all the rotations R t of p (where i? x is 
the identity element E), we generate other functions ^(kj). These 
k* are all different for, by assumption, k x is at a general point in the 
zone without any rotational symmetry properties. They form a 
set of vectors having the symmetry of the whole point-group like 
the stereograms of Fig. 9 or the set k x to k 8 in Fig. 32a. The first 
thing to prove is that these ^(k*)'s really form a representation. 
Let R] rotate the vector k* into kj. Then R) can be written 

Rj = RiRf -1 , 
and hence 

Bfrikt) = BiBchftkt) = -RjflkJ = 0(k|). (25.13) 

Thus each Rj transforms any i/i(k t ) into some other <p(ki), so that the 
functions 

0(ki). Wk,), • ■ • <A(k«) (25.14) 

definitely give a representation of <g. Moreover the representation 
is irreducible. For since each kj occurs only once in the set (25.14), 
any way we might try to reduce the representation would involve 
taking linear combinations of functions with different k's. This 
we have already proved in (25.10) that we need never do, and we 
conclude the representation cannot be reduced. 

Special points in the zone 

The above argument fails for special points in the Brillouin zone 
because two or more of the k { become identical. The k* may become 
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identical either (i) by virtue of lying on a rotation axis or mirror 
plane, or (ii) by being separated by a reciprocal lattice vector from 
one another (see Fig. 30), or (iii) by (i) and (ii) combined. The six 
kinds of special point for the square lattice are shown in Fig. 33a, 
r, A and 2 belonging to type (i), Z belonging to type (ii), and X 
and M to type (iii). 




*-A y 



a 



-*-k* 



(a) (b) 

Fig. 33. Brillouin zone of the square lattice, showing special points, 
(a) The six types of special point, (b) The star of A. 

We first consider A as a representative of the class (i) type of point. 
The point-group symmetry p for the square lattice isf 4mm (see 
§ 16). Let ^(k x ) be a Bloch function with k x at A (Fig. 33b), belong- 
ing to some irreducible representation of (8. The elements of p can 
be divided into two classes which leave k x unaltered or change the 
k of the function respectively, as follows: 

class I, k x unaltered :—E, m y ; 

class II, k changed: — 4 Z , 2 Z , 4 Z 3 , m x , ma, ma'. 

The transformations of class II produce functions with k = k 2 , 
k 3 , k 4 , and these together with k t make up what is called the star 
of A as shown in Fig. 33b. Now the rotations of class I satisfy 
each of the group properties of § 4 because they all leave k t invariant. 
This can be verified in detail. Alternatively it follows from the gen- 
eral result of § 4 that symmetry properties always form groups. This 

t In two dimensions, 4mm is the same as 422. It should be noted in what 
follows that m x denotes reflection in a line (or plane) perpendicular to the 
x-axis. Suffixes d and d' denote the diagonals of the square. Rotations of 
90°, 180°, 270° about the z-axis are denoted by i z , 2j, 4 2 8 . 
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small point-group which leaves k x invariant is called the group of 
k x or the group of A, and is denoted by K. In the present case it is 
the point-group m with two representations, the symmetric and the 
antisymmetric one which we shall call A x and A s . 

We can now take one of these irreducible representations A x 
or A 2 of K, and build it up into an irreducible representation of <S. 
We first choose a ^(k^ that is symmetric or antisymmetric under 
m y (A t or A 2 ). Then using the elements of class II (not leaving k t 
invariant), we generate functions with k = k 2 , kg and k 4 . Since 
ma = 4: Z m y and since m y is an element of K, the two operations 
ma and 4 Z produce the same function: likewise m x and 2 Z do, and 
also m a and 4 Z S . Thus we obtain four functions ^(kj to ^(k 4 ), 
and in the same way as for the general representation (25.14), it 
follows that they always transform into one another and give an 
irreducible representation of <S. Moreover the representation is 
completely specified by the representation A 1 or A 2 of K that we 
started with. This procedure is quite general for obtaining an 
irreducible representation of the whole space group (8 from an 
irreducible representation of K. The matrices look like 



D 



D' 



D" 



D" 



where D, D', D", etc., are matrices of the irreducible representation 
of K. However, for most practical purposes it is sufficient to discuss 
the irreducible representations of K plus the overall full symmetry 
of .E(k) without ever writing out the full representation. 

In the same way we obtain the irreducible representations of (S 
associated with the point r, k = (Fig. 33a). In this case the star 
of r consists of the single point k = 0. K, the group of J", is the 
point-group 4mm, whose irreducible representations can be looked 
up in appendix K. They are shown in Table 24 numbered arbitrarily 
7\ to r s as is the fashion in solid state physics, and these symbols 
are also used for the corresponding representations of (8. The 
situation for special points on the zone boundary (types (ii) and (iii) 
above) is exactly the same. One only has to remember that corre- 
sponding points on opposite sides of the zone have to be regarded 
as the same k vector. For example the group of X (Fig. 33a) includes 
the transformations 2 Z and m x , even though these turn the point 
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(nja, 0) into {—nja, 0). Thus the group of X is the point-group 
mm with the irreducible representations shown in Table 24. Simi- 
larly with M , all the zone corners correspond to the same k vector 
which may be taken as any one of the four vectors (± 7r / a ' i 77 /®)- 
The group of M is 4mm, the same as that of JH, so that the irreducible 
representations for the two points are shown together on the same 
table (Table 24). Those of 2 and Z are likewise shown together 
with those of A. 

Table 24 
Irreducible Representations at Special Points 



r,M 


E 


2z 


■4„4,» 


jn y , m x 


ma, ma-, 


r l ,M l 


1 


1 


1 


1 


1 


r t ,M t 


1 


1 


1 


-1 


-1 


r 3 ,M 3 


1 


1 


-1 


1 


-1 


r»M t 


1 


1 


-1 


-1 


1 


r„M t 


2 


-2 












X 


E 


2* 


m x 


my 


*i 


1 


1 


1 


1 


*i 


1 


1 


-1 


-1 


x 3 


1 


-1 


1 


-1 


*4 


1 


-1 


-1 


1 



A 


E 


m y 


2 


E 


ma 


Z 


E 


m x 


*i, A. Zi 


1 


1 


A v 27 2 , Z 2 


1 


-1 



Energy level splittings in a crystal 

Our precise specification of the irreducible representations of <8 
allow us to make applications to the splittings of energy levels and 
degeneracies between bands, to which we now proceed. Let us 
approximate to the eigenfunctions of the Hamiltonian (25.11) by 
plane waves, f and consider in particular the four 



exp i(n/a)(x + y), exp i(n/a)(x — y), 

exp i(ir/a)(—x + y), exp i(nja)(—x — y). 

t Or better by orthogonalized plane waves (Herring 1940). 



(25.15) 
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These all have the same reduced k vector, which may be taken 
arbitrarily as any one of the four (±irja, ±7r/a), say k = (w/a, 
TTJa). That is, they belong to the point M in the Brillouin zone 
(Fig. 33a). The four plane waves (25.15) are equivalent to one 
another by rotational symmetry and have the same energy. Thus 
in this approximation, we have four consecutive bands degenerate 
with one another at M. However, the four functions (25.1$) form 
a representation which is reducible into the components M t , M i 
and M 8 as shown in Table 25, so that the presence of the potential 



Table 25 
Representation Formed by (25.15) 




Complete 
representation 


E 
4 


2* 



4* 



m x 



2 


Irreducible M x 

components M t 

Mi 


1 
1 

2 


1 

1 

-2 


1 

-1 




1 

-1 




1 
1 




V(r) in (25.11) will split the level into two singlet levels and a 
doubly degenerate one. The particular order of the levels depends 
on V(r) and can only be established by detailed calculation (problem 
25.13) but the M h two-fold degeneracy will remain in any approxi- 
mation. 

Compatibility relations 

In any one band certain compatibility relations must be satisfied 
between the irreducible representations of states along the lines 
specified by A, S and Z on the one hand, and the irreducible re- 
presentations of r, X and M at the corners on the other hand (Fig. 
33a). This is because X for instance is both a special point in its 
own right, and yet also a point on the lines A and Z. Consider for 
example the wave function t/i(A 2 ; r) belonging to the irreducible 
representation J 2 : it changes sign under the reflection m v . Now 
in any one band ^(k; r) varies continuously! with k, so that as 
k = A approaches X, the function i/i(A 2 ; r) must turn into a function 
which is still odd under m v , i.e. into a function belonging to either 
the representation X 2 or X 3 since these are the only ones odd under 
m v as can be- seen from the character table (Table 24). All such 
compatibility relations for the square lattice are given in Table 26. 

t Except possibly at points of accidental degeneracy (see below). 
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The case of the two-dimensional representations fg and M 5 
is slightly more complicated. Taking r 5 for instance, we have two 
degenerate wave functions ^(J^; r) and ^ 2 (.T 5 ; r) with k = 0. 

Table 26 
Compatibility Relations 



Representation 


Compatible with 


A 
A 


A> A> A; -^i' -^4- 

^2> Fl> ■'5* -^2' -^3' 


z* 


r lt r lt r 6 ; Af„ m 4) m s . 

r 2 , r„ T 6 ; M 2 , M a , M h . 




X lt X a ; M lt M 3 , M s . 
X 2) X t i Afj, Af 4 , M 6 . 



7*5 reduces into A t + J a or i7 t + 2% 
M 6 reduces into S x + S t or Z t -\- Z % 



As we go along the line A (Fig. 33a), the only symmetry elements 
remaining are E and m y , and under this more restricted group the 
representation jT 6 becomes reducible into A ± + A v Thus according 
to the general principles of § 6, the doubly-degenerate level at T 5 
splits into two singlets as we go in the direction A. The same applies 
to the line 2, so that we have two bands degenerate at the single 
point k = 0. 

Degeneracy 

There are three different basic types of degeneracy between 
bands. The first type, which we have already encountered, is 
exemplified by the representations f 5 and Jf 5 . These are two- 
dimensional, so that we have a degeneracy between two bands 
at a definite point in the Brillouin zone. This type is called an 
essential degeneracy because it is due to symmetry properties and 
cannot be altered or split by changing the crystal potential V(r) 
slightly. Both of the other two types of degeneracy depend sen- 
sitively on F(r) as regards the exact value of k at which they occur, 
and are called accidental degeneracies. 

The second type of degeneracy is between two inequivahnt 
representations and is illustrated by Fig. 34. Suppose we find by 
direct calculation from the Hamiltonian (25.11) that the lowest 
two levels at f and X have the representations r lt r t and X t , X x 
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as shown. From the compatibility relations (Table 26), we obtain 
the representations at A between r and X. We note that 7\ turns 
into A x which cannot change into X 2 but must join up with X x . 
Similarly f 4 turns into A 2 which joins on to X 2 . Thus the curve 
r^AiX-i must cross r t A^X 2 at some point P, and we obtain a degen- 
eracy between the two bands at P. Incidentally it is important 
that the bands should be numbered strictly in accordance with 



f(k) 
/J 








\^! 4_ 


*\ 






Ai 




/\ 




r< 




: *-k. 



Fig. 34. Representations and E(k) along the line rX, showing 

degeneracy between two inequivalent representations A x and A t at 

P. The dotted curves show how E(k) would vary if we took a curved 

path from r to X that by-passes P slightly. 

increasing energy. Thus in Fig. 34, r i A 1 PA 2 X 2 belongs to the 
first band and T' l A 2 PA 1 X 1 to the second. The necessity for this 
can be seen by considering a path from r to X which is slightly 
deformed from the straight line rAX so as to avoid the point P: 
in this case the energy varies as shown by the dotted line with 
k varying very rapidly with k near the point P, and we see that 
7\ and X 2 must clearly belong to the same band. 

The third type of degeneracy is between equivalent representations, 
in particular at general points in the Brillouin zone where there is 
only the one type of representation. This sort of degeneracy can 
occur along a line of degeneracy in three-dimensional crystals with 
a centre of symmetry, but not over a whole surface in k-space. 
For an outline of the proof of this result, see problem 26.8, from 
which the general method of tackling such a problem in any number 
of dimensions or in any special case should be clear. In two dimen- 
sions with a centre of symmetry, only points and not lines of degen- 
eracy are allowed. The whole subject of accidental degeneracy has 
been fully discussed by Herring (1937b). The third type seems to 
be rarely met with in practice, though the first and second types 
are common. 

19 
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Summary and references 

Various effects of crystal symmetry have been described, and in 
particular the irreducible representations of space groups not con- 
taining screw axes or glide planes. The translational symmetry of 
wave functions gives a k vector, which can be used to label the 
base vectors of a representation under all conditions. The wave 
vector k conventionally varies over a restricted region of k-space 
called the Brillouin zone. Most irreducible representations, i.e. 
those involving general k vectors, are of dimension n, where n is 
the number of elements in the point-group symmetry of the struc- 
ture. The situation is more complicated for k vectors lying on 
symmetry axes, mirror planes or the surface of the Brillouin zone. 
The irreducible representations have been used to discuss energy 
level splittings and degeneracies (Herring 1937b) between different 
bands of the energy function E{k) of an electron travelling in the 
solid. The case of the two-dimensional square lattice has been 
treated in detail. Analogous results for the simple cubic, face 
centred cubic, and body centred cubic structures have been given 
by Bouckaert, Smoluchowski and Wigner (1936). Further refer- 
ences are given at the end of § 26. 

Problems 

25.1 Verify that the 1 by 1 matrices (25.5a) really give a repre- 
sentation of C. 

25.2 The reciprocal lattice. Prove that the condition (25.7) 
defines a lattice of vectors (25.6). Hint: in the notation of (25.1), 
show that 

2*ra 2 A a 3 27ra 3 A a t 2^ A a 2 

1 — aj A a a -a 3 ' 2 — a t A a 2 -a 3 ' 3 ~ a 2 A a 2 a 3 

satisfy the relation 

Kj • 3y = 2irotj. 

Put K = wijKj + ra 2 K 2 + m 3 K 3 and show that m x , m 2 , w 3 are 
integers. 

25.3 Verify that the vectors (25.2) form a set of primitive 
vectors for the face centred cubic structure, and find a set of primitive 
vectors for the body centred cubic and the simple cubic structures 
(Fig. 27). Derive and describe their reciprocal lattices and Brillouin 
zones. 

25.4 Show from (25.3) that k is restricted to the points (25.9). 
Calculate the density of points in k-space from (25.9) and the volume 
of the Brillouin zone, and verify that there are NjN^Ns distinct 
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representations, i.e. one per primitive unit cell in the crystal. Thus, 
counting spin degeneracy, the Brillouin zone contains two electron 
states per primitive unit cell of the crystal. It should be noted that 
in this statement the cell referred to must be the primitive one, 
i.e. not the cube of Pig. 27a but the cell defined by (25.2). Further- 
more it is irrelevant how many atoms there are in each primitive 
unit cell: while this number is one for body centred and face centred 
cubic metals, it is two for the hexagonal close packed metals, for 
the diamond, tin and bismuth structures, and is higher still for more 
complicated structures such as most salts and molecular crystals. 

25.5 Use the idea of translational invariance to discuss the 
eigenstates of a particle moving freely under no forces. 

25.6 Test whether the following functions transform irreducibly 
under the translation group of the square lattice (length of square 
= a), and if so what are their reduced k vectors: exp(£i7ra;/a), 
exp i(irja)(— \x — fa;), cos(£a;7r/a), sin(y7r/a), exp i{irja){x + y), 
exp i(Trja){x — y), coafan/a) exp(%7r/a), cos(8a;7T/a), cos n/a. 

25.7 Show that a Bloch function (25.5b) can be written in the 
form 

^k(r) = exp(»k • r) « k (r) 

where Wk( r ) is periodic in the lattice. Hence show that in general 
(25.5b) holds only for lattice translations t n (25.1) and not for 
arbitrary translations t. 

25.8 The energy JZ(k) in a particular band is a single-valued 
function of k inside and on the surface of the Brillouin zone of the 
face centred cubic structure (Fig. 29a) i.e. there is no degeneracy 
with other bands. Show that the normal component of grad^E 
is zero over the whole of the square faces of the zone, but that in 
general it is zero on the hexagonal faces only on the lines joining 
opposite corners of the hexagon. 

25.9 Show that 

2 exp ik • t» = iVVy^Ao, 

n 

2 exp ik-t n = NiNaNaSno, 

k 

where the summation over k is over all allowed k's (25.9) in the 
Brillouin zone, and where 8 M is the Kroenecker delta symbol 
(A.15) applied to each component k x , k y , k z of k. Note that these 
relations are just the orthogonality relations (14.8) and (14.18). 

25.10 A function <f> = o^r(k 1 ) + &^(k 2 ) belongs to an irreducible 
representation of a space group <S. Show that ^(k x ) and ^(k a ) 
belong to this same irreducible representation and hence may be 



282 



GBOUP THEOKY IN QUANTUM MECHANICS 



used as base vectors for the representation. This is an alternative 
proof of (25.10). Hint: let t„ be a lattice translation such that 
exp ik x • t„ t^ exp ik 2 • t„. Consider <f> and t„<f>, and show 



«4{K) 



[exp(»k 2 • t„) — t n y> 
exp(tk 2 • t n ) — exp(ik 1 • t„)' 



25.11 The free electron model and the extended zone scheme. 
Consider a square lattice but with the potential F(r) in (25.11) 
set equal to zero. The energy eigenfunctions are then exp(ik' • r) 
with energy E{k!) = S 2 (k') 2 /2w. With the aid of Fig. 35, redescribe 
E(k') by a multivalued function E(k) with k in the Brillouin zone, 





3 



tf 



(b) 



Fig. 35. Diagrams for problem 25.11. (a) The extended zone scheme 
in k'-spaoe, (b) remapped into four Brillouin zones. 

and draw the energy contours of E(k) in the first four zones. Note: 
when the wave functions are rather like plane waves, it is for many 
purposes convenient to denote them by an unrestricted actual 
wave vector k' rather than the reduced wave vector k. Then 
E(k') is a single-valued function of k', with energy discontinuities 
at the lines of Fig. 35a. This is called the extended zone scheme. 

25.12 Write down the group of k and the irreducible representa- 
tions of the face centred cubic structure associated with the point 
X (Fig. 29a). 

25.13 By inspection or using (14.11), write down the linear 
combinations of the plane waves (25.15) which transform respectively 
according to M x , M 4 , and M 5 . Calculate their energies in the nearly 
free electron approximation, i.e. treating V(r) in (25.11) by first 
order perturbation theory. Note: in actual metals the potential 
V(r) is so strong as to make nodes in the wave functions near the 
atomic nuclei, and this may alter the order of levels from that 
found in the nearly free electron approximation. 
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25.14 Consider the functions 

'I'm = 2 ^in(r — R») 
n 

where the <f> m , m = 2, 1, 0, — 1, — 2 are atomic 3d functions and the 
R» are the atomic sites in a face centred cubic metal, e.g. copper. 
What representation of the space group do the ^i m form, and to what 
extent will they be degenerate in the solid? (In an isolated atom 
all five <j> m are, of course, degenerate.) 

25.15* Derive the energy levels and irreducible representations 
at all special points for the first two bands of the body centred 
cubic structure, using the nearly free electron approximation (see 
problem 25.13; Mott and Jones 1936, p. 63; Bouchert et al. 1936). 
Compare with the results of a detailed calculation for potassium 
by Callaway (1956). 

25.16* Discuss the energy E{k) of Bloch functions made up 
out of overlapping p functions in a simple cubic structure using the 
tight binding method in the nearest neighbour approximation 
(Mott and Jones 1936, p. 70). Derive the irreducible representa- 
tions at all special points in the Brillouin zone, discuss all degeneracies 
and state which degeneracies (if any) would disappear on taking a 
better approximation (Bouckaert et al. 1936). 

25.17 Verify the compatibility relations of Table 26. 

25.18 Perturbation theory for E(k). If the Bloch function if>^(r) 
is written in the form of problem 25.7, show that w k (r) satisfies 

[-(S 2 /2m)V 2 - (ifr 2 /m)k- V + V(r) + (S 2 k 2 /2m)K(r)= £(k)«i(r). 

Hence, discuss how E(k) at a point k = k x -j- Sk near k x can be 
investigated using the perturbation operator P where 

P = (-ih*/m)V-Sk + (^/mJk^Sk + (hy2m)(Sk)\ 

Verify that 

w*(k 1; n; r)Pu(k lt n'\ r) dv 

= (£ 2 /2m)(Sk) 2 S„„' + (h/m)Sk- j $*(k lt n) (-ihV) >P(k lt »') dv, 

where n and n' refer to the different bands E n (k). Using this tech- 
nique, prove that grad k .E = at the point X in the square lattice 
(Fig. 33a), and show that one of the effective mass parameters 

h 2 h 2 

m * x ~ d*E/dk x * OT myy ~ d^Ejdky 2 

is likely to be small if the energy gap to the next zone is small. 



f 
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25.19* Use the irreducible representations of space groups to 
describe the elastic lattice vibrations of some simple solids such as 
the face centred cubic structure (Peierls 1955, Houston 1948, see 
also § 23 and Herring 1954). Derive selection rules for the Raman 
spectrum and show that in first order it should consist of lines 
rather than bands (Peierls 1955, Stephen 1958). Discuss in this 
light the ideas of Raman on this subject (see Bhagavantam et al. 
1948, Menzies 1953). 

25.20 Show that the space group of the square lattice is not 
a "direct product" of the translation group (E and the point-group 
4mm in the sense of § 15, and verify that the representation theory 
of § 15 does not apply. 

25.21 In aluminium (face centred cubic), a detailed calculation 
shows that the irreducible representations in the first and second 
bands are probably as follows: first band r it X' t , W 3 ; second band 
r" 25 , X v W 3 (Heine 1957b). The order of levels at K is uncertain 
but assume that it is K x (band 1) and K 3 (band 2). Derive the 
compatibility relations at these points and show that there must 
be a line of degeneracy between the second and third bands in the 
plane k x = 0. (For the character tables and notation, see Bouckaert 
et al. 1936. See also problem 26.8.) 

26. Further Aspects of Brillouin Zone Theory 

In the latter half of the last section we limited ourselves to space 
groups which do not contain screw axes or glide planes. In this 
section we shall remove this restriction, and then go on to consider 
the effects of time-reversal and of spin-orbit coupling. Finally the 
theory will be applied to a qualitative description of 2?(k) near the 
top of the valence band in germanium and indium antimonide. 

Screw axes and glide planes: bands sticking together 

In § 25 we wrote an arbitrary element of a space-group in the 
form 

{*|t} (26.1) 

where t is a translation, applied first, and E is a proper or improper 
rotation following. All the possible rotations that are consistent 
with crystal symmetry have already been derived in § 16. The 
translations t include all the lattice translations t n (25.1), and in 
§ 25 when we started discussing the irreducible representations in 
detail we limited ourselves to space-groups in which t is always 
one of these lattice translations. However, there are many space- 
groups for which this is not so, e.g. that of the diamond structure 
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and the hexagonal- close-packed structure. These contain screw 
axes and glide planes, i.e. symmetry elements which are rotations 
or reflections respectively combined with a translation by a fraction 
of a lattice displacement. For example a two-fold screw axis is a 
translation by half a lattice displacement, say $a x , with a 180° 
rotation about the axis a v If we apply this screw axis twice, we 
obtain a total rotation by 360° = 0° and a displacement of 2 x i& v 
This is a pure translation, and therefore it has to be a lattice trans- 
lation t„ (as of course it is in our example). This condition limits 
the kind of screw axes and glide planes that one can have. It can 
also be shown that the displacement in the case of a screw is parallel 
to the axis of rotation, and in the case of a glide plane is parallel 
to the reflection plane (problem 26.2). 



£"(k) 




6 th zone 



4 th zone 




3rd zone 




FiO. 36. Energy band structure showing bands "sticking together" 
in pairs at the zone surface. 

The irreducible representations of the more general space-groups 
with screws and glides are derived by methods analogous to those 
of § 25. The discussion there is completely general as regards the 
definition of Brillouin zones and the reciprocal lattice, and with very 
little extension the arguments there give all the irreducible re- 
presentations of k vectors not lying on the surface of the Brillouin 
zone (problems 26.4 and 26.5). However, when it comes to the 
surface points of the Brillouin zone a new phenomenon can arise, 
described as "bands sticking together", It can happen that some 
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special points, usually along a whole line on the surface of the 
Brillouin zone or sometimes over a whole zone face, have only 
two-dimensional irreducible representations. Along such a line or 
face we always have two bands degenerate, and E(k) looks something 
like Fig. 36 with the bands going in pairs. It might at first sight 
appear convenient just to choose a new Brillouin zone of double 
the volume of the usual one, and to describe each pair of bands in 
Fig. 36 as a single band in the new zone scheme: but Hund (1936) 
has shown that this leads to more ambiguities and inconveniences 
that it removes, and we shall not consider the idea further. 

Following Hund (1936), we can set up a necessary condition for 
the sticking together of bands to occur. Consider the 1* states in 
an array of atoms with total symmetry equal to some space-group 
(S all atoms being of the same element. These Is states will be 



9 g 

Fig. 37. Glide planes gg in a simple square array with glide ^a 1 
— Ja 2 . This type of glide plane does not produce sticking together 
of bands because it is an inherent property of the translational 

lattice. 

separated by several electron volts from other states like 2a or 2p, 
but they will be broadened very slightly into a narrow band of 
energies due to overlap between neighbouring atoms (Mott and Jones 
1936, p. 68). There must be two Is states per atom including spin 
degeneracy, and the Brillouin zone contains two states per unit cell 
of the crystal (problem 25.4). Thus to have a pair of bands stuck 
together, we must have at least two Is bands of nearly the same 
energy and that means at least two atoms per unit cell. Moreover, 
we saw in § 25 that a space-group with elements only of the form 
{i2|t n } produces occasional degeneracy between bands but not a 
systematic sticking together in pairs, since each character table 
such as Table 24 always contains the owe-dimensional identity 
representation. We therefore have to fall back on screws and 
glides to produce the two atoms per unit cell. Furthermore the 
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glide plane must not be an inherent property of the primitive 
translation lattice such as in Fig. 37, for this does not give two 
atoms per unit cell either. Thus a necessary condition for the sticking 
together of bands is that the space-group contains screw axes and/or 
glide planes which are not inherent in the primitive translational 
lattice. It is not known whether the condition is also a sufficient one, 
though the rather general considerations of (26.12) and problem 
26.12 suggest that it may very well be so. 

We now consider some structure with the space group illustrated 
in Fig. 38a, and before going into any detailed discussion of the 
irreducible representations we shall show in the most direct way 



9 * 



o -+ ** 



fa) 



ar — ff-* 

a 



(b) 



Fig. 38. (a) Pattern with the two-dimensional symmetry Pbl 
(Buerger 1942), showing a glide plane g, a mirror plane m, a centre 
of inversion 0, and a unit cell of size a x 6. Note that the commas 
are not supposed to represent atoms, but just to form a pattern 
which exhibits the total symmetry as clearly as possible. It is irrele- 
vant to the discussion where and how many atoms there are as long 
as they exhibit this symmetry. In two dimensions a glide plane and 
a two-fold screw axis become identical, (b) The Brillouin zone for 
the above spaoe group. 

possible that the presence of the glide plane produces a sticking 
together of bands at the point X = {ir\a, 0) in the Brillouin zone 
(Fig. 38b). Actually the sticking together occurs along the whole 
side Z, k x = irja, of the Brillouin zone, but this will only become 
apparent when we consider time-reversal symmetry. Consider now 
a function 

>/)(x, y) with k = (n/a, 0). (26.2a) 

Then the following functions must also have the same k and must 
be degenerate with <p: 



gift = </.(* + \a, —y), 
ITf = >p{— x, —y), 
mill = tp(—x — \a, y), 



(26.2b) 
(26.2c) 
(26.2d) 
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where g, IT, m are the glide, inversion and mirror reflection of Fig. 
38. We have 

gift = tfi(x + \a, —y) = mip(—x, —y) = mllifi (26.3) 

It is now easy to prove that all the four functions (26.2) cannot be 
proportional to one another. For let us suppose on the contrary 
that they are: then since 77 2 ^> = tfi = m 2 <p, we must have 

n4i = oaf>, a = ±1, and mifi=^, jS = ±1. (26.4) 

Now from (26.3) and (26.4) we have 

g 2 ip = mUmlJtfi = amllm<p, etc. = a 2 fS 2 tfi, 

and from (26.2b) 

g*>fi = t/,(x +a,y)= exp(*k :c a)i/>(a; ) y) = — >fi. (26.5) 

Since a 2 /} 2 cannot equal —1 we have a contradiction, and it follows 
that the functions (26.2) cannot be proportional to one another. 
Every irreducible representation associated with the point X in 
the Brillouin zone is therefore at least two-dimensional, so that we 
have sticking together of bands there. 

Irreducible representations at surface points 

To show how one sets up the irreducible representations of a 
space-group with screws and glides for points on the Brillouin zone 
surface, we will now work these out in detail for the point X (Fig. 
38b) already considered. As in § 25, we first pick out K, the group 
of k, consisting of all elements of the space group <8 which leave k 
invariant. In the case of our point X this includes the whole of <S. 
Now in § 25 we dropped from K all the translations t w because their 
effect on any function <fa was completely defined by k, and this 
left K as a simple point-group of rotations. However, this device 
will not work here because it does not leave us with a group; for 
instance the element g would be left, but g 2 which from (26.5) is 
the translation t x = (a, 0) would be excluded. Thus we consider 
instead the matrices W, g', m', t' n etc. which represent K in some 
arbitrary representation. Now all translations of the form t eve n 
= (2wa, mh) are represented by the unit matrix E', since k = (w/a, 0) 
and exp(ik • t ev en) = 1. Likewise the translations [(2w + l)o, mb] 
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are all represented by — E'. In this way we see that there are 
only the following eight different matrices in any representation of K 

E' representing {7£| teven} 

{w v |t + teven} 



77' 

m' 
-W 

-g' 

-77' 
-m' 



l even} 
l even} 



{^|te 
{m x \t e 

{E\ti + teven} 
{m y \T + ti + teven} 
{7711! + teven} 
{Wz|ti + teven} 



(26.6) 



t x = translation (a, 0): t = translation (Ja, 0). 
The reflection m x is in the line shown in Fig. 38a. 

These matrices in themselves clearly form a group, but since in our 
group postulates (§4) we only have provision for multiplying 
elements and not adding or subtracting them at the same time, 
we must for the moment consider —E' as quite an independent 
element form E' etc., and to show this we shall write E', g', 77', 
m' instead of —E', —g', —II', —m'. The group multiplication table 
is easily obtained from (26.3) and similar relations, for instance we 
have 



(gV = E', (g')* 
(m') 2 = (my = E' = 
m'll' = g', etc. 



= r, wy=e' 

(77')* = (77T, 



(Jy, 



(26.7) 



In fact inspection shows that the group is isomorphic with the 
point-group 4mm and we obtain the character Table 27. However, 



Table 27 
Character Table for (26.7) 



E' 


J' 


9', 9 


11', ft 


m', m' 


1 


1 


1 


1 


1 


1 


1 


1 


-1 


-1 


1 


1 


-I 


1 


-1 


1 


1 


-1 


-1 


1 


2 


-2 
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this character table cannot take account of the relation E = —E' 
for the reasons already mentioned. In fact some of the irreducible 
representations of Table 27 are definitely incompatible with this 
relation, so that for our purposes we retain only the ones satisfying 
X(E') = — x(E'), namely the two-dimensional one, and reject all 
the rest. It should be noted that this additional requirement stems 
originally from the particular k vector which we are considering. 
Thus, finally, we obtain the character Table 28 for the group of X, 
showing as predicted the sticking together of bands in pairs. 

Table 28 
Character Table for the Group of X 



Irred. 
rep. 


{E\U} 


{Efa + U} 


Characters 
{m„|T+te} {i7|te} 
{m^lx+ti+te} {/71^+te} 


{m x \U} 
{mx\ti+U} 


*i 


2 


-2 









The notation for the elements follows (26.6). 

Time-reversal symmetry without spin 

In the preceding discussion we have only considered the orbital 
part ^r(r) of the electron wave functions, and then just added the 
spin functions u + or «_ at the end (see for instance problem 25.4). 
This two-fold spin degeneracy corresponds to neglecting spin- 
orbit coupling and other spin-dependent effects. In this approxi- 
mation the Schrodinger equation for ^r(r) is a purely real differential 
equation, and if ^r(r) is an eigenfunction with energy E then, by 
taking the complex conjugate of the whole equation, we see that 
<l>*(r) must also satisfy the equation with the same energy E. The 
transformation ^(r) to ^*(r) is just the time-reversal operation T 
already discussed in § 19, omitting the spin part, and for the present 
we define 

T+(x, y, z) = +*(x, y, z). (26.8) 

Since T is not a linear change of co-ordinates in the manner of 
§ 2, we cannot incorporate it into our ordinary group-theoretical 
scheme. Instead we first have to set up all the irreducible represen- 
tations of our group and then test whether or not time-reversal 
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symmetry leads to any additional degeneracy, f If ^r(r) belongs to 
the irreducible representation D, then Tifi transforms according 
to D* which consists of the complex conjugates of all the matrices 
of D. From §19 we have the following three cases. 



Effect of time-reversal symmetry unthout spin: 

(a) D can be transformed to real form: there is no 
additional degeneracy. 

(b) D and D* are inequivalent: there is an additional 
doubling of the degeneracy, and D and D* always 
occur together as a pair. 

(c) D and D* are equivalent but cannot be trans- 
formed to real form: there is an additional doubling 
of the degeneracy, and D always occurs twice. 



(26.9) 



Wigner has given a test (19.22) that shows which case a given 
representation belongs to, but it is not very convenient to apply 
to space-group representations as it stands, because it involves a 
summation over all elements of the group. However, Herring 
(1937a) has simplified the test for a space-group (8 to the following 
form. 



(26.10) 



2xW) 

<2o 


= 


n 





case 
case 


(a), 
(b), 




= 




n 


case 


(o), 



Here Q is an element of <8 which turns k into — k, and n is the 
number of such elements. Thus Q 2 leaves k invariant and is an 
element of K, the group of k. The x m (26.10) refers to the character 
of Q 2 in an irreducible representation of K (not of &). Furthermore 
for space-groups containing the inversion 77, if IT is an element of 
K then the Q a are just the elements of K; if 17 is an element of <5 but 
not of K, then the Q are the elements 77 x K. The test is therefore 
very easy to apply once we have the character table for K. There 
is obviously no need to sum explicitly over all elements represented 
by the same matrices, as long as we take one of each type. For 

•f Clearly from the general considerations of § 6, an additional symmetry 
element can never split an existing degeneracy and at most only produce 
new ones. 
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example for the representation X x (Table 29), we choose one value 
for teven. say t ev en = 0, and use the following eight Q : 

Q = {E\0} {Efa} {m v \r} {m y \r + 1,} 

Q * = {E\0} {E\^} {E^t,} {E\0} 

x(Qo 2 ) =2 2 _ 2 -2 

Q = {n\0} {U^} {m,|0} {m^} 

«,»= {E\0} {E\0} {E\0} {E\0} 

x(<?, 2 ) =2 2 2 2 

2 x(Qo 2 ) = 8> the representation belongs to case (a). 

The test shows we have case (a), and there is no additional degeneracy 
due to time-reversal symmetry. 

By way of a further example, we shall consider the more general 
point Z, k = (77/0, k y ), of Fig. 38. The character table for the group 
of Z is derived as for the point X and is shown in Table 29. Herring's 





Table 29 
Character Table for the Group 


of Z 




Irred. 
rep. 


{E\0} 


Characters 
{E\t t } {m*|0} 


{W»l|ti} 


{*|M 


z* 


1 
1 


-1 1 
-1 -1 


-1 

X 


exp tk • t n 
exp tk • t R 



Only typical elements are given, the others being easily derivable. The 
notation follows (26.6). 

Time-reversal test 

Q„ = nxK {7710} {77IM p»„k} {m y \x + M 
<V {72|0} {E\0} {E\t t } {Jit,} 

Note that in forming Q S , we have {i7|t B }' = {i£|0} for any t„, so that it is 
sufficient to consider t B = 0. 

ExiQo*) — " f° r both Z x and Z„ i.e. eaoh belongs to case (b) and there is an 
additional degeneracy due to time-reversal. 

test is also applied in the table and shows that each representation 
belongs to case (b), so that time-reversal symmetry gives an extra 
degeneracy and we have pairs of bands sticking together along the 
whole side k x = v/a of the Brillouin zone. This sticking together 
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of bands can also be proved by a simple ad hoc argument. Let 
>/>(x, y) have wave vector k = (wja, k v ). Taking the complex con- 
jugate of the defining relation (25.5b), we see that 



^tyk = <P*(x, y) has wave vector — k 



(26.11) 



i.e. in the present case (irja, —k y ). Thus gT<p has wave vector k 
again, and let us suppose that 

gT>ji = cap, (a = some constant). (26.12) 

We obtain the two relations 

gTgTJ, = ftz + a, y) = -ft*, y), 
gTgTij, = gT^) = cc*gT$ = a*af 

Now a*a cannot possibly equal — 1 so that we have a contradiction, 
(26.12) must be false, and gTt/i and $ are two independent functions. 
However, since g and T are both symmetry elements, the two 
functions must have the same energy and we have a sticking together 
of bands at Z. 

The effect of spin-orbit coupling 

So far we have neglected spin-dependent terms in the Hamil- 
tonian, written our wave functions in the form 

tfi = <f>(r)u + and 4>(r)u_, (26.13) 

and considered the symmetry operations as transforming the 
orbital variables and orbital wave function ^(r) only. Now when 
the Hamiltonian tff contains spin-orbit coupling (§ 11), tf is no 
longer invariant under orbital transformations alone, but only 
under the crystal symmetry transformations applied to both the 
orbital and the spin variables simultaneously. The symmetry 
group <S therefore remains the same as before. However, when we 
apply it to wave functions like (26.13), transforming the spin as 
well as the orbital part, we need some new irreducible representations 
to describe the effect on the wave functions. As discussed in detail 
for the point-groups in § 16, this is because u + and u_ behave 
peculiarly: instead of remaining invariant under a 360° rotation 
like an ordinary function / (r), they change sign. Let us consider 
the point T(k = 0) in the Brillouin zone of the square lattice (Fig. 
33a). The new irreducible spin representations of the group of f 
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are shown in Table 30, as given by Koster (1957) who derived them 
by the methods of § 16. In the table the element %, etc., is a rotation 
by 180° about the z-axis followed by a change of sign corresponding 
to an additional 360° rotation. 

Table 30 

Spin Representations of the Group of F for the Simple 
Square Lattice (Fig. 33a) 











Characters 






Irred. 


E 


E 


2* 


4* 


5* 


m x , m x 


ma, ma 


rep. 






2, 


4* s 


IV 


m y , m y 


ma-, ma- 


r, 


2 


-2 





y/2 


—v/2 








A 


2 


-2 





-V2 


V2 









Time-reversal: each representation belongs to case (c) of (26.15) so that time- 
reversal never gives any additional degeneracy. 
Relationship to the ordinary representations (Table 24): 

i\ x dw»> = r, r„ x jx 1 '*) = r, 

j\ x xxva) = r, r 4 x dw") = r, 

r 5 x -dw*) = r, + r, 

Here DC/ 2 ) is the representation formed by the spin functions u + , «_, i.e. 
r„ in the present case. 

We can now determine what additional splittings the spin-orbit 
coupling will produce. Suppose that in the absence of spin-orbit 
coupling, we have an energy level with a set of orbital wave functions 
<£(r) transforming according to one of the representations Pj, 
i = 1 to 5 of Table 24. The total wave functions (26.13) then 
transform according to 

r { X -D (1/2) (26.14) 

where we have used JD <1/2) in a symbolic sense to stand for the re- 
presentation formed by u + , u_ in whatever symmetry group we 
happen to be considering. The usual use of group characters (§ 16) 
shows that in the present case _D (1/2) becomes P 6 , and that the products 
(26.14) reduce as in Table 30. We see that only in the case of .T B 
is the original four-fold degeneracy (double orbital and double 
spin degeneracy) split by the spin-orbit coupling into two-doublet 
levels. 

With spin-dependent wave functions time-reversal symmetry 
takes the more complicated form (19.5a and b). We again have the 
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three cases (a), (b), and (c), but the physical consequences are 
different. Let a set of spin-dependent wave functions <}> transform 
according to an irreducible representation D. Then we have (§19): 



Effect of time reversal symmetry with spin: 

(a) D can be transformed to real form: there is an 
additional degeneracy and D always occurs twice. 

(b) D and D* are inequivalent: there is an additional 
doubling of the degeneracy, and D and D* always 
occur together as a pair. 

(c) D and D* are equivalent but cannot be transformed 
to real form: there is no additional degeneracy. 



(26.15) 

Note the reversal of the effect in cases (a) and (c) compared with 
the "without spin" situation (26.9). Herring's test (26.10) applies 
exactly as before since it is a mathematical property of group 
representations, independent of any applications to degeneracy in 
quantum mechanics. 

With the use of these techniques, it is in principle quite straight- 
forward to determine what splitting effect spin-orbit coupling 
will have on a given band structure 2?(k). The situation for a 
general point k in the Brillouin zone is summarized in Fig. 39. 



aw. 



£(k) 



(0) 



/-7\\ 



(b) 



(c) 



-k 



-k 



Fig. 39. Symmetry of E(k) in an arbitrary direction about the 
origin, (a) In the absence of spin-orbit coupling whether or not 
there is a centre of inversion. The double line denotes the two- 
fold spin degeneracy and E( — k) = E(k.). (b) With spin-orbit 
coupling and an inversion centre. There is a two-fold degeneracy at 
each k, and E( — k) = E(k). (o) With spin-orbit coupling in a 
structure without an inversion centre. There is no degeneracy at an 
arbitrary k, but E( — k) = E(k). The latter gives the two-fold 
Kramers degeneracy (§ 19). These results may be derived from 
(26.9), (26.10) and (26.15), or by simple ad hoc arguments (see 
problem 26.6). 
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The band structures of indium antimonide and germanium 

The crystal structure of indium antimonide is shown in Fig. 40. 
Each antimony atom tends to loose one electron to the indium, so 
that we effectively tend to have In - and Sb+ ions. Each of these 
has four valence electrons like carbon, so that like carbon they form 
four directed covalent bonds in tetrahedral directions as shown 
in Fig. 40. (For a discussion of the covalence of carbon see § 22 
and Fig. 16.) We may therefore expect to form the electron wave 




Fig. 40. Structure of indium antimonide and germanium. The 
double lines show the covalent bonds. The black and white circles 
correspond to the two types of atoms in indium antimonide. Both 
black and white circles correspond to germanium atoms in a germa- 
nium crystal. Notice how the atoms 1 to 5 form a spiral, indicating 
a four-fold screw axis in germanium. (From W. Shockusy, Electrons 
and Holes in Semiconductors. D. Van Nostrand Company, Inc., 
Princeton, New Jersey. Copyright 1950.) 

functions ^< k out of directed valence orbitals of the type (22.7), and 
indeed detailed calculations of the band structure E(k) can be 
made on this basis (Hall 1952). However, we shall limit ourselves 
to a qualitative discussion of the band structure k = 0. It is then 
more convenient for our purposes to recognize that the directed 
valence orbitals are just linear combinations of the atomic orbitals 



<f> s = an atomic 5s function, 
<t>x, <f>v, </>z = atomic 5p x , 5p y , 5p z functions, 



(26.16) 
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and to use these atomic orbitals instead. From these we can form 
the Bloch functions with k = 

&,*=o( r ) = 2 *•(* - r m ), 

m 

^r,*=o( r ) = 2 4>x{* — r OT ), 
m 

<Aja=o(r) = 2 Mr - r m), (26.17) 

^,»=o( r ) = 2 fa( r — r «i), 

m 

where the summation is over all atoms r m . So as not to confuse 
the notation, we have not indicated explicitly that the atomic 
orbitals (26.16) are really slightly different on the two types of atom. 
The crystal structure is seen from Fig. 40 to have the face centred 
cubic translational symmetry, and the Brillouin zone is that shown 
in Fig. 29a. Because we have two types of atom arranged in a 
particular way, the rotational symmetry is not the full "cubic" 
point-group but the "tetrahedral" point-group 43m. There are 
no screw-axes or glides when there are the two types of atom. The 
point k = in the Brillouin zone we call f, and the group of r 
clearly consists of the whole space group. Its character table is 
given in Table 31 (Dresselhaus 1955), every translation being 
represented by the unit matrix because k = (25.5a). It is now 

Table 31 
Group of r for the Indium Antimonide Structure 
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easy to write down the transformation properties of ips, i/i x , >l>y, 
ipz (26.17). Since each atom is turned into another atom of the same 
type by a rotation and since all atoms in (26.17) have the same 
coefficient (k = 0), we need only consider the transformations on 
one atom. By inspection we see that ifi s transforms according to 
r x and ty x , tfiy, 4>z according to T 4 . This gives a singly-degenerate 
and a triply-degenerate level at k = (Fig. 41a). 



m 



£-(kh 



^^> 



(a) 




£-(k)i 



^^ 



(e) 



Fig. 41. Energy near T in In Sb and Ge. (a) Without spin orbit 
coupling in both In Sb and Ge, each band has a two-fold spin degener- 
acy, (b) Splitting of top of the valence band by spin-orbit coupling 
in In Sb. (c) Splitting by spin-orbit coupling in Ge, with each band 
being doubly degenerate. The magnitude of the splitting has been 
exaggerated. 



Experimental evidence and detailed calculations show that the 
r x and r t levels are respectively the lowest and highest of all the 
occupied valence band, as is understandable for the following 
reason. We have already inferred from the observed crystal struc- 
ture that the Bloch functions ^F k will be made up as far as possible 
from directed valence orbitals like (22.7). In this way the lowest 
energy will be achieved on the average. However, we have seen 
that at k = symmetry forbids such mixing of ifi, with tfi x , <f> v , 
</<z, and the levels approximate to atomic ones, i.e. the s-level lowest 
and the triply-degenerate p-level highest. 

We now include the effect of spin-orbit coupling. Including 
spin degeneracy, the T 4 level is six-fold degenerate, and it splits 
into a doublet (A) and a quadruplet (A) (see Table 31) as is easily 
shown by the method described in connection with Table 30. This 
is exactly analogous to the splitting of an atomic p level into a 
j — \ doublet and j = § quadruplet. The magnitude of the 
splitting is also of the same order of magnitude as in an atom, 
because the spin-orbit energy (11.8) is proportional to the electron's 
velocity which is large only when its potential energy is low near 
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the nucleus. The potential here differs only very little in the atom 
and the solid. In indium antimonide the splitting is thought to 
be about 0.9 electron volts. Since the crystal structure does not 
have an inversion centre, E(k) at a general k has to be in accordance 
with Fig. 39, so that the variation of E(k) in an arbitrary direction 
from r is as shown in Pig. 41b. 

Finally we consider the case of germanium. Here the two types 
of atom of Fig. 40 become identical, so that the crystal structure 
has some additional symmetry elements which include four-fold 
screw axes and a centre of inversion. The type of splitting at 
k = can be obtained simply in two ways. The group of P con- 
sists of the whole space-group again, but since k = the transla- 
tional component of all elements including the screws has no effect 
and the group of / reduces to the "cubic" point-group m3m. The 
character table can be obtained (appendix L and Koster 1957) 
and the splitting at k = is found to be qualitatively the same as 
in indium antimonide. Alternatively this can be seen by noting 
that the splitting in the less symmetrical indium antimonide is 
the same as that in the more symmetrical free atom with complete 
rotational symmetry. Now additional symmetry can only produce 
extra degeneracy, so that in the present case any intermediate 
symmetry such as the germanium structure must have the same 
splitting as the two more extreme cases. In germanium the spin- 
orbit splitting is 0.29 eV. However, at a general point in the 
Brillouin zone the inversion symmetry of germanium produces a 
degeneracy between some of the spin bands in accordance with Fig. 
39, so that E(k) looks like Fig. 41c. More detailed calculations of the 
shape of E(k) can be made using the perturbation approach of 
problem 25.18, and the three branches of E(k) at the top of the 
valence band correspond to the possibility of "holes" with three 
different masses. For details of such calculations and a comparison 
with experiment the reader is referred to Kane (1956) and the 
references given there. 

Summary 

In this section we considered first the irreducible representations 
of complicated space-groups <S containing screw axes and/or glide 
planes. At any interior point of the Brillouin zone the procedure 
is essentially the same as that of § 25 for simple space-groups, as 
can be shown in greater detail in the manner of problem 26.5. For 
points on the surface of the zone, we pick out one k vector from 
the star of k (all kj transformed into one another by (8), and set 
up K (the group of k) consisting of all elements of <5 which leave 
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k invariant. In any representation, many translations will be 
represented by the unit matrix because k lies on the Brillouin zone 
surface. We lump these all together in K and similarly all other 
sets of elements that are represented by the same matrix. This 
leaves us with a much simpler group, usually a point-group if k 
has a high symmetry or a one-dimensional space-group for more 
general points, whose character table can be looked up or easily 
found. A single irreducible representation of <$> is then obtained 
by taking several sets of functions, as many sets as there are distinct 
k/s in the star of k, each set having one of the kj and transforming 
irreducibly under Kj. 

It is found that screw axes and glide planes generally lead to 
necessary degeneracy between bands at the surface of the Brillouin 
zone, this being called "bands sticking together". 

In the presence of spin-orbit coupling, the same procedure applies 
for finding the irreducible representations, except that we now 
have to use the double-valued spin representations. In either case 
we always have an additional time-reversal symmetry which may 
lead to extra degeneracy, as can be determined by a simple test 
(26.9), (26.10) and (26.15). The theory has been applied to the 
band structure of indium antimonide and germanium at the top 
of the valence band. 

References 

The irreducible representations of simple space-groups were 
obtained by Bouckaert, Smoluchowski and Wigner (1936) following 
the mathematical theory of Seitz (1936). The method was extended 
by Herring (1942) to space-groups with screws and glides, and by 
Elliott (1954) to include spin-representations and spin-orbit split- 
ting. Herring (1937a and b) discussed the effect of time-reversal 
symmetry and the occurrence of accidental degeneracy. A syste- 
matic presentation of the whole subject, together with a general 
review and many references, has been given by Koster (1957). 
Bell (1954) and von der Lage and Bethe (1947) have applied 
symmetry properties to the types of functions used in detailed 
calculations of E(k). Herman (1958) has given a compilation of 
space-groups whose irreducible representations have been tabulated, 
complete up to 1957. 

Problems 

26.1 A space group contains a purely translational symmetry 
element t. Show that t must have the form of a lattice displacement 
t n (25.1). Hint: investigate the consequences of having t = Ja x or \a v 
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26.2* Derive the different types of screw axes and glide planes 
that are possible in a space group. In particular, why do we always 
take the translational part of a screw parallel to its rotation axis? 
(Zachariasen 1945, Seitz 1935). 

26.3 Make a model of a diamond or germanium crystal, and 
describe all the symmetry elements in its space group. (See Fig. 
40, also Battel 1956, p. 36, and Herring 1942.) 

26.4 The general point in the zone. Verify in detail that the 
argument in § 25 for the irreducible representation connected with a 
general k vector in the Brillouin zone, can be applied with very 
little modification to space-groups containing screw axes and glide 
planes. (See also problem 26.5.) 

26.5 Irreducible representations at interior points. <S is a space- 
group containing screws and glides, and k an interior point of the 
Brillouin zone. K, the group of k, has elements {i? k |t} where the 
translation t may not be lattice translations in the case of screws 
and glides. Show that the rotations {.R k |0} form a point-group p k . 
Let the matrices D(R k ) form an irreducible representation of 
P k , and show that the matrices exp(ik-t)Z>(i2 k ) form an irreducible 
representation of K. Describe how this is then built up into an 
irreducible representation of <3. 

26.6 For a space-group containing (not containing) a centre of 
inversion TI, time-reversal symmetry does not give (does give) 
additional degeneracy at a general point in the Brillouin zone under 
the "without spin" conditions. Show this using the test (26.10) and 
also by an ad hoc argument based on the functions tfi and IITt/t. 
Hence show that with both kinds of space-group E(k) = E(— k). 

26.7 Show that with a space-group containing the inversion 77 
and in the "without spin" situation, the orbital wave functions 
^(r) can always be so chosen that IITijt x = tj> x . 

26.8 Accidental degeneracy. A given crystal contains a centre 
of inversion. Show that it is impossible for two zones to be accident- 
ally degenerate at a whole surface of general points in the Brillouin 
zone, but that it is possible for accidental degeneracy to occur 
along a curve running through the Brillouin zone. (Note that we 
are excluding all special k-vectors from consideration here.) Hints: 
(i) Suppose degeneracy occurs at one point k. Using problem 
25.18, set up the secular equation 

A-E G 



C* B-E 







for the energy E at a neighbouring point k + 3k. (ii) Using problem 
26.7 show that G can be made real, (iii) In the manner of (22.16), 
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obtain the conditions A — B = and G = for degeneracy to 
occur at k + 8k, and show that these two conditions define a 
direction for Sk. 

26.9 Write down the representations of the whole space-group 
Pbl derived from Z 1 and Z 2 of Table 29, and verify by inspection 
that they belong to case (b) in agreement with the results of Her- 
rings's test. 

26.10 Write down the irreducible representation of the two- 
dimensional space-group Pb (Fig. 42) associated with k = (ir/a, 
k y ), Show directly from first principles that it belongs to case (c) 
and verify with the test (26.10). 



b 
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Fio. 42. Patterns exhibiting the two-dimensional space-groups 
Pb and Pba, with cell-size a x b. The broken lines denote the glide 

planes. 

26.11 Discuss completely the sticking together of bands in the 
case of the two-dimensional space-group Pba (Fig. 42). 

26.12 Show that a two-fold screw axis perpendicular to a face 
of a Brillouin zone (in three dimensions) gives a double degeneracy 
'over the whole of that face (i) by a direct ad hoc argument and 
(ii) using Herring's test (26.10). This is the only situation in which 
sticking together of bands can occur over a whole face of the Bril- 
louin zone : in all other cases it is along lines on the surface of the 
zone. 

26.13 Derive all the irreducible spin-representations of the space- 
group of Fig. 38. Will spin-orbit coupling destroy the sticking 
together of bands? 

26.14* Derive from a simple model a picture of the band structure 
of graphite, and discuss qualitatively whether any additional 
splittings would be expected on going to a better approximation 
and on including spin-orbit coupling (Nozieres 1958 and references 
given there). 

26.15* Write a review on the use of the perturbation method of 
problem 25.18 (k*p method) in theoretical solid state physics 
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for calculating band structures, effective masses, degeneracies, 
and general theory such as <v> = K' 1 grad k ^. (Kane 1956, 
Cohen 1959, Herring 1937b). 

26.16* Discuss the effect of crystal symmetry on the thermal 
conductivity at low temperatures (Herring 1954). 

26.17* Discuss the application of group theory to determine 
the number of exciton lines in the absorption spectrum of an insula- 
tor. How does this theory apply to cuprous oxide? (Kittel 1956, 
Overhauser 1956, Gross 1956). 

26.18 The bismuth structure has point-group symmetry 5m 
and rhombohedral translational symmetry with two atoms per 
unit cell at (0, 0, 0) and (u, u, u) where u does not bear any relation 
to the cell size. Describe the Brillouin zone (see Mott and Jones 
1936, Fig. 69 and not 70). It is found experimentally that the 
bottom of the conduction band can be fitted by three degenerate 
ellipsoids 

.E(k) = (ft 2 /2w )(a 1 fc a; 2 + <x 2 k v * + o^ 2 + 2«Jc v k z ) 

with all other coefficients zero. Here x and z are chosen along a 
diad and the triad axes, and h x , k y , h z are the co-ordinates of k 
relative to the unknown centre of the ellipsoid. From the form of 
E(k), show where in the Brillouin zone the centres may lie, and 
discuss whether symmetry requires the existence of three or a 
multiple of three such ellipsoids. 

26.19 An X-ray of wave vector k x is incident on a crystal, and 
the direction of the diffracted ray is given by k 2 where |k 2 | = [k x |. 
Show that the diffracted amplitude is proportional to 



I p(r) exp *(k x — k 2 ) • r dv 



where p(r) is the electron density in the crystal and where the 
integral extends over the whole crystal. Hence, show that the 
diffracted intensity is zero unless k x — k 2 = K TO , a reciprocal 
lattice vector. For this reason an X-ray diffraction photograph 
consists of a number of spots which can be labelled by the integers 
(m x , m 2 , ma) of (25.6). If a crystal has a two-fold screw axis parallel 
to the vector K 1( show that the intensity of the spot (Wj, 0, 0) is 
zero if m 1 is an odd integer. This is called an extinction. What 
extinctions would you expect in a cubic crystal containing a glide 
plane perpendicular to K x with glide direction parallel to K 4 ? 
Deduce also the Bragg relation 2d sin = nX from this formalism 
(Kittel 1956). 
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27. Tensor Properties of Crystals 
Introduction 

In anistropic media like crystals, various properties of matter 
have to be represented as tensors. For instance Ohm's law takes the 
form 

J = a-S 

where the conductivity of the material is represented by the second 
order tensor o with components 

<Jxx <*xy a xz 

Oy X Qyy Oyz 

, a zx Ozy a zz . 

Now in a material with no symmetry properties such as a triclinic 
crystal, these components are all arbitrary (apart from the physical 
requirement cry = o-y<). But when we go to the opposite extreme 
of a cubic crystal, the two-fold and four-fold symmetries about the 
x, y, and a-axes impose the requirements! 

°xx = 0yy = o zz = a say; 

<*it = 0, t # j. 

Thus the conductivity tensor reduces to the form 



a 


0] 





a 





a 



with three non-zero components of which only one is linearly 
independent. 

Similarly many properties of matter form various types of tensor 
of different orders, for instance the elastic modulus, third order 
elastic constants, magnetoresistances, piezoelectric constants, mag- 
netostriction constants, etc. The problem is to determine what 
forms these tensors must have for crystals belonging to the 32 
different crystal classes described in § 16. In particular we wish to 
know which components are zero, and what are the relations between 
the non-zero ones. A variety of different group theoretical approaches 

t This can be proved for instance as follows. Suppose we apply a field 
g = (<?, 0, 0) along the x-axis. The component of the current along the 
?/-axis is a yx S. Because of the two fold symmetry about the y-axis, this 
component must remain the same if we apply the same field along the negative 
a;-direction, i.e. 8 = ( — S, 0, 0). Hence a vx S = —a yx 3 and o yx = 0. 
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have been used to discuss this problem. In practice it is probably 
quickest to use a combination of these depending on the circum- 
stances, e.g. whether one wants to discuss a particular point group 
or several related ones, whether one wants to discuss a high order 
tensor ab initio or one has available for use the results for lower 
order tensors, and whether one wants the full form of the tensor 
or just the numer of independent constants in it. It is therefore 
not possible to give an exhaustive treatment, but we shall illustrate 
as many of the ideas as possible by an extensive discussion of a 
particular example, namely the elastic constants for a crystal of 
symmetry 422. 

Strain, stress and the elastic constants 

The strain in a body is the amount by which it is locally deformed. 
Let i, j, k be unit vectors along the x-, y- and z-axes, and 

p = wi + v\ + wk (27.1) 

be the displacement of an arbitrary point r from its undeformed 
position. The strain at that point is then specified by the six strain 
components 

8u 8v dw 



^yx 



-2\8x + 8y)' eyz - ezy -2\dy + ~dz)' 



--«- = l(ar + fcJ- (27 - 2) 

Many authors omit the factor J in their definitions of e xy , e yz , e zx . 
We refer to Kittel (1956, p. 85) for a helpful discussion of the strain 
components in physical terms that can be visualized rather more 
easily than the formal definitions (27.2). 

The stresses in a body are the forces which tend to deform it. 
Consider a square surface of unit area perpendicular to the x-axis, 
and let 

Fa; = (F X x, F X y, F xz ) 

be the force acting across this surface. By this we mean that if we 
cut away the material on one side of the surface, we would have to 
apply a force ±F X to the material on the other side to keep it in 
equilibrium. The ± depends on which side we cut away, the + 
sign applying if we cut away the material in the positive ^-direction 
from the surface. Similarly we define the other stress components 
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* yx> £ yy> * yz> * i 



zx> * zy< * z; 



zz . We now consider a unit cube of 
material and use the condition for equilibrium that the sum of the 
moments of the forces must vanish. This gives (Fig. 43) that 



F. 



xy 



Fy z -f Z y, 



F* X = F x 



We therefore have six independent stress components F xx , F yy , 

Fzzi Fxy, F xz , Fy 2 . 
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Fig. 43. Demonstration that F X y = Fyx for the total torque about 
the origin to be zero. 



In discussing stress and strain components, it is sometimes con- 
venient to employ an alternative notation. This replaces the double 
sufficies like xy by a single one 1 to 6 as follows: 



1 for xx, 2 for yy, 3 for zz, 

4 for yz and zy, 5 for xz and zx, 6 for xy and yx. 



(27.3) 



Thus the stress and strain components will be written as e Pq , F vq 
or e*, Ft where we shall always use p, q, r, s for suffices taking the 
values as, y, z (or 1, 2, 3) and i, j for suffices running from 1 to 6. 
In a material obeying Hooke's law, the stress and strain com- 
ponents are related by the constants cy known as the elastic con- 
stants or the elastic stiffness constants. 



F{ = Cijej, (j summed) 
F pg = c vq rifi-Te- (»", * summed) 



(27.4) 



By considering a small cube and the work done on it by all the 
forces F vg , we obtain that the total work done per unit volume 
in an arbitrary small strain Se Pg is 

8U = F xx Se xx + Fyyfeyy + F zz he Z z + 

+ 2Fyz8e, JZ + 2Fz X &e.zx + 2F X ySe xy . 
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We have 8TJ\8e^ = F ± and 8U/8e 2 = F 2 , and on further differentiation 

8F X 8*U 8F 2 
8e 2 8e l 8e 2 8e± ' 

Hence from (27.4) we obtain 

c i} = c it . (27.5) 

This reduces the number of independent elastic constants from thirty- 
six to twenty-one. 

Transformation properties 

From (27.4) it follows that the c pqrs transform under rotations 
as the components of a fourth order tensor, i.e. in the same way 
as the products pqrs. This is an immediate application of a funda- 
mental theorem of tensor analysis (Milne 1948, p. 42), and can 
also be proved directly as follows. Suppose the co-ordinates x, y, 
z transform according to 

Rp' = D pp 'p (p, p' = x, y, z) 
(p summed) 

under a rotation R. D is a unitary matrix and is real, whence £> _1 
= t>. It can easily be shown that 8/8x, 8j8y, 8\8z transform like 
x, y, z, and thus from (27.2) the strain component e pq transforms 
like the product pq according to D pp 'D qq '. Similarly F vq transforms 
in the same way. Each side of (27.4) therefore transforms according 
to 

Dpp'Dqq'Wr"S(,'$" = Dpqrsp'q'r's'Drr'Dss", 

where c pqrs transforms according to D pqrsp ' q ' r 's'- Multiplying each 
side by D r - r -'I> s n. s .. = Dp- r -D^\-. and summing over r", s", 
we obtain 

D pq rtp'q'r's' = D pp ' Dqq' Drr' D ss ' . 
Thus 

Cpqn, pqrs, e pg e r „ (27.6) 

all transform in the same way. 

We now discuss the transformation properties in more detail to 
take into account the fact that the tensors e pq , F Pq , cy are all 
symmetric 

e Pg = e qp , F vq = F qp , cy = cjt. (27.7) 

The components of an arbitrary tensor t pq transform like the nine 
products XjX 2 , Xjy 2 , x-$. 2 , . . . according to 

£)<i> x £><i> = D<*> + D m + Z>"». 
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The linear combinations that transform like standard base vectors 
are given in (9.4), and we notice that the linear combinations trans- 
forming according to D (1) are antisymmetric and form the three 
components of an antisymmetric tensor (which is the same thing 
as a pseudo-vector (Milne 1948)). They therefore cannot apply to 
the e Pg which form a symmetric tensor, and which transform like 
the other base vectors, i.e. according to D <2) -f Z> <0) . The separation 
into symmetric and antisymmetric components is not accidental 
and can be deduced in a more general way as follows. As in § 9, 
we consider the products u m v s transforming according to ZW 
X ZW> and count up the number of times each particular value of 
M =m + ju. occurs. However, this time we do not consider UmV^ 
and u^Vrn separately, but count the symmetric sum m ot v m + u^pm 
once only. Thus the highest values M = 2j and M = 2j — 1 
occur once only, M = 2j — 2 twice, etc., and we have 

DW x £>w (symmetric product) = DW + £)<y-2> + . . . + D< 0) , 

(j = integer) (27.8) 

in contrast to the usual formula (9.2). For a discussion of sym- 
metric products from a slightly different point of view, see equation 
(24.39) et seq. We now see that the symmetric tensor e vq trans- 
form according to the symmetric product 

Z><» X X» (1 > (sym) = Z>< 2 > + D< >, 

and from (27.6) the c vqrs transform like the symmetric products 
e P qe rs according to 

[Z>< 2 > + Z>«»] x [D <2) + D (0 >] (sym) 

= [D (2 > x D (2) ] (sym) + [D<»> X D (0 > + D< 0) X X> <2 >] (sym) + 

+ [Z> (0 > X 2> (0 »] (sym) 

= [D< 4 » + Z)< 2 > + D* 01 ] + I>< 2) + -D<°». 

(27.9) 

This gives twenty-one independent base vectors, just equal to the 
number of elastic constants. 

We can now write down from (27.9) the representation that the 
Cij give under some point-group of rotations (§ 16). Consider for 
instance the group 422, whose irreducible representations are given 
in appendix K. In (27.9), 

£»< 4) becomes 2A X +A i + B 1 + B 2 + 2E, 
Z>< 2 ' becomes A x + B t + B 2 + E, 
D m becomes A x , 
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where these decompositions follow from (14.2) and (14.4). Thus the 
Cij transform according to 

6A t + A 2 + ZB X + 3B 2 + 4E. (27.10) 

The consequences of rotational symmetry 

Let us assume that the material under discussion has a group 
03 of rotational symmetries. In the case of an isotropic material 
(8 is the full rotation and reflection group, and for crystals 03 is one 
of the point-groups of proper and improper rotations. By definition, 
a rotation R of the group moves the co-ordinate axes to a completely 
equivalent orientation, so that the properties of the material are 
the same expressed in terms of the two sets of co-ordinates. Thus 
if the tensor T represents some property of the material, the value of 
each component T pv . . . of the tensor must be invariant under the 
group of rotations <8. This we shall refer to as the fundamental 
theorem of the present section. 

We shall now consider the linear combinations 

I'm'"' = «nCll + «12Cl2 + • • • + «66C 6 6 (27.11) 

which transform as standard base vectors according to the re- 
presentations D M in (27.9), or its equivalent like (27.10). We have 
two ways of looking at the transformation properties of the £ m (a) . 
On the one hand they transform by definition according to D M . 
On the other hand by the fundamental theorem each cy in (27.11) 
is invariant so that L m M is invariant. Now a set of non-zero 
quantities cannot transform according to two different irreducible 
representations at the same time (Theorem 3, appendix C). We 
therefore conclude (i) if £><«> is not the identity representation 
(D«» in (27.9) or A x in (27.10)), then £*«■» = 0; and (ii) if D<"> 
is the identity representation, then L m ia) may be some non-zero 
constant. In the case of complete rotational invariance the identity 
representation D (0) occurs twice in (27.9), so that (27.11) is a set of 
21 equations which determine the U] in terms of two constants. 
This is the well-known result that an isotropic medium has only 
two independent elastic constants, namely the bulk modulus and 
the rigidity modulus. 

A similar argument applies if we consider the case of a crystal 
with point-group symmetry 422. The identity representation A x 
occurs six times in (27.10). The elastic constants a } are therefore 
expressible in terms of six constants. There now remains the 
problem of actually determining the values of the cy in terms of 
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six suitable constants, in particular determining which cy are 
zero. This could in principle be done by following the present line 
of argument. The correct linear combinations (27.11) could be 
constructed by using the projection operator (14.11a) on one c« 
picked at random, and the equations (27.11) could then be solved 
for all the cy. This however would be extremely tedious, and 
instead we shall start again at the beginning and use the "direct 
inspection" method. 

The direct inspection method 

We saw in (27.6) that the elastic constant c pqrs transforms in 
the same way as the product pqrs, e.g. c xxyt like xhfz. In fact for 
convenience we shall use the products to represent the c P grs- The 
order of the factors pqrs is important, except that because of (27.7) 
we may interchange the first two, the last two, or the first pair with 
the last pair, i.e. we put 

pqrs = qprs = pqsr = rspq. 

We shall follow the convention of alphabetic order in each pair 
pq and rs, and not list these equivalent combinations separately. 
The elastic constants cy then transform like the following products: 

**, y*, « 4 , yzyz, xzxz, xyxy, 
x*y\ xV, xhjz, xH, x 3 y, 
y 2 z\ y*z, y*xz, y 2 xy, zh/z, 
z 2 xz, z*xy, yzxz, yzxy, xzxy. 

The group 422 contains a 180° rotation about the z-axis, i.e. the 
transformation 

x -+ —x, y -> — y, z^-z. 

Under this transformation the product x s z becomes —xH. However 
by the fundamental theorem we require each product to be invariant, 
so that we have 

x 3 z = 0. 

Similarly any product in (27.12) is zero if it contains z to an odd 
power. The two-fold rotations about the x- and j/-axes eliminate 
products with odd powers in x or y. Thus all of the products (27.12) 
are zero except 

x*, y*, z\ yzyz, xzxz, xyxy, x*y*, x*z 2 , y*z*. (27.13) 
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We next consider the effect of a 45° rotation about the 2-axis, 

x -* y> y -*■ ~~ x > z -> 2. (27.14) 

This gives the following relations: 

a; 4 = y x , yzyz = xzxz, xh? = y^ 2 . 

We now have three relations among the nine non-zero components 
(27.13), so that these are expressible in terms of six constants. 
This is the number already deduced from (27.10), so that there can 
be no more independent relations among the components, as can 
easily be verified by applying all the rotations of the group 422 in 
turn. The matrix cy of elastic constants therefore has the form 

% % % 

(27.15) 
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in terms of the six independent constants c u , c 18 , c ls , c 33 , c it , c 46 . 

This method of direct inspection is clearly applicable to working 
out the components of any tensor, provided we can choose a natural 
set of x, y, z-axes such that each rotation of the group sends a 
co-ordinate axis into a co-ordinate axis like in (27.14). Thus trigonal 
groups with 120° rotations about the main axis require special 
consideration (Fumi 1952b, c). 

Summary 

We have shown how the rotational properties of tensors are 
derived. From this we can determine the number of independent 
constants, in terms of which the tensor components can be expressed. 
It is also possible to determine the actual scheme of the com- 
ponents, which ones are zero and which non-zero ones are related. 

References 

General references: Fumi 1952a and Hearmon 1956, and refer- 
ences given there. The direct inspection method: Fumi 1952b, 
1952c. Elastic constants, including third order elastic constants, 
Hearmon 1956. 
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Problems 
27.1 The piezoelectric constants a qrs are defined by the relation 

Pq — a>qri&rs, (r, « summed) 

where P is the electric polarization in the material produced by the 
strain e rs , and where q, r, s run over the indices x, y, z. Show that 
«ffr« = for any crystal having a centre of symmetry. Determine 
the scheme of piezoelectric constants for a crystal with symmetry 
422, and check the number of independent constants by a second 
method. 

27.2* Determine the form of the matrix cy of elastic constants 
for a crystal having symmetry 32 (Fumi 1952c). 

27.3* Review the different methods that have been used to 
calculate the scheme of components in tensors subject to some 
point-group of rotational symmetry. Discuss their usefulness and 
their limitations. For references see Fumi (1952a). 

27.4* Most tensors like cy that represent properties of matter 
are either symmetric or antisymmetric. This is called their intrinsic 
symmetry. Review and relate the different types of argument that 
are used to establish the intrinsic symmetry of tensors and other 
quantities, e.g. conductivity, dielectric constants, the potential 
at A produced by a charge at B and vice versa, the elastic constants; 
and show how macroscopic reversibility is involved in the case of 
static properties. Discuss the statement "Time-reversal symmetry 
is responsible for the intrinsic symmetry of matter tensors" (Fumi 
1952a, p. 740). 

27.5 In which of the thirty- two crystal classes can a crystal 
exhibit (i) the piezoelectric effect and (ii) the pyroelectric effect? 
The piezoelectric effect is defined in problem 27.1. In the pyro- 
electric effect a crystal exhibits a permanent spontaneous electrio 
dipole moment (Cady, 1947). 



Chapter VII 

NUCLEAR PHYSICS 

28. The Isotopic Spin Formalism 
Isotopic spin 

Since nuclei contain two quite separate types of particle, protons 
and neutrons, the wave functions describing them become one 
stage more complicated than the wave function for the electrons 
in an atom. The most obvious way of distinguishing which co- 
ordinates r*, u z jc in a wave function tjj refer to which type of particle, 
would be to use always the co-ordinates k = 1 to p for describing the 
p protons, and the remaining k=p-\-\top-\-n for the n neutrons. 
However, such a system turns out in some ways to be rather clumsy, 
and a more convenient description is obtained by using an additional 
isotopic spin co-ordinate t z = ±i *° distinguish ^whether a particle 
with orbital and spin co-ordinates r, a z is a proton (t z = -\-\) or a 
neutron (r z = — \). In a way we are considering protons and 
neutrons to be two states (t z — ±%) of one "particle", the nucleon. 
The fact that neutrons and protons are rather alike in their masses 
and interactions makes such a description particularly useful, but 
the isotopic spin formalism is in itself quite independent of any 
assumptions about the degree of similarity between them, e.g. as 
regards nuclear forces. 

Following the same argument as in § 11, we introduce two basic 
functions of the co-ordinate t z , 



Utz) = 1. 


■rz = £; 


UTz) = 0, 


r z = £; 


= 0, 


tz = —h 


= 1, 


t z = — i, 



(28.1) 

so that any function of t z can be expressed in terms of these two. 
In particular if we multiply £ + by r z , we obtain the function 

T zi+ = h Tz = h 

= 0, r z = -J. 

Thus we can write 

rrf + = tf +f Trf_ = -tf_, (28.2) 

313 
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and consider t z as an operator as well as a co-ordinate, and this 
can lead to no confusion just as in the case of the orbital variables 
x, y, z or the spin variable o z (problem 11.2). We also consider 
unitary transformations of £ + , |_ 

Tfc = T.&, (summed), 

which define 2x2 unitary matrices. Now all 2x2 unitary 
matrices with determinant +1 form the representation D {1/2) of 
the rotation group (cf. equation (8.24), and problem 8.13). It is 
therefore convenient to describe these transformations of f + , £_ 
using the language of rotations in a fictitious three-dimensional 
isotopic spin space with axes Ox, Oy, Oz. In these terms the trans- 
formations I x , I y , I z defined by the properties 

/*f- = ^ + , /,£- = -!♦£+, /.£- = -**-, (28.3a) 

must be interpreted from (8.18), (8.23) as the infinitesimal rotation 
operators. In particular comparison with (28.2) gives I z = r z , and 
we shad in future write r x , r y , t + , t_ for I x , I y , I x ± il y . It follows 
therefore from (11.18) and (8.29) as in § 11 that r x , r y , t z transform 
like and have the properties of an angular momentum vector, called 
the isotopic spin, with the difference that we have dropped the h. 
Prom (28.3a) these operators are represented by the matrices 



r x 



*[; !]• T *-*t !]• -=C -i] 

*+=;!]. T - = [i .']• (28 - 3b) 

The interactions of nucleons can now be expressed in terms of 
these operators. E.g. the electric charge of a nucleon is 

9 = (i + Tz)e. 
For clearly we have 

qi+ = e£ + , q£_ = 

so that the expectation value of q is e for a proton state and for a 

neutron state. The Coulomb repulsion between protons can then be 

written 

*c = 2 2 (t + *■»*)(* + *w)eVr« (28.4) 

* <i 

where the summation includes all nucleons. There is therefore no 
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difficulty in distinguishing protons and neutrons in the isotopic spin 
formalism when required. 

For more than one nucleon, we have 

T, = T x> T y , T z (28.5) 

as the components of the total isotopic spin vector T (cf. equation 
(8.34)). Wave functions for several nucleons can be written as 

2 <Aa/3y . . . (ri, °zi> r 2 , o- z2 , . . O&.i&.sfy,, .... (28.6) 



aft- 



where a, ft, y ... is some arrangement of + and — signs (cf. equation 
(11. lib)). Using (28.3), (28.5) we can apply rotations in isotopic spin 
space to these wave functions, and sort them out into ty(T, Mr) 
transforming according to the irreducible representation D< T > of 
the rotation group f as standard base vectors (8.18). Thus the 
functions ( + , f_ transforming according to D u/2) are characterized 
by the quantum numbers r = \, m r = ±\. For any wave function 
ty we have by operating with T z that 



M T = 2 ™ rk = i(p-n)=p -\A, 
k 



(28.7) 



where A = p + n is the total number of nucleons described by ty. 
Thus for fixed A, Mt is a measure of the nuclear charge pe. In 
any ordinary situation we know A and the total nuclear charge for 
a system, so that we can describe it by a wave function ty with a 
definite value of Mr, though ty may contain components with various 
values of T. In particular we can form pure isotopic functions 
E TM as linear combinations of the f^f #£,* .... For instance for 
two nucleons we have 

S i,-i = UU, S M = 2- 1/2 (f +1 f_ 2 - (_J^- (28.8) 

The exclusion principle 

We shall now discuss how the exclusion principle is to be expressed 
in terms of our isotopic spin formalism, and start by considering 

t The quantum number T should not be confused with the vector T 
(T x , T y , T z ). We shall use capital letters to denote total quantum numbers 
and operators for several nucleons, and lower case letters for individual 
nucleons, as in chapter II and (28.5). 
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two nucleons, a proton and a neutron. Let the proton be in the state 
<fi(r, a z ) and the neutron in <j>(r, a z ). The combined state is 

4>{tp, <^)<£(r„, a zn ). (28.9) 

and in terms of isotopic spin this can be written 

<l>{*i> °zi)<f>{r 2 , <rz 2 )£ +1 f_ 2 
or ^-(r 2 , c7 Z2 )^(r 1; a n )i + J_ lt (28.10) 

depending on which particle we call number 1 . Now these two wave 
functions (28.10), which mathematically are linearly independent 
functions, describe only one and the same physical state, namely 
(28.9), and not two separate degenerate states. Moreover the same 
state can also be described by any linear combination of the functions 
(28.10), for example by the antisymmetric one 

w = mme+xU - wm)t«it-x> (28.il) 

where for short i/>(1) = <l>(Ti, cr zi ) etc. Clearly this redundancy among 
the wave functions (28.10), (28.11) is undesirable because it makes 
for ambiguity in writing down a wave function for a given state. 
We shall therefore make the convention that we shall always use the 
antisymmetric wave function (28.11), for there is always one, and 
only one, of these. 

This convention is also convenient in another respect. Using the 
spin functions (28.8), (28.11) can be written 

W =,W(T=l, M T =0) + W{T=0, M T =0) 
where 

¥(T=1, M T =0) = 2-"V(l)^(2) - </.(2Ml)]S 1>0 = ?PiSi i0> 
W(T=M T ^0) = 2-1/^(1)^(2) + <A(2)<ftl)]S 0>0 = f S 0i( , 

(28.12) 

Here we have separated out the T = 1 and T = components. 
Since permutations commute with isotopic spin rotations, permuta- 
tions cannot mix the two components with T = 1, T = 0, each of 
which must therefore be antisymmetric as can easily be verified 
explicitly. Let us consider the function ¥*i5i,o. Operating on it with 
T + we obtain using (8.18) 

VA, = 2 vn PiS lt i. (28.13) 

which again must be antisymmetric. Since T + increase the value 
of Mt by one, by (28.7) it turns a given wave function W(Mt) 
into a new function W(Mt+^-) describing a state in which one 
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neutron has been turned into a proton, as is obvious from (28.7). 
Moreover the two protons described by (28.13) are seen to be in 
the same orbital and spin state W x as the neutron-proton pair in 
Sy? 1)0 - It is now clear what advantage there is in choosing Vi8 1M 
antisymmetric by convention: it means the n-p state W^^ is 
directly and simply related by (28.13) to the corresponding p-p 
state, where the latter has to be antisymmetric because of the 
exclusion principle. 

The above argument is quite general. Let 

ippi^i, «v, . . . ; r P , o p ) 
an( * ^»( r 3>+i> vp+i', • • • ; r P+n , o p + n ) 

be space and spin functions for p protons and n neutrons. By 
permuting co-ordinate numbers, the combined state can be des- 
cribed by up to (p + n)\l(p\nV) different wave functions in the 
isotopic spin formalism. However, by convention we always choose 
the one and only antisymmetric function 



V = [(P + n)!]-i/» 2 SpiYpf.f + i • • • £ + ,pt-. P+1 ...L 
p 



P+n 



(28.14) 
where [(p + w)!]-i/2 £ 8 P P 



p 



is the antisymmetrizing operator of (12.2). The function clearly 
satisfies the requirements of the exclusion principle, namely anti- 
symmetry under the permutation of proton co-ordinates alone, or 
of neutron co-ordinates alone. In addition the function is anti- 
symmetric under permutations of proton and neutron co-ordinates 
in the sense of the isotopic spin formalism. This additional anti- 
symmetry, besides conferring a certain uniqueness on the function, 
has the following advantage. By operating on (28.14) with the 
operators T + and T_ we can generate new functions having different 
values of M y, and hence describing different numbers of protons 
and neutrons, say p' and n'. Simultaneously, the detailed require- 
ments of the exclusion principle have changed, since we now want 
antisymmetry in the first p' co-ordinates instead of the first p, 
and in the last n' instead of n co-ordinates. However, since permuta- 
tions commute with isotopic spin rotations, the new functions are 
still of the totally antisymmetric type (28.14) and thus satisfy the 
exclusion principle automatically. Therefore requiring the wave 
functions to be antisymmetric in everything prevents us from ever 
violating the exclusion principle in any calculation. The fact that 
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functions of the form (28.14) transform under isotopic spin rotations 
into functions of the same antisymmetry type allows us to sort 
them out according to the irreducible representations D lT) of the 
rotation group. Then the set of functions 

W(T, M T ) -T ^ M T < T (28.15) 

describes a fixed number of nucleons in a fixed orbital and spin 
state, with the number of protons differing from state to state as 
given by (28.7) and with each state satisfying the exclusion principle. 

An alternative formulation 

We shall now sketch briefly an alternative method of setting up 
the wave functions. Apart from generally clarifying the isotopic 
spin formalism and being of practical use on occasions, this formula- 
tion is of interest in two connections. Firstly, there is the historical 
interest. From what has been said in this section, there is evidently 
a complete analogy between isotopic spin and the ordinary eleotron 
spin. In the latter case the exclusion principle demands anti- 
symmetry in the wave function for electrons with parallel spin, 
but for antiparallel spin the usual antisymmetry requirement is of 
a more formal nature and does not for instance prevent the two 
electrons being in the same orbital state. In § 12 we showed, using 
determinant wave functions following Slater (1929), how to work 
out the different terms arising from a configuration and write down 
their wave functions. However, before Slater's method was dis- 
covered, the same results were obtained by the much more cumber- 
some method to be outlined below (cf. problem 28.4). It is described 
in detail in Wigner (1931) and Weyl (1931). 

Secondly, this formulation does shed more light on one interesting 
question which was already raised in § 12. In the case of atomic 
energy levels, the energy of a term is calculated purely from ^orh 
(10.2) without any spin-dependent forces. Why then does the 
energy depend on the spin quantum number SI In the nuclear 
case the analogous situation is as follows. The isotopic spin only 
distinguishes neutrons from protons, and in the next section we 
shall assume that nuclear forces are, to a good approximation, 
charge independent, i.e. are the same for protons and neutrons. 
Then T becomes a good quantum number, but how can the energy 
of a state depend on J 1 ? 

As in (28.14) let ifi P and <f> n be antisymmetric orbital and spin 
wave functions for p protons and n neutrons. Then any of the 
(p + n)\j(p\n\) distinct functions Pifi p <f> n also describe the same 
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oombined state, where P is any permutation of the p + n co- 
ordinates. All the functions Pifip<j> n form a vector space which is 
invariant under the permutation group Pa where A = p + n is 
the total number of particles. Let us suppose this space has been 
reduced into irreducible representations A {>i) of Pa, with base vectors 

¥V A) . Consider now all the products Li^^vs of (28.6). These 

transform into one another under Pa and under isotopic spin rota- 
tions, and from § 15 we can therefore find linear combinations 
S M} (T ^ arranged in rectangles so that they transform according 
to J (,i) under Pa in each row and according to D lT) in each column. 
For instance for three nucleons we have the rectangles J ', D< 3/2) 
and r, Z) (1/2) , where J and F are the representations of Table 3. 

E*\*<* — t t t 

3/2, 1 — S+16+2S+8 

s ?k< = z~ v \UUU + UUU + Z+iUU) 

SJS/2,./ _ t £ t 
"3/2,1 — 6-16-2S-3 

*ii!:i = 2- 1/2 (! +1 l +2 l-3 - UUU) 

sifrj = 6-^(£ +1 | +2 f_ s + UUU - 2UUU) 

*-ift t = z-u\-uu£ +s - uuu + n +l uu) (28.16) 

Corresponding to any representation J (A) of Pa, we can define 
another representation J< Acon i> by the matrices 

Jy(Aconj) ( p) =8p[A t } m (Py\*, (28.17) 

where as before S p = ±1 as the permutation P is even or odd. 
Because of the 8p in 28.17, this is not just the complex conjugate 
representation A m *. For instance, for p a , J and s/ (Table 3) are 
a conjugate pair, whereas r (emi> is equivalent to JT. If /i (A> and 
g^Aconj) transform according to A w and jwoo"!), then from 
(28.17) and the unitary property (equation (A.20), problems C.2, 
C.l) we have that the linear combination 

2/< (A, <7i (Aeonl) (28.18) 

< 

is antisymmetric. Now the orbital and spin functions ¥V A) represent 
definite numbers of protons and neutrons, so that to obtain a 
corresponding wave function in the isotopic spin formalism we have 
to multiply it by a 3 with the appropriate Mt (28.7). However, 
among our rectangles we have a large number of 3's with a given 
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M t, and there is no compelling reason to choosing any particular 
one. This situation corresponds to the redundancy in (28.10), 
(28.11). However we can obtain a convenient unique function 

V = 2 ViMSf&f*, (28.19) 

i 

which by (28.18) is antisymmetric. By further detailed arguments 
it can be shown that each T is associated with only one A conj and 
vice versa, and that the representations A w which turn up among the 
¥V A) are in fact such that there is a A conj among the rectangles 
of E'a. Since we started with an arbitrary state i/j p <f> n , we conclude 
that there is always in the isotopic spin formalism a totally anti- 
symmetric wave function. Hence stating the exclusion principle 
in the new form (antisymmetry with respect to all co-ordinates) 
does not eliminate any physically relevant functions, and gives us a 
unique one where there would otherwise be an ambiguity. 

We now return to the question of energies. Let us assume as is 
approximately true that the forces between all nucleons are the 
same, irrespective of whether they are protons or neutrons. The 
energy of a state then depends among other things on how close the 
nucleons can get to one another. This depends on the representa- 
tion A m of the orbital and spin function ¥V A >. For instance it was 
shown below (12.6) that if A M is the completely antisymmetric 
representation, then there is zero probability of finding two nucleons 
(protons or neutrons) at the same place. If on the other hand A m 
is completely symmetric, the probability is a maximum. Thus the 
energy depends on A. However we do not usually compute A for 
our wave functions, but if we always work in the isotopic spin 
formalism with the totally antisymmetric functions (28.19), then 
A uniquely determines A conj, which in turn uniquely determines T. 
Thus we can conveniently use the quantum number T to distinguish 
levels which in general have different orbital symmetry and energy. 

Summary 

We have developed the isotopic spin formalism for writing a 
wave function for a system of protons and neutrons. A proton and 
a neutron are considered as two states of one particle, the nucleon, 
distinguished by the isotopic spin quantum number t z = ±$. 
This leads to the use of T, M T as total quantum numbers for a 
system. The exclusion principle in this formalism takes the form 
that a wave function must be antisymmetric under any permutation 
of the nucleon co-ordinates, the orbital, spin and isotopic spin 
co-ordinates being simultaneously permuted. 



nuclear physics 321 

Problems 

28.1 Consider the operator P 12 = — £(1 + 4t x • t 2 ). Show by 
giving tzi, t 2 2 all possible values that 

Pl20(»"l, <Tzl, T Z 1, r 2 , 0- 22 , T Z2 ) = — <fl{n, On, T X , r 2 , <7 Z2 , T zl ). 

Also derive this result by showing that T 2 = 1 — P 12 and operating 
on the functions (28.8). Hence using the exclusion principle show 
that P 12 operating on a wave function interchanges the orbital 
and spin co-ordinates of nucleons 1 and 2. 

28.2 Show that the operator P = t +1 t 1 _t +2 t_ 2 has the eigen- 
value 1 when operating on a two proton state, and otherwise. 
Hence use it to write down the Coulomb potential energy between 
nucleons. Reduce this operator analytically to the form (28.4). 

28.3 Show that P<c°nj) is equivalent to P, where P is the re- 
presentation of Table 3 of the group p 3 . In (28.17), show that the 
conjugate of d aconi) is just A M . Formulate generally in terms of 
group characters the condition under which J< Acon l> is equivalent 
to A M . 

28.4 Consider the electron configuration (2p) 3 . Write down all 
possible orbital functions for the three electrons and sort them into 
rectangles i/j(L, M t;,A, i) whose rows and columns transform accord- 
ing to P (L) and A w under rotations and p 3 . Do the same for the 
spin functions U(S, M s ] p, j). By multiplying all orbital by all 
spin functions, write down what terms one would naively expect 
from this configuration on the basis of § 1 1 (neglecting the exclusion 
principle). Using (28.18) determine which are allowed by the 
exclusion principle. Also prove that the exclusion principle never 
excludes part of a term, but always allows or excludes the whole of it. 

29. Nuclear Forces 

Charge independence 

There are several kinds of force acting between the nucleons in 
a nucleus. The most important ones constitute a specifically nuclear 
force and are referred to as the "strong interactions". Next in 
importance comes the Coulomb repulsion between the protons. 
This is considerably smaller: for instance the strength of the nuclear 
potential is of the order of 25 MeV (Blatt and Weisskopf 1952, 
p. 54), whereas in an alpha particle the Coulomb energy between 
the protons at a separation of 2.10 -13 cm is 0-7 MeV. Then there are 
effects due to the mass difference between a neutron and a proton, 
and interactions involving their magnetic moments. These are 
all thought to be due indirectly to electromagnetic effects and, 
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together with the Coulomb force, constitute the "electromagnetic 
interactions". Finally there are the "weak interactions" which 
couple nucleons with electrons and neutrinos, and which are respon- 
sible for beta decay (§33). In this section we shall only consider 
the strong interactions, and often refer to them loosely as the nuclear 
forces. 

These strong interactions appear to have at least two symmetry 
properties. The first one is that they are invariant under the space 
inversion II (3.11), so that to a very good approximation one can 
associate a definite parity with each nuclear level (Lee and Yang 
1956). The more important second property of the strong inter- 
actions is that they are independent of the charges of the particles, 
i.e. the forces between two protons (p-p), two neutrons (n-n), and 
neutron and a proton {n-p) are all the same. The evidence for the 
equality of p-p and n-n forces comes from the great similarity 
between "mirror" nuclei like H 3 and He 3 , which differ only by the 
interchange of protons and neutrons (Bethe and Morrison 1956, 
pp. 9, 116). The equality of p-p and n-p forces is indicated by 
p-p and n-p scattering experiments (Bethe and Morrison 1956, 
p. 97), by the cross sections for the reactions 

P + p -> 77+ + D 

p + n->ir° + D 

(§ 30; also Henley et al. 1953), and by the energy levels of nuclei as 
discussed below. In addition there appears to be no experimental 
evidence of any other kind contrary to this view. 

The charge independence property of the strong interactions can 
easily be expressed in terms of the isotopic spin formalism of the 
previous section. Clearly if the Hamiltonian does not involve 
T x, T y , t z , then it acts equally between any pair of nucleons. How- 
ever such a form for the Hamiltonian is unnecessarily restrictive. 
It is sufficient that the Hamiltonian be invariant under rotations 
in isotopic spin space. Thus it could for instance involve the tarm 
T t • t 2 . For consider a complete set of functions >p(x, T, Mt) for 
a system of A nucleons, where a denotes all the other quantum 
numbers besides T, Mt necessary to specify the function. If 3f B i 
(si = strong interactions) is invariant under isotopic spin rotations, 
then the functions ^f sl i/f(a, T, Mt) transform just like the ^'s 
according to the irreducible representation D iT> . Thus from the 
matrix element theorem of § 13, we have that 

J<(i*(x',T',M't) JTbi 4>(*,T,M t ) = S TT ' &mm' a(cc,<x',T) 

(29.1) 
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is non-zero only when T — T', Mt = Mt', and then does not 
depend on Mt- Now the t/r(a, T, Mt) for different values of M t 
refer to states in which the nucleons always have a particular 
orbital and spin wave function, but which differ in the number 
of protons (28.7). The result (29.1) then indicates that the Hamil- 
tonian 2fP s i acts the same way on all these states independent of 
the number of protons, and therefore satisfies our condition of 
charge independence. 

Form of the interaction 

We have just proved that if 3^ s i is invariant under rotations in 
isotopic spin space, then it merits the description "charge-indepen- 
dent". However, we know experimentally that 2^C S \ is charge 
independent and we want to express this in the isotopic spin forma- 
lism. I.e. we need to prove the converse of the above, namely, that 
^f S i being charge-independent, is invariant under isotopic spin 
rotations, To do this we have to consider the form of all possible 
types of interaction. Let B be any operator and let 

B£ + = of + + H- , 

B£_ = c£ + + df_ . (29.2) 

The matrix of coefficients can be expressed as a linear combination 
of the matrices (28.3b) plus the unit matrix, and correspondingly 
the operator B can be written 

B = i(a + d) + cr + + br_ + \(a - d)r z . (29.3) 

At this stage we limit ourselves to interactions involving only pairs 
of particles. It then follows from (29.3) that we may restrict our- 
selves to linear combinations of the following 16 terms. 

Tl+ ± Ta + , Tl_ ± T2_, T ]+ T2 + , Tl_T2_, 

Tl + T 2Z ± T1 Z T 2+ , T X _T2z ± T 12! T 2 _ , (29.4a) 

Tlz — T2z, i(jlJrTi_ — Tl_T2 + ), T\ z + T iz , TltT^Z, 

(29.4b) 

1, i(Tl+T 2 _ + Tl_T 2+ ) + T 1Z T2Z = Tl • T 2 . (29.4c) 

Now nuclei have a definite charge, corresponding to definite num- 
bers of protons and neutrons. From (28.7) this means that Mt 
is a good quantum number for designating the eigenstates of Jf? s i. 
Thus J^si is invariant under isotopic spin rotations about the z-axis, 
so that it cannot contain any of the terms (29.4a). This argument 
of course does not apply to the weak interactions leading to beta 
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decay, for these couple states with different charge and Mr- Next, 
by operating with each of the interactions (29.4b) on wave functions 

W = 0(7-!, <7 Z1 , r z , o z2 )Si; Mt with M T = 1, 0, — 1, 

it can be seen that they give quite different results for different 
values of M t and hence cannot be considered charge-independent. 
For instance 

(tu + r u )V =W ifM T = l (p-p), 
= if M T = (p-n), 
= -V if M T = -1 (n-n). 

It can also be shown that no linear combination of these four inter- 
actions can be used in a charge-independent Hamiltonian (problem 
29.2). This only leaves the two terms (29.4c), which are invariant 
under isotopic spin rotations and which give charge independent 
forces as already shown in the last paragraph. We have therefore 
proved that the conditions of charge independence and invariance 
under isotopic spin rotations are equivalent. 

We can now easily deduce the actual form of the Hamiltonian 
if we first make the assumption that 3^ s i does not depend on the 
momenta (nor the velocities nor angular momenta) of the particles. 
There is no compelling reason for this assumption; it is made here 
for the sake of simplicity in the absence of any definite evidence 
to the contrary (Bethe and Morrison 1956, p. 99). As in (29.4) we 
need only consider the 16 products up to the second degree of the 
spin operators sn, Sj 2 with the identity operator. Using the irreducible 
representations of the rotation group these can be classified into 

two scalars, 1,82-82; (29.5a) 

three vectors, s x + s g , 8 X — s t , s x A s s ; (29.5b) 

one tensor, five components t m , —2 ^ m ^ 2. (29.5c) 

As regards the orbital variables, Jf 8 i can only depend on r = r, 
— r 2 . The functions of this can be written as 

(29.6a) 

(29.6b) 

r*Y %m (0, 4); (29.6c) 

all multiplied by an arbitrary function of r. The tensors in (29.5c), 
(29.6c) are not complete nine- component second rank tensors, but 
are the five parts transforming irreducibly according to Z) (2) . These 



the scalar, 


1; 


the vector, 


r; 


the tensor, 


t m 


etc. 
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form a symmetric tensor with zero sum of diagonal terms (see § 9). 
Now the Hamiltonian has to be invariant under rotations (there is 
no intrinsic preferred axis among the nucleons), and the only way of 
obtaining such interactions is by taking the scalar products of 
corresponding terms in (29.5) and (29.6). We obtain the following 
six scalars and pseudoscalars: 

1, s x • s 2 , Zt m *t m ' = 3(s x ■ r)(s 2 • r) - r 2 s x • s 2> (29.7a) 

(s 1 +s 2 )t, (s 1 ~ s 2 )t, s x A s 2 t. (29.7b) 

The three terms of (29.7a) can each be multiplied by the two terms 
of (29.4c) giving the six interactions of Table 32. These are all 



Table 32 




Nuclear Interactions 




Wigner Vy,(r) 




Bartlett (spin exchange) FbMSj . s, 




Tensor Vt{r)(s 1 . r)(s, . r) 




Heisenberg (space-spin exchange) Vs(r)x 1 . x, 




Major ana (space exchange) Km^Xs, . s,)(T! . t,) 




Tensor exchange Ft e (r)(s x . r)(s, . r)^ 


x.) 



invariant under the space inversion 77, symmetric in the co-ordinates 
1 and 2, and charge independent. On the other hand the terms 
(29.7b) must be rejected because they are not invariant under 
77 (Sj, s 2 are invariant under 77, appendix F). 

Iaotopic spin multiplets 

Since we have established that J4? s i is invariant under isotopic 
spin rotations, its eigenfunctions can be sorted out to transform 
according to the irreducible representations D {T) . The set of 2 T + 1 
states have the same energy and from what is called an isotopic 
spin multiplet or T-muttiplet. Because of the different values of 
Mt, these states clearly belong to neighbouring nuclei with the 
same mass number. Fig. 44 contains two examples of a T-multiplet, 
one with T = 1, J = 2 and one with T = 1, J = 0. The three 
states of each multiplet are seen to have not exactly the same 
energy because of the minor (Shajge-dependent electromagnetic 
interactions mentioned at the beginning of this section. Some of 
them can easily be corrected for.'. For instance the mass difference 
between a neutron and a hydrogen atom amounts to 079 MeV. 
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If we assume the protons in the nucleus to be uniformly spread 
out, the Coulomb energy is (Blatt and Weisskopf 1952, p. 216) 



E c = %Z(Z - l)e 2 /i?, 



(29.8) 



where R is the nuclear radius. Using (29.8) and R = 1-44 A 1/s 
10 -13 cm, we obtain for the corrected relative energy levels of the 
J=0 r-multiplet 1-97 (M T = -1), 1-77 (M T =0), and 1-96 
(Mt = !)■ The remaining discrepancy is presumably due to the 
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Fig. 44. Relative energies of the ground states and first excited 
states of the nuclei Be 10 , B 10 , C 10 . The mass energies of the atomio 
electrons and the nuoleons is included. The parity of all states is 

even. 



crudeness of (29.8) and other small charge-dependent effects. 
Nevertheless the degree of agreement shows that the strong inter- 
actions must be charge-independent. 

The shell model and nuclear levels 

In the theory of atomic energy levels (Chapter II), it was seen to 
be a useful starting approximation to assume that each electron 
moves in a fixed net potential, which represents in some average 
way the effect of all the other electrons and the nucleus. Similarly 
in nuclei it is fruitful to assume that each nucleon moves approxi- 
mately independently in a certain potential well, and this leads to 
Is, 2s, 2p, 3s, etc., orbits as for electrons. As in the case of jj coupling 



Number 


Cumulative 


of states 
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2 
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12 


20 
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28 


22 
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in atoms (§ 11), the presence of fairly strong tensor and/or spin- 
orbit forces couples the orbital and spin angular momenta of each 
nucleon to give a total angular momentum j (Bethe and Morrison 
1956, pp. 99, 165). However the order of the energy levels of the 
various states is different from that in the electronic case, and this 
also results in a different grouping into closed shells. The order 
in which the various individual nucleon levels are filled is shown in 
Table 33, where levels with nearly the same energy have been 

Table 33 
Levels in the Nuclear Shell Model 

Shell Levels 

1 l«i/» 

2 2p,/„ 2p l/t 

3 3d 6 /„ 2«,/2. Sdf/t 

5 %>a/«> 4 /*/s. 3Pi/i. $9*1* 

The last column gives the total number of states up to and including a given 
shell. After the fifth shell differences appear between protons and neutrons, 
and between various authors (Bethe and Morrison 1956, p. 164; Siegbahn 
1955, p. 421). 

grouped together into shells. The total number of states in each 
shell is also shown, the level 2p a/2 being for instance 2? + 1 = 4- 
fold degenerate. Each of these states can be filled twice in a nucleus, 
once by a proton and once by a neutron. 

As an example, let us calculate J and T for the low lying allowed 
levels of the A = 10 nuclei Be 10 , B 10 , C ] ». From Table 33 the 
configuration is (ls 1 /^*(2p 9/s ) t . By writing down all possible deter- 
minant wave functions for this configuration in the manner of § 12, 
we can tabulate all the allowed values of M j, Mt and hence group 
them into J, T multiplets. As in § 12, the closed shell (lsj/j)* always 
gives zero contribution to M j, Mt and can therefore be omitted. 
Also (2# 3/2 ) 8 gives rise to the same levels as (2p a/2 ) i , because together 
they form another closed subshell. Abbreviating the wave function 
2- 1 ' 2 J i 8 P Pi/>(j = 3/2, m n , mn; Tl 0-21, T a )^(j = 3/2, m/«, m^; r 2 , a 22 , t 22 ) 
to (ntji, m T \ = ±)(mj2, m T% = ;t)> we obtain analogously to Table 5 
the values of M j, Mt shown in Table 34. These states can be grouped 
into levels with 

J =2, T = l; J=0, T = l; J = 3, T = 0; J = 1, T = 0; 

their energies being as shown in Fig. 44. Thus the J — 3 state can 
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Table 34 
States in the Configuration (2p a / 2 ) 2 



Wave function M a M T 




levelf 


(3/2 +) (1/2 +) 2 1 




a 


(3/2 +) (-1/2 + ) 1 1 




a 


(3/2 +)(-3/2 +) 1 




a 


(1/2 + )(-l/2 +) 1 




b 


(3/2 +) (3/2 -) 3 




c 


(3/2 + ) (1/2 -) 2 




c 


(3/2 -) (1/2 +) 2 




a 


(3/2+) (-1/2 -) 1 




a 


(3/2-) (-1/2+) 1 




c 


(3/2 +)(-3/2 -) 




a 


(3/2 -M-3/2 +) 




b 


(1/2 +) (1/2 -) 1 




d 


(1/2 +)(-l/2 -) 




c 


(1/2 -) (-1/2+) 




d 


and corresponding wave functions with 


negat 


ve Mj, M T . 


t (a) J = 2, T = 1; (b) J = 


0, T = 


-- 1; 


(c) J = 3, T = 0; (d) J = 


1,T = 


= 0. 



only apply to B 10 and not to Be 10 , C 10 , because it is an isotopic 
singlet (M T = T = 0). On the other hand the J = 0, T = 1 level 
applies to all three nuclei Be 10 , B 10 , C 10 (M T = — 1, 0, 1), though 
the energy is not exactly the same for all three due to the Coulomb 
energy (29.8) and the mass difference as already discussed. As in 
(11.24) the parity is given by 



w = (-!)««, 



and is even for all the states mentioned above. 

The deuteron 

For a system of two free nucleons, the only force acting is the 
interaction between them and this depends spatially only on the 
difference r = r x — r 2 of their co-ordinates. Thus the wave equation 
becomes "separable" in terms of the centre of mass co-ordinate 
R = ^(r 1 + r 2 ) and r, and the wave function can be written 
(Schiff 1949, p. 81) 

WRWr)«^wfi»fi.. (29.9) 

or rather as a linear combination of such wave functions. Here 
^«(R) gives the motion of the centre of gravity. Instead of the 
form (29.9), it is convenient to introduce the isotopic spin functions 
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(28.12) St.Mt ^b T = 0, 1 and the corresponding spin functions 
U SMs with S = 0, 1, and thus to use the set of wave functions 

</< = </> d (R)d(k) (29.10) 

where d(k) = <f> k (r)V s Ms E TMt . (29.11) 

We have used the symbol d (for deuteron) in (29.11) to denote that 
d{k) is an internal state of the deuteron. We now assume that in 
the ground state of the deuteron the orbital function ^it(r) is a 
spherically symmetric Is type of function <£ is (r) with L = 0. Then 
to make (29.10) antisymmetric, we must either use S = 1, T = 
or S = 0, T = 1 . This gives two states for the deuteron, J = 1 
(T = 0) and J =0 (T = 1). The former one has the lower energy 
and is the usual ground state. The J = 0, T = 1 state is actually 
completely unstable, as we would expect from the fact that two 
protons or two neutrons do not form a bound system. 

So far we have designated the ground state of the deuteron by 
the quantum number J = 1, but if the wave function were precisely 
of the form (29.11) then L and S would separately be good quantum 
numbers. This would be so if the strong interactions did not include 
any tensor interactions (Table 32) nor spin orbit coupling, since 
the other interactions are invariant under separate orbital and spin 
rotations. In particular we would have L — 0, and this would 
imply a zero quadrupole moment <<3> for the deuteron with respect 
to its centre of mass 

<Q>= j>P*Q>pdv 

where Q = i [3(z t - Z)* - (r x - R)*](* + r zi ) + 

+ i[3(z 2 - Z) - (r, - R)% + r Zi ) (29.12) 

= i(3z* - r»)(l + T z ) 

(Bethe and Morrison 1956, p. 104). However it is known experi- 
mentally that the deuteron does have a quadrupole moment, as 
we would expect in general for a J = 1 nucleus from the considera- 
tions of § 21. This can be explained by assuming that^fgi contains 
some tensor (or tensor exchange) interaction ^"tens (Table 32) 
which we shall treat as a perturbation. The unperturbed wave 
function d(ls) then becomes 

„,.* , T? Sd*(k)tf tena d(l8)dv j 
' ' + ZL, E — E * (29.13) 

Since Jf tens is invariant under simultaneous orbital and spin rotations 
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and under isotopic spin rotations, from § 13 all d(k) in (29.13) must 
have J = 1, T — like d(ls). Since ^ftens transforms according 
to X> (2> under orbital rotations or under spin rotations, the coefficient 
of d(k) in (29.13) is zero unless d(h) has in addition L = 2, S = 1, 
2 or 3. In the present case of only two nucleons only 8 = 1 applies. 
Thus the ground state d of the deuteron can be written as the sum 
of terms {Ms = ±1, 0) of the form 

MrW^MsS^ and <£ s (r)F 2 ^(0 > <£)*7 1>M , s 5o.o> (29.14) 

where <j> d Y lt M is a d-symmetry (/ = 2) orbital. In fact it can be 
shown that this form applies exactly, not only in first order pertur- 
bation, if </> s is interpreted as an arbitrary 1=0 orbital differing 
somewhat from the original </> u (problem 29.8). Now from (29.12) 
the quadrupole moment of the ground state is a linear combination 
of terms 

J <j>s*Q<f>aY 2t M d» and j ^Q^aYs.M dv, 

and does not vanish identically. 

These conclusions about the wave function of a deuteron can 
be summarized conveniently as follows. The final wave function 
can be written in the form 



$ = f d (R)d m , (m = Mj= 0, ±1) 



(29.15) 



where i/> a (R) describes the motion of the centre of gravity R, and 
d m is a function of the form (29.14) describing the internal motion. 
We also have that d m transforms according to D (1) under orbital 
and spin rotations (J = 1), according to D {0) under isotopic spin 
rotations (T = 0), and has even parity, which completely describes 
the symmetry of (29.15). Now given this symmetry, we do not 
need to consider for most purposes the detailed internal structure 
of the deuteron. We can regard it as if it were a new type of funda- 
mental particle described by the "spin" functions d m , where the 
three states m = 0, ±1 refer to some internal degree of freedom. 
This is why we have used small letters d and m in (29.15), in accor- 
dance with the usual convention of using small letters for single 
particles and capitals for composite systems. From this point of 
view the deuteron is often described as having a "spin" of 1, although 
the quantum number J = 1 is really determined by a combination 
of internal orbital motion and true spin angular momentum. f 

t If there is likely to be confusion with the electronic angular momentum, 
then / is used instead of J for the total internal angular momentum, i.e. 
"spin", of a nucleus or other compound particle. This is done in § 21. 
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The same argument can be applied of course to any nucleus, and 
we have already made extensive use of this in § 21 where we treated 
the nucleus as a black box characterized by a certain net "spin", 
magnetic moment, quadrupole moment, etc. There is thus a com- 
plete analogy with electrons described by w + , or nucleons by £ ± , 
the only difference being that in the case of the deuteron we happen 
to know explicitly how the internal degree of freedom describes 
the relative motion of the proton and neutron. This internal motion 
is described by saying that d m contains a mixture of orbital states 
L = and L = 2, and is an eigenfunctionf of S 2 corresponding to 
5 = 1. 

Other particles 

As already mentioned the same type of description (29.15) can 
also be applied to other particles. For instance the internal wave 
function a. of an alpha particle has J = T = as expected from the 
shell model. Thus we can write for an alpha particle wave function 



*=*.(R)a 



(29.16) 



where ^.(R) corresponds to the motion of the centre of gravity R, 
and where the function a is invariant under orbital and spin rota- 
tions and under isotopic spin rotations, and has even parity. 
Similarly for jr-mesons we write 



<l> = >l>m(R) «■», m = 0, +, — , 



(29.17) 



where tt + , w°, n~ denote the internal wave functions of the corre- 
sponding 7r-mesons. Experimentally it is known that these particles 
have zero intrinsic spin angular momentum, so that the functions 
ir m are all invariant under rotations. Also II-n m = —n m where 77 
is the space inversion, i.e. the «■"» all have odd parity. 

It is also known experimentally that 7r-mesons are intimately 
connected with nuclear forces (Bethe and Morrison 1956, pp. 29, 
147). In particular it is found that the forces between 7r-mesons and 
nucleons have about the same range and strength as inter-nucleon 
forces, and that they too are very nearly charge independent. It is 
natural therefore to look for a unified interaction theory which 
embraces 7r-mesons as well as nucleons. We achieve this by regard- 
ing the three types of Tr-meson as three different internal states of 

■f However the d m do not transform according to ZW under spin rotations 
and Ms is not a good quantum number. 
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one particle described by the isotopic spin co-ordinate t z , the func- 
tions w+, tt , it— transforming as standard base vector (8.18) with 
Mt = 1, 0, —1 and T = 1 under isotopic spin rotations. The 
strong interactions can again be expressed in terms of the t operators 
and thus again become charge-independent if they are invariant 
under isotopic spin rotations. 

Similarly the isotopic spin formalism can be extended to all 
particles which interact via the strong interactions and Table 35 

Table 35 
Quantum Numbers of Particles Having Strong Interactions 



Partiole 


Mass 


Spin 


Parity 


T 


M T 


N 


Strange- 
ness 


Nucleona 
















Proton 


1840 


i 


even 


i 


i 


1 





Neutron 


1840 


i 


even 


i 


-i 


1 





Antiproton 


1840 


i 


odd 


i 


-i 


-1 





Antineutron 


1840 


i 


odd 


i 


i 


-1 





Mesons 
















«+, it , «■- 


270 





odd 


1 


1,0, -1 








K+, K\ 


970 





? 


i 


±i 





1 


R",K- 


970 





? 


i 


±i 





-1 


Hyperons 
















A' 


2180 


i 


T 








1 


-1 


S+, Z", 2- 


2330 


$ 


T 


1 


1,0, -1 


1 


-1 


S'.S- 


2580 


i 


? 


i 


±i 


1 


-2 


Tbe mass is in 


units of the electron mass. 











shows the values of T and M t for the wave functions describing 
some of these particles. In addition it has been found that there 
are other useful quantum numbers describing the particles, namely 
the nucleon number N and the strangeness. These are presumably 
connected with an invariance property of the Hamiltonian under 
some transformation involving a new co-ordinate not yet under- 
stood. In each case the charge of the particle is 

e[M t + iN -\- i(strangeness)], 

this being the generalization of (28.7). The concept of isotopic 
spin does not appear to apply to electrons, positrons, neutrinos 
and fj. mesons (collectively known as leptons) which do not interact 
via the strong interactions. 
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Summary 

The strong interactions among nucleons and other fundamental 
particles have been discussed, particularly the consequences of their 
being charge-independent. The form of the Hamiltonian, the 
existence of isotopic spin multiplets, and the states of the deuteron 
and other particles have been described. 

Problems 

29.1 Suppose that nuclear forces are only charge symmetric 
but not necessarily charge independent, i.e. the n-n and p-p forces 
are equal to one another but not to the n-p force. Which of the 
interactions (29.4) would then be allowable in the Hamiltonian? 

29.2 Operate with each of the interactions (29.4b) on the B'& 
(28.8), and show that no charge-independent linear combination 
can be formed from them. Note that it is necessary to use the 
conditions (i) that the Hamiltonian must be symmetric as regard 
interchange of particle co-ordinates, and (ii) that the linear combina- 
tions must contain all real coefficients so that the Hamiltonian is 
Hermitian (Schiff 1949, p. 129). Also list critically all the assump- 
tions that have been used in arriving at Table 32. 

29.3 Suppose that the nuclear Hamiltonian is invariant under 
space inversion, but is not necessarily charge-independent. Which 
of the following interactions would be allowed? (s x + s 2 ) A p • r, 
Si • Ti + s 2 • T 2 , (Si A s 2 • r)( Tl • T 2 ), [(Si - s„) A P • T (t u - r 2z )] 
s i * S2*(ti+t 2 _ _ Tl+ t 2+ ), w here r = r t — r a , p = Pl - p 2 . 

29.4 Are the electromagnetic interactions invariant under 
isotopic spin rotations about the z-axis? 

29.5 Derive the J, T and parity quantum numbers for the energy 
levels of Li 8 , Be 8 , B 8 arising from the lowest configuration. 

29.6 Assuming the Hamiltonian is charge independent and 
invariant under space inversion, show that for two nucleons the 
energy eigenfunctions are also eigenfunctions of S z where S is the 
total spin angular momentum. 

29.7 Assuming that the Hamiltonian contains only the Wigner 
and Heisenberg interactions (Table 32), what would the sign of 
Vn( r ) have to be to account for the deuteron energy levels. 

29.8 Show that (29.14) gives the general form of the deuteron 
ground state wave function in the presence of tensor interactions. 
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Using Wigner coefficients, write down the correct linear combina- 
tions of the terms (29.14) corresponding to eigenstates with m 
~Mj = 1,0,-1. 

29.9 Suppose that the nuclear Hamiltonian contains the spin- 
orbit term Vls^)^ — r 2 ) A (Pi — P 2 ) • (s x + s 2 ) and the inter- 
actions of Table 32 excluding the tensor ones. Would this account 
for a quadrupole moment of the deuteron in the ground state? 

29.10* Derive all the nuclear interactions that are allowed by 
symmetry (excluding the assumption of charge independence) which 
are independent of, or linear in, the momenta of the particles 
(Eisenbud and Wigner 1941). 

29.11 Several nucleons are interacting via charge-independent 
forces. It is asserted that therefore the charge density in the 
resultant nucleus must be equal to eZ/A times the particle density. 
Either prove this assertion, or discuss why it is incorrect. 

30. Reactions 

In the previous two sections we showed how the symmetry pro- 
perties of the eigenstates of nuclei are discussed, especially as 
regards isotopic spin. We shall now apply these concepts to reactions 
when the nuclei take part in time-dependent processes. In particular 
we shall illustrate how symmetry properties can be used to deter- 
mine selection rules for reactions, can be used to discuss the angular 
distribution of the reaction products, and to calculate the ratios 
of cross sections if we have several related reactions. 

Parity of the n~ meson 

As a first example to illustrate the kind of problem that has to be 
discussed, we consider the reaction 

ir- + d^n + n, (30.1) 

and use it to determine the parity of the ir~ meson. What happens 
in practice is that the tt~ meson is stopped in some material con- 
taining deuterium. Being negatively charged, it can go into stable 
electron-like orbits about the deuteron, quickly falling down to the 
lowest Is level. The radius of this orbit is 273 (= m„/m e ) times 
smaller than the corresponding electron orbit because of the mass 
difference. Thus the meson spends quite an appreciable fraction 
of the time inside the nucleus, during which the reaction (30.1) can 
occur. The initial wave function before the reaction can be written 
in the notation of (29.15), (29.17) 

Vi = </>i,( \r 4 - r. | )n-d m . (30.2) 
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Throughout this section we shall use suffices i and f to stand for 
"initial" and "final". Since the w-meson has zero spin (Table 35) 
and the deuteron has spin 1, Wi transforms according to D (1) under 
rotations. The deuteron has even intrinsic parity (see previous 
section), so that the initial parity is 

wi = w n , (30.3) 

where w„ is the intrinsic parity of the Tr-meson which we want to 
determine. Let us now consider the two neutrons in (30.1) and 
write down a set of basic wave functions 

W = fa(r t - rj U SM ,UU (30.4) 

to describe them, where fa transforms according to D {1) under 
rotations, and where S = or 1. To make V antisymmetric, we 
must have either I = even, S = (i.e. iji symmetric, U SM anti- 
symmetric), or I = odd and S = 1. Using the spectroscopic nota- 
tion of § 11, we have therefore the states ^S,,, 2 P 01 or 2 , 1 D 2 , 3 F i3 or it 
etc., and an arbitrary J = 2 state for instance would be a linear 
combination of the 3 P 2 , 1 D 2 , 3 F 2 states. We now assert that the 
final J and parity after the reaction must be the same as the initial 
ones. Thus the initial value J = 1 limits us to the final state S P V 
This has odd parity since 2 = 1, so that from (30.3) the ir~ meson 
has odd parity. Clearly the crux of this argument is the assertion 
that the J and parity do not change during the reaction. To prove 
this we first have to establish the following theorem. 

Fundamental theorem 

Consider an atom in a box containing also some electromagnetic 
radiation, and consider two energy levels of the atom E 1 and E 2 
with wave functions fa and fa. We recall (Schiff 1955, p. 28) that 
a stationary state of an isolated system depends on the time only 
through a factor exp( — iEt/h) and is an eigenf unction of the Hamil- 
tonian. Now fa is an eigenfunction of the atomic Hamiltonian, but 
it is not true to say that having the atom in the state fa gives a 
stationary state for the whole system because the atom may absorb 
(emit) a quantum of radiation and make a transition to fa. To 
obtain a stationary state we would have to take a linear combina- 
tion of states with the atom in fa and N photons, and with the 
atom in fa and N — 1 photons in the box. 

Similarly we could write down a Hamiltonian J^ s for the initial 
three particles in (30.1) (ir~, proton, neutron), using two-particle 
interactions of the form of Table 32 and the Coulomb force, and we 
would presumably find (30.2) to be a satisfactory eigenfunction. 
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However such a Hamiltonian ^f 3 is incomplete, and the initial 
state (30.2) is not really a stationary state of the whole pion- 
nucleon field, as shown by the fact that the reaction (30.1) is observed 
to occur. ^ 3 is particularly inadequate in that it refers to a fixed 
number of particles, namely three, and cannot describe processes 
involving annihilation or creation of particles. Thus we require a 
field theoretical Hamiltonian that can. How this is achieved can 
be seen from the Coulomb repulsion. The coulomb interaction 
between two particles is usually written eje 2 /r 12 , but by using the 
electric field S we can express this electrostatic energy for several 
particles in the form ( 1 /8w) J^ a dv while leaving the number of particles 
completely unspecified. In the following we shall assume all Hamil- 
tonians to be of this very general field-theoretical type. Further- 
more in this picture a reaction is described, not by a sudden change 
of the wave function from one type to another, but as the continuous 
development of one wave function under such a general Hamil- 
tonian. 

We now prove the following theorem. // JP is invariant under 
a group f> of transformations T {not involving time), and if a set of 
wave function <f>Jf) transforms according to the representation D^(T) 
at some time t = t , then the tfi^t) transform according to the same 
representation Z> Am ( T) at all times t. Instead of giving a field theoretical 
discussion as we should, we shall just use the time-dependent 
Schrodinger equation 



^l)~ in -St\ </v(<?> ')=<>, (30.5) 

where q represents all the co-ordinates of the system besides t. 
Now the operator in (30.5) is invariant under (5, and the eigen- 
functions ip^q, t) with eigenvalue zero can be sorted out to trans- 
form according to irreducible representations of (8 or any other 
convenient way, e.g. according to D^T). Since the transformations 
do not affect t, it is just a parameter having any value from — oo 
to co. The transformation properties thus remain constant in time, 
which proves the theorem.! Two variations of this proof are indicated 
in problems 30.1 and 30.2. As an example, in the reaction (30.1) 
the Hamiltonian is invariant under rotations and space inversion. 

f An even more direct way of seeing the theorem is to note that the solution 
of (30.5) can be written 

•M?. *) = exp[t(< - Jopn.Wg, < ). 

The exponential is invariant under G, and so t/i^g, t) transforms in exaotly 
the same way as tfi^q, «„). 
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Also the initial state is one of definite J and parity, so that these 
quantum numbers cannot change during the reaction, which is 
what we asserted. 

This theorem is often expressed in the following somewhat 
weaker form: if an operator commutes with the Hamiltonian, it is 
a constant of the motion. This follows from equation (17.1) 

AA 
<-tt = {l/ih)(AMr — MfA). 

It can be related to the earlier form of the fundamental theorem 
by noting that all symmetry transformations commute with the 
Hamiltonian and are thus constants of the motion (see equation 
(17.5)). The weaker form of the theorem is quite adequate for many 
applications, e.g. the reaction (30.1) already discussed. Here the 
angular momentum operators J 2 and J z , and the parity operator 
IJ commute with 3? and are therefore constants of the motion. 
Thus the initial and final wave functions are designated by the 
same values of the quantum numbers J, Mj and w. 
Consider now the reaction 

called an (a, d) reaction, where Nu Nt are the initial and final 
nuclei. The initial wave function is 

9*1 = *W.> (30-6) 

where we really should include an antisymmetrizing operator 
[(w + p)!]- 1 /* 2 8 pP as in (28.14) but this does not affect the other 
transformation properties. Since a-particle and deuteron functions 
are invariant under isotopic spin rotations (see equations (29.15) 
and (29.16)), we have Ti = T t where these are the T values of the 
nuclei, i.e. we have the selection rule 



AT = for (a, a), (a, d), (d, a), (d, d). 



(30.7a) 



Similarly (a, a), {d, a), (d, d) reactions have the same selection rule 
as shown. For example consider the reaction 

Bi» _|_ d -+ d + Bi»* 

leaving the final nucleus in an excited state. We suppose that the 
B 10 nucleus is initially in its ground state, which from Fig. 44 has 
T = 0. The reaction cannot therefore leave the nucleus in one of 



338 GROUP THEOEY IN QUANTUM MECHANICS 

its T = 1 states, which helps one to determine experimentally 
what the T values of the various states are (Fig. 44). Similarly 
we have the selection rule 



AT = 0, ±1; for (to, to), (to, p), (p, p), (p, w) 



(30.7b) 



Tr-meson production cross sections 

We shall now consider the differential cross sections a e<t (Schiff 
1955, p. 96) for the reactions 

p + p -> 7T+ + d, (3.0.8) 

p + n -y ifi + d. (30.9) 

Let the nucleons initially be in statesf <fi and <f>. For (30.8) the 
initial wave function is 

fll W 2)-fl2)fll) „ 

Under the influence of the strong interactions this wave function 
will change with time into 

W t = a¥(p +p)+ &¥V + d) (30.11) 

where the coefficients will depend on the energy and on <fi and <j>, 
for instance on whether the nucleons are really heading towards 
one another! Thus there is a certain probability |6| 2 of finding the 
final state tt + + d, and this gives the cross section for reaction 
(30.8). Similarly if in (30.9) we take the same ifi and <j> to refer to 
the proton and neutron respectively, the initial wave function is 

= iWl)<f>(2) + <P{2)<f>(l)]S ,o 

>(l) fl2) - *(2) fll)„ 

V2 



+ 2- 1 ' *' ;rv \,^ /rv ' 3 U0 . (30.12) 



Now the state ifi + d has T — 1, so that the first term in (30.12) 
with T = can never change into a -n + d state. The second term 
is related to (30.10) by isotopic spin rotations, and since the strong 
interactions are invariant under isotopic spin rotations we have, 

f The double use of <j> as the azimuthal angle in oet and as a wave function 
in (30 10) should cause no confusion. 
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using the fundamental theorem, that this term in the wave function 
changes with time as follows, 

nym-mtm ^ ^ ^ + „ + w + «, 

with the same coefficients as in (30.11). Since (30.12) contains an 
extra factor 2~ 1/2 , the probability of obtaining the products tt° + d 
is only half that for (30.11), and we have 

°e4,(P + » -»• ^° + d) = fa{p + p-+n++d). (30.13) 

This relation holds for any particular initial geometrical arrange- 
ment and energy, and for all angles of the reaction products. 

The compound nucleus 

Suppose a light nucleus is bombarded with particles such as 
n, p, d, a, etc., with a few MeV energy. The particle may not hit the 
nucleus at all or it may "bounce off the surface" or just suffer a 
deflection due to the Coulomb force. But if the particle penetrates 
the nucleus, it immediately interacts with the nearest nucleons with 
the strong interactions of the order of 25 MeV, so that it rapidly 
loses its excess kinetic energy and becomes part of the nucleus. 
In general the probability of forming the compound nucleus is 
high only when the amount of energy available corresponds to a 
definite excited state of this nucleus, and consequently the cross 
section exhibits sharp resonance peaks around the appropriate 
energies. Now this new compound nucleus is in general quite 
unstable because of the extra nucleon(s) and kinetic energy. Never- 
theless, it takes relatively quite a long time for the compound 
nucleus to break up, because statistical fluctuations have to con- 
centrate enough of the extra energy on one particle for this to escape. 
We therefore have really a double reaction 

N% + particle ->■ Nc -+2?t + particle, (30.14) 

and can apply selection rules to each stage of the reaction. For 
instance the isotopic spin selection rules (30.7a) and (30.7b) become 
respectively 

Ti = T c = T t and Tj ± £ = T c = T t ± \. 

Angular distribution of reaction products 

Suppose for example the compound nucleus is left in a J = 
state. Then the reaction products must come out with spherical 
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symmetry in the centre of mass co-ordinate system. Conversely 
if the reaction products emerge completely isotropically, then this 
indicates strongly that the compound nucleus state has J — if 
it contains an even number of nucleons. The corresponding result 
for Jc > is that the differential reaction cross section o(d, <j>) 
cannot contain terms in cos 6 higher than (cos 6)^ when J is an integer, 
and (cos O) 2,7-1 when J is half an odd integer. This we shall now 
prove, and call the first angular distribution theorem. 

Let tficm with m = M j be the initial state of the compound 
nucleus. The final wave function can be written (Schiff 1949, p. 101) 

/ e tkr \ 
Vtm = F mp (6, <p) ^5 j 0, (p summed) 

representing an outgoing wave, where v is the speed of the emerging 
article relative to the final nucleus. Here & is the product of the 
intrinsic wave functions of the outgoing particle and of the final 
nucleus, and p indicates their spin states. The cross section is 

<t(0, $) = 2<hnO m , (30.15) 

m 

where „ m = Z\F mi> (8, +)\K (30.16) 

p 

We have summed over p in (30.16) because we assume that the spin 
directions of the final nucleus and particle are not being measured, 
so that we want the cross section summed over all the different 
spin states p. In (30.15) a m is the probability of the compound 
nucleus being formed in the state >pcm- K al so the initial nuclei 
and the incident beam are both unpolarized, then everything is 
symmetrical about the axis of the incident beam which we take 
as the z-axis. We have a m = a_ m , and that a m is independent 
of the angle <j>. Consider now the effect of a rotational co-ordinate 
transformation T. The <pcm transform according to D^> 
Suppose the F mp transform according to an undetermined repre- 
sentation -D mp ,„,y. Also the <f> p transform according to the product 
representation Lf- J ^ X Z)W where J{, J v are the values of J for 
the final nucleus and particle. For simplicity we shall write the 
matrix in this product representation as t f9 .. Now by the funda- 
mental theorem above, Wt m and if>cm transform in the same way, 
so that we have 

= D mm - I ,4 l ,- I ,-F mi <& l /A, 
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where A is the spherically symmetrical factor exp(ifcr)/rv 1/2 . Thus 
we have 

-^mprnVVp" = D mm -S IJP '. (30.17) 

Since rotations are unitary transformations, t is a unitary matrix 
(appendix C, lemma 2 and problem C.2) and I* = p- 1 . Solving 
(30.17) we have 

D . , — Ti ( J ht* , 

Jy xp,i»V — ■ L 'nm'pp'- 

Thus the functions F mi , transform in the same way as ^ C m^ P *, 
and from (30.16) a m transforms like 

0Wb»(2* P **,). (30.18) 

o 

Now we have (using the summation convention) 

— t't -1 -0 .*0 . 

Vp* PP *V v p 

so that *2.0„*0 I> is invariant under rotations. Consequently each 
a m and hence also o transforms like ^cm*^cm (m not summed), 
i.e. according to 

where the highest value of I is 2J. Thus if o{6, <£) is expressed in 
spherical harmonics Yi m (d, <f>), the expansion cannot contain terms 
with I > 2J. Hence expressed in terms of cos 6, powers higher 
than (cos Of* cannot occur. Also since ^ and a p have definite 
parities, from (30.18) a is invariant under inversion and contains 
only even powers of cos 0. Hence when J is half an odd integer, 
powers of cos higher than (cos Of 7 - 1 cannot occur, which proves 
the theorem. These results furnish an important method of deter- 
mining the J value of excited states of nuclei. 

Angular momentum and parity selection rules 

From the fundamental theorem, the J value and the parity of a 
system remain unchanged during a reaction. However, this is not 
as useful as it might at first appear because in general the initial 
state does not have a definite angular momentum nor definite parity. 
Classically a parallel incident beam contains particles having all 
angular momenta from zero to infinity relative to a given target 
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nucleus, depending on how close the path of the particle is to the 
nucleus (Fig. 45). Quantum mechanically the incident beam is 
represented as a plane wave 



ikz 



2 (21 + l)t«ji(ir).Pi(oos 8), 



1=0 



j t (x) = (*r/2*) v V W/1 (af), 



(30.19) 



where the components transforming according to different re- 
presentations D ll) under rotations are exhibited explicitly, and 
where ji{kr) is a spherical Bessel function. The I = 0, 1,2 . . . 
components are called the s-, p-, rf-wave, etc., and they have parity 
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Incident beam 

Fio. 45. A beam of particles incident on a nucleus. The angular 
momentum of a given particle about the nucleus is mva, where o is 
called the impact parameter. It is the distance of closest approach 
to the nucleus if the particle followed a straight path. 

Although the incident wave contains all these components, not 
necessarily all of them are involved in a reaction. Classically the 
larger the angular momentum 1%, the larger is the distance a = IH/mv 
(Fig. 45) of closest approach to the nucleus, and if a > R where R 
is the nuclear radius, then the particle will not hit the nucleus at 
all. Quantum mechanically we have for small r 




so that from (30.19) the probability of a particle being close enough 
to the nucleus to interact strongly with it is small for large I and for 
small velocities (large k). For very low velocities only the s-wave 
contributes significantly to any reaction, and more generally a 
reaction is dominated by the wave with the lowest I that can con- 
tribute to the reaction due to selection rules. 
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We shall now show how a reaction has been used to establish 
some information about a particular excited state of the B 10 nucleus. 
Consider the formation 

p(2-56 MeV) + Be 9 (ground state) -+ B"* (30.20) 

of the 8-89 MeV excited state of the compound nucleus B 10 , and the 
three modes of its decay 

Bio* -> a + Li 6 **(0, +, 1; 3-58 MeV state), 

Bio* _^ a _|_ Li«*(3, +, 0; 2-19 MeV state), (30.21) 

Bio* _». « + Li«(l, +, 0; ground state). 

Here the asterisks are used to denote excited states, and the sets of 
quantum numbers are J, w, T. In the formation (30.20) of the 
compound nucleus, we do not know a priori which I component of 
the incident wave dominates the reaction, and therefore gain no 
information about the compound nucleus. The same almost applies 
to the outgoing a-particle wave in (30.21 ), but it tells us a little bit. 
Experimentally only the first of the decays (30.21) is found to occur. 
Since the first decay occurs and the a-particle has T = 0, we con- 
clude that the B 10 * state has T = 1 like the 3-58 MeV Li 8 ** state, 
and this is consistent with the other two decay modes not occurring. 
The anisotropy of the angular distribution of the a-particles would 
then set an upper limit on the value of J. However there is an 
alternative explanation. In nuclei only the strong interactions are 
invariant under isotopic spin rotations, whereas the electromagnetic 
interactions which are about 100 times weaker are not invariant. 
Thus T is not an exact quantum number for designating a state, and 
it could be that the B 10 * nucleus is in a predominantly T = state 
with a little ( ~ 1%) of a T = 1 state mixed in. This would explain 
the first reaction (30.21) being observed. Now the isotopic spin 
selection rule allows the other two reactions (30.21) to occur also, and 
the fact that they are not observed must be due to an additional 
selection rule. This restricts the possible values of J and w for the 
B 10 state. For suppose J > 0. Then the decay to the ground 
state of lithium is allowed if the a-particle emerges in an I wave 
with l=Jail=J— 1 and such that (— 1) ! = w, and the decay 
to the 2-19 MeV state would be allowed also. However no decay 
into the 2-19 MeV and ground states is possible from a J = 0, 
w =s +1 state, because this would require an I wave with I odd, 
which would violate the conservation of parity. We conclude there- 
fore that the B 10 * state may be a J = 0, w = +1, T = state 

83 
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containing an admixture of T = 1. Actually other evidence sup- 
ports the T = 1 alternative suggested first with a little T = 
mixed in with it, and the non-occurrence of the last two reactions 
(30.21) then indicates that either the B 10 * state has J = 0, 
w = +1 for the same reason as before, or that the admixture of 
T =■ in it is very small indeed (Malm and Inglis 1954). 

The second angular distribution theorem 

Consider a reaction which proceeds predominantly through a 
particular I wave in the incident beam of particles (30.19). The 
initial wave function can be written 

where fa describes the particular spin state p of the incoming 
particle and of the initial nucleus. Similarly the final state is 



/ e tkr \ 



where A gives the spin state of the final nucleus and the final 
particle. Suppose that under a rotation the various functions 
transform with the following unitary matrices: 

function:— Y lm , fa, F Am , <P A ; 

matrix: — A»«»'> *«/> DpHmp'Xm'' T u -. 

Since by the fundamental theorem ^P^pm and r Pf,i>m transform in 
the same way, we have analogously to (30.17) 

Solving this equation we obtain 

n . . r>W .* .t * 

Thus the functions a m (d, <f>) = 2 l-^Mrol 2 transform in the same 
way as *" 



As in (30.18), each bracket is invariant under rotations, so that the 
<r m transform like 

where the highest value of L that can occur is 21. If we choose the 
«-axis parallel to the incident beam, the reaction cross section 
a{0, <f>) is just a , and there is no dependence on <f>. Hence a(0) 
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expressed in powers of cos can contain no term higher than (cos 0) il , 
where I is given by the l-wave in the incident beam through which the 
reaction proceeds. This is the second angular distribution theorem. 
Consider for instance the reaction 

Li«(l, +, 0) + a(0, +, 0) -> Bi«(2, -, 0, excited state) 

-> Bio + y> 

where the bracketed figures are the quantum numbers J, parity 
w, T respectively. If we consider only the l tb component in (30.19), 
the initial wave function transforms according to D il) X D {1) 
X D (0) under rotations, so that we must have I at least 1 to obtain a 
J = 2 state in the compound nucleus. Also 1 = 1 gives the correct 
parity, so that the ja-wave dominates the reaction. The angular 
distribution of the final y-ray will therefore have the form 

a(0) = a + b cos 2 0. 

Of course in practice the argument is used in reverse. The observed 
angular distribution is used to obtain information about which 
Z-wave dominates the reaction, and hence to limit the possible J 
value and parity of the compound nucleus. Sometimes they can be 
determined unambiguously in this way. 

Angular correlation of successive decays 

Suppose that a nucleus N goes through two successive y-decays 
from an excited state a through the state b to c. 

N a -+ N b + ylLJ, 

N b -+N e + y(L 2 ). (30.22) 

Here L x and L 2 give the angular momentum hL carried oS by the 
y-ray in what is called a 2 z, -pole transition. If the life time of the 
state b is very short, then external influences do not have time to 
affect the nucleus in its b state, and the actual final quantum state 
of the first reaction becomes the initial state for the second. This 
leads to a relationship between the two decays. We shall choose as 
our 2-axis the direction in which the first y quantum has been 
observed, and shall denote by a(d) the angular distribution of the 
second y quantum relative to the first one. If a(6) is expanded in 
powers (cos 6)" of cos 6, we shall prove that the highest power 
"max ^ given by 



v max = Min(2£ 1 , 2L t , 2J b or 2J b — 1). 



(30.23) 
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Here 2Jb applies when Jb, the angular momentum of the Nb state, 
is an integer, and 2J& — 1 applies when Jb is half an odd integer. 

We first note that the forms of the matrix elements governing 
the absorption and the emission of a quantum are the same, so that 
all selection rules are the same, and for our purposes we may replace 
the reaction (30.22) by 

N a + y(Lj) -+N b -+N e + y{L s ). (30.24a) 

Similarly the miscroscopic probability of a reaction going one way 
is the same as for the opposite way, and we may consider 

N c + y(L 2 ) -+N b ^N a + y(Li). (30.24b) 

Secondly, a photon state y(L) has angular momentum %L and trans- 
forms according to D' L) (problem 30.3). We may therefore treat 
it as a spinless particle in an orbital j&-wave. We can now apply 
the first and second angular distribution theorems to each of the 
reactions (30.24), and the result (30.23) follows immediately. 

Nucleon tz- meson scattering 

We shall now calculate the relative cross sections of the reactions 

7T+ + p -+ 77+ + p, (30.25a) 

7T- + p -> 7T° + n, (30.25b) 

it- + p -> 77- + p. (30.25c) 

Consider first (30.25a). The initial wave function is 

Via = «/ri(orb, spin)77+| + = >/>iS 3/2 , m , (30.26) 

where $i depends on the orbital and spin variables r p , o zp , r^ of 
the initial particles and represents the meson beam incident on the 
protons. £3/2,3/2 is a pure isotopic spin function with T — f , 
since the 77™ and the | + transform according to D a) and D n/2) 
under isotopic spin rotations respectively (Table 35) and M t has 
to be 3/2 because we have a proton (M t = \) and tt+ meson (M t 
= 1). The initial function (30.26) turns under the effect of the 
strong interactions into the final state 

¥ta = ^f(orb, spin) 1 S , s/2 ,3/2 = </>i ir+U- (30.27) 

which again can only consist of a 77+ meson and a proton. Here 
4>t represents the outgoing beam (including any unscattered part) 
and has a certain angular dependence which determines o(9, </>). 
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If we now assume that all three reactions (30.25) are being carried 
out at the same energy under identical geometrical conditions, the 
initial state for reactions (30.25b), (30.25c) is 

^16 = ^i(orb, spin)77--f + 

= WV(»Srt-iA + VmSm-ml (30.28) 

where we have expressed the product ir~^ + in terms of T = § 
and T = \ functions using the Wigner coefficients in the manner 
of (9.8). The numerical values of the coefficients have been taken 
from appendix I. The reason for writing (30.28) in this way is 
that the two terms in it change with time under the influence of 
the strong interactions quite independently. In fact we shall assume 
that the T = \ component is affected only so slightly by the 
interactions that the final wave function is the same as the initial 
function, so that this component of the meson beam goes straight 
on without any appreciable scattering. We shall justify this assump- 
tion later. However we shall suppose that the T = § term in 
(30.28) does change with time due to the interactions, so that it 
does give scattering. In fact it is related to (30.26) by isotopic 
spin rotations and changes finally into -^(\)<l>t3 3 j 2 ,-ii2 analogously 
to (30.27). The final wave function for reactions (30.25b), (30.25c) 
is therefore 

Ytb = V(\)hSm,-vi + V(iM£i/*-i/i 

= V(i)MVK£- + V(*K-fJ 

+ (the unscattered T = J term), (30.29) 

where we have used the Wigner coefficients, this time in the manner 
of (9.7) to split S s /2,-i/2 U P again. The important point is that the 
orbital and spin wave function fa in (30.29) is the same as in (30.27) 
so that the cross sections for the three reactions are proportional 
to one another. Moreover the probabilities of forming the states 
ir~ + p, tt° + n and ir~ -j- p are proportional to the squares of the 
amplitude coefficients in (30.27) and (30.29). Hence the cross 
sections for the three reactions (30.25) are in the ratio 1 : 2/9 : 1/9, 
i.e. 9:2:1. This is in agreement with experiment over the range 
to 300 MeV of meson energies, which justifies the assumption that 
the T = J term leads to only a small amount of scattering in this 
range. The reason for this can be understood vaguely by thinking 
of the compound nucleus picture. If the proton and 7r-meson formed 
a definite "compound nucleus" in a denned excited state, this would 
have a particular T value (T = f in our case) and so would the 
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final reaction products. Now the proton and 7r-meson do not form a 
relatively stable compound nucleus state, as evidenced by the 
fact that the scattering cross section does not exhibit a sharp 
resonance peak at some energy. However, we can still think of this 
tendency towards forming a T = § compound nucleus as persisting 
and dominating the scattering in our energy range. For energies 
of 800-1200 MeV the T = % scattering predominates over the 
T = f and in the range 300-800 MeV the two processes are com- 
parable (Gell-Mann and Watson 1954). 
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Bethe and Morrison 1956, Blatt and Weisskopf 1952, Sachs 1953, 
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Summary 

If in a reaction process the interaction Hamiltonian is invariant 
under some group of transformations, then the initial and final 
states in the reaction have the same transformation properties 
with respect to the group of transformations. This has been used 
for isotopic spin rotations, spatial rotations, and space inversion. 
Some miscellaneous examples have illustrated its application to 
selection rules for reactions, the angular distribution of the reaction 
products, and the ratios of some related cross sections. 

Peoblems 

30.1 J? is invariant under some group of transformations, and 
^(r, t ) is a set of wave functions at t = t transforming according 
to the representation D. Using the time-dependent Schrodinger 
equation, show that difijdt, d 2 tjiJ8t 2 and all higher time derivatives 
at t = t also transform according to D. Hence using a Taylor 
expansion for ^(r, t), show that the 0„ transform according to 
D at all times t. 

30.2 Jf is invariant under the space inversion 77. Hence show 
that 77^f = #fn and d<77>d£ = 0, where <77> is the expectation 
value of 77 in a certain state. Hence show that a state with even 
(odd) parity at one time continues to have even (odd) parity for 
all time. Generalize this argument to give a proof of the fundamental 
theorem of this section (see problem 17.3). 

30.3 Show that Maxwell's equations have linearly independent 
solutions represented by the vector potentials 

^lm — iCiJorb u LM> 
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where u LU =j L {kr)Y LM (0, <}>) exp {ikct), and 

lorb = — * r A grad 
is the vector operator (8.25). Show that 

I'Aij, = (Iz* + V + h 2 )A° LM = L(L + 1)A1 M> (30.30) 

and that the A" LM transform according to (8.18). Here I is the total 
infinitestimal rotation operator. 

*■ ~ *orl> "T *comp- 

It includes the change I comp in the co-ordinate axes to which the 
components of the vector A are referred, as well as the change 
I orb in the orbital variables. (See § 32 for a somewhat more detailed 
description of the difference between I orb and I comp .) Also show 

I?omp A laf = S{S + 1)A£ M = 2A£ M . (30.31) 

The fields Af M , Aj* M are called pure electric and magnetic multipole 
fields, and basic photon states can be defined in terms of them. 
(30.30) shows that the total angular momentum is y/lL{L + l)]ft, 
and (30.31) that in some sense there is a spin angular momentum 
of one unit. However, the separation of the total angular momentum 
into orbital and spin is not as definite as in the case of an electron, 
for the A° LM are not eigenfunctions of I z comp , I t orb , nor J* rb 
(Siegbahn 1955, p. 376). 

30.4 Neglecting the mass difference between protons and 
neutrons, show that the probability of a nucleus making an electric 
dipole y-ray transition involves the operator 

2 (t 2 * + i)r k = 2 r zk r k , 
k 

where r* is the k tb nucleon co-ordinate relative to the centre of 
mass. Hence, show that the 5-11 MeV excited state of B 10 with 
J —2, w = — 1, T = cannot make an electric dipole transition 
to the ground state J = 3, w = +1, T = 0. 

30.5 What would the ratio of the cross sections be for the 
reactions (30.25) if only the T = \ state contributed to the scat- 
tering? What is the ratio of the cross sections for p + d -*■ ir+ 
+ H 3 and p + d -»- tt° -f He 3 assuming charge-independent forces? 

30.6* Discuss the assignment of quantum numbers to the 5-11 
and 5-16 MeV excited states of B 10 , particularly with reference to 
the reaction of Ii 6 (ay)B 10 (Jones and Wilkinson 1953, Ajzenberg 
and Lauritson 1955, Radicati 1953). 



350 GBOTJP THBOKY IN QTXAOTUM MECHANICS 

30.7* Set up the selection rales governing the emission of a 
y-ray (Siegbahn 1955, p. 373; Gell-Mann and Telegdi 1953). 

30.8* Find and discuss some examples in Ajzenberg and Laurit- 
son (1955) of selection rules being used to determine the quantum 
numbers of excited states of nuclei. 

30.9* A nucleus in an excited state undergoes two successive 
y-decays. Outline the detailed theory of the angular correlation 
between the y-rays, discussing in particular the importance of 
symmetry properties (Siegbahn 1955, p. 531). 

30.10 A + , Af> and A_ are the amplitudes for the reactions 

ir+ + p -> 2+ + K+, 
n- + p -+ 27° + K°, 
7T- + p -> Z~ + K+. 

Using the isotopic spin assignments of Table 35 (p. 332) and the 
assumption of charge independent forces, show 

•v/2^o = A + - A_ 

and hence that the differential cross-sections satisfy 

[2<7 ]» < [ff + ] * + [»-]* 

at all angles of scattering. 



Chapter VIII 

RELATIVISTIC QUANTUM MECHANICS 

31. The Representations of the Lorentz Group 

Proper Lorentz transformations 

If a flash of light is emitted at the origin of co-ordinate at time 
t = 0, the light wave will travel radially outwards in all directions 
with a uniform velocity c. The equation of the wave front is 

x * + y* + Z Z _ C H 2 = 0. (31.1) 

Let us now consider an observer moving with uniform velocity 
v relative to the co-ordinate system Ox, Oy, Oz, and let the origin 
of his new co-ordinate system x', y', z' be chosen to coincide with 
at time t' = t = 0. Now according to the principle of the special 
theory of relativity, the velocity of light is independent of the 
motion of the observer, so that an observer at rest in the second 
system of co-ordinates also sees a spherical wave front 

x >2 + y >2 + z '2 _ c H'i = o. (31.2) 

Thus from (31.1) and (31.2) a transformation of co-ordinates from 
x, y, z, t to x', y', z', t' moving with relative velocity v, leaves the 
quantity x 2 + y 2 + z 2 — cH 2 invariant. Such a transformation is 
called a Lorentz transformation, in particular a proper Lorentz 
transformation if it is achievable physically and does not involve 
an inversion of the space or time co-ordinates. If we put T =±= ict, 
the invariant quantity becomes x 2 + y 2 + z 2 + T 2 . Now the charac- 
teristic feature of a rotation in three-dimensional space is that it 
leaves x 2 + y 2 + z 2 invariant (cf. equation (3.4); problem. 3.7). 
Thus by analogy we can regard the proper Lorentz transformations 
as rotations in the four-dimensional x, y, z, T space. 

For instance the transformation L{v,z) to a system x', y', z', T' 
moving with velocity v along the Oz axis isj 

(z' + v?) f - vz'/c 2 ' 

Z - y-(l _ „i/ c l)' t - V(l - V 2 jC 2 )' 

t This can bo proved by a more detailed consideration of (31.1) and (31.2). 
See any text discussing the special theory of relativity, e.g. Goldstein 1950, 
p. 188 ; Stratton 1941, p. 76. 
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and this can be written in the form of a rotation in the zT-pl&ne 
by an angle 0. 



ifiT' 



T = 



\/(i - P) va - j8 2 ) 

ifiz' T' 

V(l - P 2 ) + V(l - j8 a ) 



= a' cos — 7" sin 
= z' sin + T' cos 



tan = t'j3 or tanh (t0) = — £ 
where /J = v/c. 



Thus by analogy with (8.3) we can write 



L(v, z) = exp({0/ zr ) 



(31.3) 



(31.4) 



(31.5) 



in terms of an infinitesimal rotation operator I z t in the s^-plane. 
Here is restricted to be an imaginary number as shown by 
(31.4) so that the transformation is completely real when expressed 
in terms of x, y, z and t. Clearly the ordinary rotations in x, y, z 
space (which we shall call pure rotations) can be included as a 
special kind of Lorentz transformation, and the infinitesimal rota- 
tion operators I x , I y , I z of § 8 become I yz , I zx , I xy in the notation 
of (31.5), since a rotation about the a;-axis is a rotation in the yz- 
plane. If the two equations (31.3) are written in reverse order, 
they can be interpreted as a transformation exp(— idI Tz ), so that 
Itz = —Izt and in general 

!„. = -I m - (31.6) 

Thus symbols such as I xx which have not been defined so far must 
be considered as zero. We therefore obtain six independent 
infinitesimal Lorentz transformations I xy , I yz , I zx , I xT , I yT> I zT , 
It is not difficult to prove that the product of two Lorentz trans- 
formations is also a Lorentz transformation. In this way by com- 
bining the simple transformation we have mentioned, we can build 
up a whole group of transformations. This is called the proper 
Lorentz group 1 and contains as a subgroup all proper rotations. 
However it does not contain the time inversion t = —t' nor the 
space inversion II since these cannot be represented purely in terms 
of rotations about the x, y, z, T axes. 

Commutation relations 

All the commutation relations between the above six infinitesimal 
rotation operators about the *, y, z, T axes can be deduced directly 
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from the commutation relations between the ordinary infinitesimal 
rotation operators of § 8. For consider the rotation B(a, x) = 
expiialyz), 

x = x' 

y = y' cos a — z' sin a (31.7) 

z = y' sin a + z' cos a 

and two other rotations i2(j8, y) = exp(ifH zx ) and B(y, z) = 
exj)(iyI X y). The relationship between these three rotations is 
completely determined by the three sets of equations analogous to 
(31.7). In particular in § 8 we derived the commutation relation 

Ixylyz — lyz*-xy = % J-zx (31.8) 

from these equations by a procedure which effectively consists of 
writing down the relation between B(<x, x), JR(j8, y), B(y, z) when 
a, j3, y have some special simple values. We can now replace z by 
T in (31.7) and throughout the argument and obtain from (31.8) 

IxylyT — lyT+xy — iJ-Tx = — HxT- 

in general 



I„J vf — I,pl,u, = —*!„, (suffices not summed). 



(31.9a) 

Transformations such as exp(iod X y) and exp(idl z j<) commute since 
they alter only the x, y and z, T co-ordinates respectively, whence 
from (31.5) and (8.3) 



IpJpo — Ipolm = (/*, v, p, a all different). 



(31.9b) 



Any desired commutation relation can now be derived from (31.9a), 
(31.9b) or a trivial relation such as 

■Vn» — J/i»J,i» = (not summed). (31.9c) 

Irreducible representations 

Instead of using the above infinitesimal Lorentz transformations, 
it is more convenient to define the linear combinations 

A' x = Wyz + Ixt), A' y = l(I zx + I yT ), A' z = \{lxv + hr), 

A\ = A'x + iA'y, A'_ = A'x — iA'y 

A + = -A'_, A_ = -A' + , A z = -A' z (31.10) 

Bx = i(Iyz — Ixt), By = \(I Z x — IyT), B z = \{JL X y — Ixt), 

B+ = B X + iB y , B_ = B X - iB y . 
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Now it can easily be verified from (31.9) that each A and A' operator 
commutes with each B operator, e.g. 



HA'xBy - A' y B x ) 

= \J-ytXzx — Izxlyz) 4" V-xtJ-zx — IzxIxt) 

~ {lyzIyT — lyTlyz) — (J-xT^yT 



I v tIxt) 



= -iL 



yx 



iTz 



l Z T 



U X y — 0. 



Also each set A +> A_, A z \ A' + , A'_, A' z ; B + , B_, B z satisfies the 
same commutation relations (8.10) as the infinitesimal rotation 
operators I + , I_, J z 

I Z I + - I + h = J + , 

I Z I- - Uz = -I-, (31.11) 

/ + /_ - /_/ + = 2I Z . 

We can now use the operators A + ,A_,A Z and B + , B_, B z satisfying 
the same relations (31.11) to deduce the irreducible representations 
of the Lorentz group, in the same way as the infinitesimal rotation 
operators were used in § 8 with respect to the rotation group. 
Consider a given vector space which is invariant under the Lorentz 
group. It is then also invariant under the infinitesimal operators 
(31.10). We first reduce the space with respect to the commuting 
operators A z and B z , and from among the eigenvectors belonging 
to the highest eigenvalue j ofA z we pick out the one with the highest 
eigenvalue j' of B z . As in § 8, we can construct from this vector a 
total of (2j + l)(2j' + 1) standard base vectors u mm ' such that 
(cf. (8.18)) 



(31.12) 



■A + u mm 


= V\JU + 1)— W(TO + 1)] Mm+i.m' 


A_u mm 


= VUU + l)—m(m — l)]ttm-l.m' 


AzU m m 


= m Umm 


B+Umm 


= Vti'ti' + l)-m'(m' + 1)] «m.m'+l 


Bju mm 


= VU'W + l)-m'(m' - l)]w ra , m '-i 


B z v, mm 


= m' U mm ' 



As in § 8, these vectors form the basis of an irreducible representa- 
tion of the proper Lorentz group which we shall denote by D^°'\ 
where j, j' are integers or half odd integers. Any finite representa- 
tion is reducible into a sum of these. 
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Examples 

A little manipulation shows that the quantities x, y, z, t transform 
according to the rejpresentation D (ii) . In fact the standard base 
vectors are 



u+ + = z + cl = z - 


-iT, 


«+_ =x — iy, 


«_ + = x + iy, 




u = — z + ct = — z — iT, 

(31.13) 



where for simplicity we have written u ±± for « ±1 / 2 ±1 / a . From 
(8.11) the infinitesimal Lorentz transformations can be expressed 
as differential operators 

(o p \ /Ft ft \ 

X -&y— y Yx\ I *T = - i [ z 8T-' r dz)> et0 - 

(31.14) 
whence 

A z u ++ = \{-l xy - I zT ){z - iT) = \{z - iT) = \u ++ 

Similarly it may be verified that each of the vectors (31.13) satisfies 
(31.12). 

If Mjo, M_ i0 (abbreviated to w +0 , w_o) transform as standard base 
vectors (31.12) according to Z) (i0) , and «o+, «o- according to 
£)(oi) ) we can construct the set of base vectors 

Umm ' [(3 + m)\(j - m)!]V2 [{ y + m < )!{/ _ m y^,r 

(31.15) 

These transform as standard base vectors according to LW">. This 
can easily be verified, for the infinitesimal operators being defined 
in (8.1) in the same way as a differential operator like djdx, operate 
on products in a similar way (cf. problems 8.10, 8.11), e.g. 

A + u+ = n w"^ 1 A + m +0 = 0, A_ u\ = n u\ ~^ u_ , etc. 

Quantities transforming like u +0 , w_ or uo + , Wo_ are called spinors, 
though this term is often also applied more generally to quantities 
of the type (31.15). 

Also the matrices representing the infinitesimal Lorentz transfor- 
mations can be written down from (31.12). Hence the matrix 
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representing any desired Lorentz transformation can be calculated 
using the method applied to Z> (1/2) in § 8. 

The complete Lorentz group 

The proper Lorentz group I considered so far can be augmented 
by combining each proper Lorentz transformation with the space 
inversion 77, the time inversionf t, and the space-time inversion 
77t = t77 



77: 


x = —x', 


y = -y', 


z = — z', 


T = 7", ' 


t: 


x — x', 


y =y\ 


z = z', 


T = —T', 


77t: 


x = —x', 


y = —y', 


z = —z', 


T = -7", 



(31.16) 

Such transformations are called improper Lorentz transformations! 
and together with the proper ones they form the complete Lorentz 
group £. 

Let L be any proper Lorentz transformation. Then L can be 
made up as a product of simple transformations exp(*W (J1> ) which 
are pure rotations or simple Lorentz transformations along one of 
the co-ordinate axes. In § 8 (equation (8.22)) this was shown for 
any rotation. In the present case we can rotate the system such 
that the relative velocity is along the z-axis, apply L(v, z), and then 
rotate again to any desired orientation. Now if we reduce each of 
the angles 6 in these transformations to zero, L changes continuously 
into the identity transformation E. This cannot be done for any 
of the transformations (31.16) since these are inversions which in 
some sense turn our co-ordinate system "inside-out". However, 
IIL or 2/77 can be reduced continuously to 77. In this way the 
complete Lorentz group is seen to contain four branches I, 771, 
rl, 77tI consisting of all transformations that can be reduced con- 
tinuously to E, 77, t, 77r respectively. Any transformation from 
tI combined with any transformation from 771 gives one belonging 
to 77tI, etc. Thus, since IP = t 2 = (77r) 2 = E, the four branches 
I + 771 + tI + 77tI together form a group, the complete Lorentz 
group £, as stated above. Similarly I and 771 form the space-inver- 
sion Lorentz group, and 1 + rl and I + 77tI also form groups. 
However, I -f 771 + 77t1 does not form a group because it contains 
the elements 77 and r but not their product 77t. In the following 

■f It should be noted that t is the simple time-inversion operator and not 
the usual time-reversal operator of quantum meohanios defined in § 19. 
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we shall only concern ourselves with the complete Lorentz group 
i, the restriction to the various subgroups not being difficult. 

Representations derived from ZKH) 

Consider first the group E, II, t, IIt, where J7 2 = t* = (Ilr) 2 
= E, /7(77t) = t, etc. This group is Abelian and isomorphic with 
the point group 222. Its only single- valued irreducible representa- 
tions are the four one-dimensional ones shown in Table 36, as can 
easily be shown from the relations of § 14 or by the methods of § 7 
(problem 7.4). 

Table 36 
Single- valued Irreducible Representations of E, II, r, IIt 





x(m 


xim 


xW 


X(tfT) 


Xo 


1 


i 


l 


1 


Xi 


1 


i 


-i 


-I 


Xi 


1 


-i 


l 


-1 


Xa 


1 


-i 


-l 


1 



We have already shown that x, y, z, T or, in standard form, the 
linear combinations (31.13) transform under the proper Lorentz 
group according to the irreducible representation ZXH>. Now these 
base vectors are also transformed into one another by the operations 
II, t, IIt (31.16), and therefore form the basis of a representation 
of the complete Lorentz group which we shall call £><**■ ">. For 
instance the matrix representing II with respect to the standard 
base vectors (31.13) is 



-1 



Now from this representation we can obtain three other representa- 
tions D<»;'"> > r = 1, 2, 3 as follows. We simply multiply the matrices 
of all transformations T belonging to the branches I, 771, -A, 77tI 
by Xr(E) = 1, Xr{H), xr(r), x^t) respectively, where the Xr are a 
row of characters from Table 36. Thus 



DiiW(T) = Xr (a)D<";"(r) 



(31.17) 
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where a = E, 77, r, 77t as 7 1 belongs to I, 771, tI, 77t1. This really 
does give representations. For suppose T v T 2 belong to the 
branches 771, tI: then T X T 2 belongs to TTrl, and from Table 36 

Xr (77)Z)<»^>(7' 1 ) Xr (T)7)<» : «»(7' !! ) = xAn^D^T^) 

as required. It is shown in appendix H that the four representations 
2>(jj;r) r = 0, 1, 2, 3 are inequivalent and the only ones which 
reduce to 7) (i4) for proper Lorentz transformations, so that we have 
exhausted all the possibilities in this direction. Components trans- 
forming like x, y, z, T according to the representation D ( H;o) 
are said to form a regular four-vector; and if according to D {ii '- r) , 
r = 1, 2, 3, then a pseudo-vector of type r (Watanabe 1951). 

The representation D'^+o** 

Let tt+o, w-o and «o+. "o- transform respectively according to 
2) (J0> and D ioi) under the proper Lorentz group. We shall now 
obtain from them a representation of the complete Lorentz group. 
From (31.15) the vectors 

M +0 Mo+, Wo«o+, W+0%-, W-0«0- (31.18) 

transform under the proper Lorentz group according to D (ii) - 
Let us also suppose that u +0 , «_o, «o+» «o- are so related that the 
vectors (31.18) are also transformed into one another by 77 and t. 
They therefore transform under the complete Lorentz group accord- 
ing to one of the representations D (ii - r \ and let us suppose for the 
present that its is Z> (4 *;°>. Then as far as their transformation 
properties are concerned, the vectors (31.18) may be identified with 
the vectors (31.13). From this identification we get 

t m +0 «o+ = — M-o M n-. T w +o M o- = M +o w o-> 

t M_ M + = M -o M o+» T M -o M o- = — «+o M o+- (31.19) 

From these relations it can be seen that if t induces a linear trans- 
formation among the w +0 , w_ , u 0+ , u _, then we must have 

■rtt+0 = au _, tw 0+ = — (l/a)w_ , 

ru_ = — au 0+ , ru _ = (l/a)w +0 , (31.20a) 

where a is a numerical constant. In order to obtain a particular 
representation we shall put a = 1 and thus 

tw+o = u o-> ™o+ = — «-o» 

tm_ = u 0+ , ru^ = m +0 . (31.20b) 
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Similarly we can consider the effect of II, and from (31.13) and 
(31.18) we obtain 

77w +0 m 0+ = u_ u _, IIu +0 u _ = — M +0 «o-. 

i7«_ « 0+ = -u_ u 0+ , IIu_ u _ =u +0 u 0+ , (31.21) 

and analogously tof (31.20b) 

ilw+o = — iu-o-, IIu 0+ = *«_o> 

J7w_ = iu 0+ , 77w _ = -iw+o- (31.22) 

Thus the vector space (« +0 , w_ , m 0+ , « _) is invariant under the com- 
plete Lorentz group, and forms the basis of a representation which 
we shall denote by D<io+oi;4>. 

Furthermore the representation D<*o+oi;4> is irreducible. For 
suppose it were reducible: then considering the proper Lorentz 
transformations it could only be reducible into D ( * 0> + D <ol) but, 
from (31.20), (31.22), the subspaces (w +0 , u_ ) and (u 0+ , « _) are not 
invariant under 77 and t. It can also be shown now that the different 
representations obtained by choosing different values of a in (31.19) 
are all equivalent. They can all be obtained from our particular 
one (a = 1) by a continuous change of the parameter a. By con- 
tinuity the representations cannot suddenly change from being 
equivalent to being inequivalent, so that they are all equivalent, 
(unless there were an infinite number of inequivalent representations 
of dimension 4). 

Above we deduced a total of four representations D<**; r) , r 
= 0, 1, 2, 3 from the representation D<**;°' by introducing the 
factors xr (Table 36) into the matrices of the various branches 
(equation (31.17)). We can now do the same thing to D<»o+°»;4>. 
However the four representations turn out to be all the same and 
just Z> (j0+0i ; 4) ! For the pairs w +0 , «_„ and « 0+) w„- both transform 
under pure rotations according to the representation D a,2) of the 
rotation group (problem 31.3), so that like D (1/2) the representations 
D<Jo> and X> <0 *» of 1 are double valued. Each element T of the 
group £ is already represented in D<io+o*;« by two matrices +D(T) 
and —D(T), so that introducing the various changes of sign of 
Table 36 does not give new representations. However, because of the 
double-valuedness we can obtain some other representations by 
using the double- valued X r of Table 37 instead of the single- valued 
ones of Table 36. Thus we get the four representations D<*o+oi;r> ( 
r = 4, 5, 6, 7. 

t The constants in (31.20) and (31.22) are not completely independent 
because /7t has to be represented bv a multiple of the unit matrix (appendix 
H). 
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Table 37 
Double- valued Irreducible Representations of E, II, t, IJt 





xW 


X(#) 


xM 


x(nr) 


Xt 


±1 


±1 


±1 


±1 


Xs 


±1 


±1 


±* 


±i 


X. 


±1 


±* 


±1 


±i 


X» 


±1 


±» 


±» 


±1 



This brings up a point which has some important physical con- 
sequences. The four representations D<**;>"), r = 0, 1, 2, 3 are all 
single-valued and differ by changes in sign which certainly are often 
important. However the D'io+oijr^ r == ^g ) q^ 7 gjg double- valued 
with no distinction between transformations differing in sign. 
This suggests that for physical applications at least, factors of ±i 
may also be unimportant. I.e. there may be no point in distinguish- 
ing between the various Z> <l0+0 *; r, since these differ only by factors 
of » in some of the branches of £. This is definitely known to be the 
case when dealing with a single spinor field like in the theory of 
electrons, positrons and electromagnetic radiation: it makes no 
difference to any of the physically meaningful results which re- 
presentation _D<*o-H>l;r> one uses t describe the electron-positron 
fieldf (Jauch and Rohrlich 1955; see also discussion below equation 
(11.23a)). From now on therefore we shall adopt the representation 
with r = 6 as our standard one because it gives the various factors 
* in the most convenient places, but we shall usually refer to it 
simply as Z)<lo+oi> so as no t to imply any significant distinction 
from the other D<*o+oi;r\ 

For the usual quantum mechanical applications it is convenient 
to introduce in the vector space (w +0 , u_ , u 0+ , w _) a new set of base 
vectors 



1 

V2 V " 0+ ' ~-°" " + ~~ V2 



: 775K+ + u_ ), v + = — (w 0+ - m_ ), 



! x (31-23) 

u - = 7/2 K- - u +o), »- = 7/2 K- + u +o)- 

f However it may be physically meaningful to distinguish between the 
DdO + 0i;r) t r = 4, 5, 6, 7 in a theory involving more than one type of spinor 
field, e.g. in a theory of electrons, nucleons, neutrinos, y. mesons and their 
antiparticles all in interaction with one another (Yang and Tiomno 1950). 
We shall not consider such a situation. 
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Adopting D<io+oM> now instead of £><*o+o*;*> in accordance with 
our convention, we introduce a factor i in (31.22) and get 



(31.24) 
(31.25) 



It can easily be shown that the pairs u + , u_ and v + , v_ each transform 
under pure rotations as standard base vectors according to the representa- 
tion D a/2> of the rotation group. For instance I z of § 8 is I xy in the 
present notation, and we have 



IIu + = u + , Tlu^ = u_, I7v+ = — v + , IIv_ = 


—»-. 


TU + = — U + , 1U_ = — u_, TV + = v + , rv_ = 


= v_. 



I z u + = I xy u + = (B z — A z )(^/i){u 0+ + u_ 



,) from (31.10), (31.23), 
from (31.12), (31.23). 



In this way the relations (8.18) with j = $, m = ±J may be verified 
for each of the pairs u +> w_ and v + , v_. For the sake of future 
reference, we also note that the matrices representing I xy , Iyz 
and I t T with respect to u + , u_, v + , v_ are \M, \N and \K respec- 
tively, where 



M 



-1 



K 



N = 



-1 



(31.26) 



Other representations 

The following is a brief description of all the finite irreducible 
representations of the complete Lorentz group £. They are derived 
and described in detail in appendix H. Consider the base vectors 
Umm' transforming according to X)W> under 1. Then the vectors 
tm»»ct' transform according to DW. Thus when j ^f, to get a 
representation of £ we have to take the u mm ' and ru mm ' together 
to form a representation IW'W of dimension 2(2j + l)(2j' + 1). 
When j is an integer and j' half an odd integer or vice versa, the 
representation is double-valued. In this case r takes the values 
4, 5, 6 or 7, giving representations related to one another in the 
same way as the Z><* 0+0 *;''» by (31.17) and Table 37. When j, j' 
are both integers or both half odd integers, the representations 
DW+)'i;r) are single- valued and r takes the values and 1. The 
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representations with r = 2, 3 can also be constructed from (31.17) 
but are equivalent to those with r = 1, respectively. When 
j =j', we obtain four representations of £, i.e. D { ^ r) , r = 0, 1, 2, 3. 
These have dimension (2j + l) 2 and are directly analogous to the 
£)<*l;r)_ j n a ii cases products of regular vectors are taken to trans- 
form according to representations with r = 0. 

References 

For further details about the proper and complete Lorentz groups 
the reader is referred to appendix H and to the following: Van der 
Waerden 1932; Boerner 1955; Watanabe 1951; Jauch and Rohrlich 
1955, pp. 82 ff. (time-reversal); Murnaghan 1938; Harish-Chandra 
1947; Wigner 1939; Heine 1957a. 

Summary 

Lorentz transformations can be regarded as rotations in the 
four-dimensional space x, y,z, T = id,. This leads to the irreducible 
representations ZW> of the proper Lorentz group in the same way 
as the representations of the rotation group were determined in 
§ 8. Z)W> has dimension (2j + l)(2j' + 1) and a standard set of 
base vectors u mm ' transforms according to (31.12). In particular 
x, y, 2, t transform according to J) (Ji > under proper Lorentz trans- 
formations, the linear combinations (31.13) being standard base 
vectors. The complete Lorentz group £ includes the space and time 
inversions. There are four types of regular and pseudo-vectors 
corresponding to the representations D<**; r », r = 0, 1, 2, 3 of £. 
Thus x, y, z, t (or ict) form a regular vector transforming according 
to X) ( **; 0) . The spinors u + , u_, v + , v_ used in an electron-positron 
wave function may be taken to transform according to any one of 
the representations D<io+o*;*'>, »• = 4, 5, 6, 7 so that we shall write 
just I) lio+oi) . All the other irreducible representations have also 
been described. 

Problems 

31.1 Show that the combination of two Lorentz transforma- 
tions is itself a Lorentz transformation. 

31.2 Show that exp(»5 1 7 zr ) x exp^A^y) = enp[i(0 1 + d^)I zT ], 
and hence deduce the relativistic law of composition of velocities 

V = {V 1 + V 2 )(l + VjVjc*). 

31.3 Show that I yz = \{—A + — A_ + B + + B_) and hence 
calculate in the manner of § 8 the matrix representing B(9, x) in 
the representation X><* 0) in standard form. 
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31.4 Using the method of problem 8.16, show that if u mm ! 
transforms as a standard base vector according to D ( W>, then 
w*mm' transforms like u m ' m according to D ( W. Hence show from 
(31.23) that u + *, u_*, v + *, v_* transform in the same way as v_, 
— v + , —u_, u + . 

31.5 In the manner of § 9, show that 

D<»> x D (ii> = Z> (11> + Z> (10> + Z) (01> + Z> (00) . 
According to what representation do the six components of the 
angular momentum transform? 

31.6 Show that the representation ZW* is single-valued if j 
and j' are either both integers or both half odd integers. Hint: 
use the reduction of product representations such as in the previous 
problem. 

31.7 Write down some physical examples of the various regular 
and pseudo scalars, vectors and tensors. 

31.8 Show directly that « +0 , «_o transforming according to 
2)(io) under proper Lorentz transformations, cannot possibly form 
the basis for a representation of the complete Lorentz group. Hint: 
tt+Oi M-o transform according to D (i> under pure rotations: Hence 
from Schur's lemma, 77 must be represented by a multiple of the 
unit matrix. Also IIL(v) = L(—v)II, but this leads to a contra- 
diction since L(v) and L(—v) are not represented by the same 
matrix. 

31.9 Show that a set of vectors transforming according to 
£W> under the proper Lorentz group transform under pure rotations 
according to the representation DW X ZW> of the rotation group. 
Hence show that ZW> is double- valued if j is an integer and j' 
half an odd integer. 

32. The Dirac Equation 

Relativistic wave equations 

To set up a relativistic form of quantum mechanics to describe 
electrons or any other kinds of particles, we proceed as follows in 
complete analogy to the usual non-relativistic form. In relativity, 
the momenta p x , Py, Pz are the first three components of a four- 
vector pp whose fourth component is pr = *75k/c where Eg is the 
kinetic energy. f The square of the length of this four-vector is a 

t In accordance with the previous section, we take x, y, z, id = T as the 
four co-ordinates. We shall use ft etc. to denote x, y, z or T, e.g. p^ and d/dp. 
The suffix,;' will be used to denote x, y or z (not T), and bold type an ordinary 
three-vector: thus p a = pipt- 



364 GROUP THEORY IN QUANTUM MECHANICS 

constant — m 2 c a (Goldstein 1950, p. 203). 

P&* = -™ 2 c 2 (32.1a) 

or E K 2 = P 2 c 2 + m*cK (32.1b) 

In quantum mechanics we have to interpret the p^ as operators, 
and corresponding to (32.1a) we have the relativistic wave equation 

(2V2V + ™ 2c2 W = 0. (32.2a) 

The quantity p„p„, is a world scalar, so that (32.2) is invariant under 
all proper Lorentz transformations. As usual, we adopt the 
Schrodinger representation and put 

p„ = -ih—, (32.3) 

so that (32.2) becomes the differential equation 

to 2 +w + w-7*wy+ mic **= o > (32 - 2b) 

to replace the usual non-relativistic Schrodinger equation. If now 
we put tfi = ^(r, t) and regard ^ as a wave function describing the 
state of one particle, we would appear to have a satisfactory, relativis- 
tically invariant theory. 

For one particle this is more or less true, but a dilemma immediately 
appears when we try to discuss more than one particle this way. 
For two particles, for example, we would need six spatial co- 
ordinates r x and r 2 , and to preserve the fundamental relativistic 
symmetry between space and time, this would automatically 
demand the introduction of two time co-ordinates t x and t 2 . Now 
physically in any one frame of reference, time is something which 
is the same for all particles, and no physically acceptable and 
useful way has yet been discovered of developing a theory with 
more than one independent time co-ordinate. However, a way 
out of the difficulty has been found by developing the quantum 
theory of fields, and it is easy to see in outline how, by considering 
the electromagnetic interaction energy between two moving charges 
&! and e 2 . The Coulomb energy is e-fi^r^, and the magnetic energy 
can also be expressed in terms of r lt r 2 and the momenta p 1( p 2 . 
This gives the above type of description which depends explicitly 
on the number of particles, and which cannot be made truly relativis- 
tic because of the single time co-ordinate. However, if we describe 
the system in terms of the electric and magnetic fields 8 and H, 
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the total energy becomes £J"(<? 2 + H 2 ) dv, quite independent of the 
number of particles. Moreover, S and H depend only on the one 
set of variables r, t. We shall not follow this field approach any 
further here because it would rapidly lead us outside the scope of 
this book, but merely mention two facts that arise out of it. Firstly, 
a system with any number of particles can be described in terms of 
a quantum field operator V(r, t) which, for freely moving particles, 
satisfies the equation (32.2) already derived, in this case called the 
field equation. Secondly, if the system contains only one particle, 
its motion can be described to a good approximation by (32.2) 
considered now as a wave equation for a one-particle wave function 
^(r, t). We shall therefore discuss (32.2) as a wave equation, remem- 
bering that this is only an approximation as a one-particle wave 
equation, but that at the same time it has a much wider applicability 
as a field equation. It makes no difference to the symmetry pro- 
perties, of course, which interpretation we have in mind. 

In (32.2) the wave function i/t (or field W) may be a multi-compo- 
nent function with components iji a (r, t). These can be the spin com- 
ponents of a spinor t/> as in § 11, or the components of a relativistic 
vector or tensor function (like the components & x , S y , g z of the 
electric field & in three dimensions). With such multi-component 
functions, a Lorentz transformation has a two-fold effect. It first 
transforms the variables r, t to new ones r', t', and at the same time 
it transforms the components ifi x among one another. Here r', t' 
are just the co-ordinates in the new reference frame, of the same 
point P whose co-ordinates are r, t in the old frame. This part of 
the transformation is not very interesting, so that we shall ignore 
it in what follows and just write <fi x (P) or i/t a without specifying which 
co-ordinates r, t or r', t' are being used for P. However, the trans- 
formation of the different components <fi a is more interesting. We 
note that it has to belong to one of the representations of the 
Lorentz group, because every transformation must preserve the 
type of function ^r that we are dealing with. In § 11 the use of re- 
presentation D ( *' of the rotation group brought with it the whole 
concept of spin angular momentum. So here, we obtain different 
theories describing particles with different properties according to 
which irreducible representation the ifi a belong to. The representa- 
tions D<oo;r) f tb e complete Lorentz group (§31) give scalar and 
pseudo-scalar "mesons", the 7r-mesons for example being such 
pseudo-scalar particles. A theory associated with D {ii > T) is said 
to describe generally vector or pseudo- vector "mesons". In particu- 
lar photons belong to the representation Z)'!*- 1 * since this is the 
representation appropriate to the relativistic electromagnetic vector 
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potential, which is the field that gets quantized and actually satisfies 
(32.2) with ra = 0. The double-valued representations D li0+oi - r > 
are used in theories to describe all the spin £ particles such as elec- 
trons and positrons, protons, neutrons, anti-nucleons and /^-mesons. 
As mentioned in §31, all physical consequences are independent 
of r in Z)(io+oi;r) ) so that we just write D iio+oi) . 

In this section we shall develop the theory appropriate to elec- 
trons. From § 11, we know that an electron has an intrinsic degree 
of freedom described by the spin functions u + , u_, which transform 
according to D (l) under purely spatial rotations. Under the proper 
Lorentz group this becomes the representation D (i0) (see problem 
31.8). However, all electromagnetic forces are known to be invariant 
under space inversion, so that we should really consider the complete 
Lorentz group. The representation Z> (i0) has to be enlarged then to 
2)<lo+oi> ; an( i we shall now proceed to derive the theory based on 
this representation. Instead of using the pure component form 
t/i a for the wave function (or field), we shall switch at this stage to the 
alternative form of writing tp (see § 11) in terms of some set of base 
spinors, 

where the ^„ are functions of x, y, z, t only, and where for con- 
venience we shall take the u x to be the functions u + , m_, v + , v_ 
transforming according to D<*o+°*;«> as defined by (31.23) to 
(31.26). t As discussed already in § 8, the spinors u a cannot be 
regarded as functions of x, y, z, t because of their peculiar trans- 
formation properties, e.g. the double-valuedness of the representa- 
tion. It may be helpful to think of them as functions of some 
hidden degrees of freedom which will turn out to be the spin direction 
and whether the particle is an electron or a positron. 

The Dirac equation 

We return now to the wave equation (32.2). As it stands, it 
contains one unsatisfactory feature in that it involves the second 
differential coefficient S 2 0/Sf 2 . This implies that to determine 
^(r, t) completely, it is necessary to specify both 0(r, t = 0) and 
8i/t(r, t = 0)jdt as initial conditions, whereas physically just the 
state ^ of a system as one time should be sufficient to determine 

•f Where it is useful to employ the summation convention, we shall write 
the spinors u+, «_, v+, «_ as u a , a = 1 to 4, always with a or /} etc. for the 
spinor suffices. Thus the r,u a p below transform under the complete Lorentz 
group according to Z>(H;0) as regards the fi suffix and according to Dd°+°i) as 
regards a and /}. 



RELATIVISTIC QUANTUM MECHANICS 367 

the state of all later times. | We therefore make (32.2) linear in 
dip/dt by factorizing it. If we write 

then this is equivalent to (32.2a) provided we have 

condition I: y* = 1, y^y, = —y v y„.for /x ^ v. (32.6) 

It is also necessary that the y M commute with the p v , i.e. they 
cannot depend on r, t. Nor can the y„ depend on the p, since this 
would destroy the required linearity in the p v . We conclude that 
the y M operate only on the extra spin variables of the spinors w„, 
and that they just transform the u x into one another in order to 
preserve the form (32.4) of the wave function. I.e. we have 

condition II: the y^ operate only on the u a and leave the vector space 
(u + , u_, v + , v_) invariant. 

We now suppose that, because of the factorization (32.5), ifi satisfies 
(y A - imc)* = 0. I (32.7) 



This is the Dirac equation. Clearly every solution of (32.7) is also 
a solution of (32.5) and (32.2). However, the converse is not neces- 
sarily true for all mathematical solutions of (32.2), but since (32.7) 
has the required linearity in pt = —(hlc)8jdt we presume that 
(32.7) gives all the physically relevant solutions of (32.2). To keep 
the operator in (32.7) still relativistically invariant, we further require 

condition III: the y M transform according to D<*t;°> under the com- 
plete Lorentz group £. 

Incidentally, it is interesting to note that in the case of the electro- 
magnetic field we can use (32.2) direct without linearizing, since the 
time derivatives are determined by the fields through Maxwell's 
equations, e.g. dHjdt = —curl S. 

The y M operators 

We now proceed to write down explicitly a set of operators, y„, 
verify that these do in fact satisfy the conditions I to III, and then 

f Note that in quantum mechanics the state of a system is not just a specifica- 
tion of the positions of particles, but includes as complete a description of 
all other variables such as the momenta, etc., as the uncertainty principle 
allows. 
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prove that the conditions I to III define the y„ uniquely so that the 
operators we have written down are not some set of y M operators 
but the only set. Consider the operators y„ defined by the relations 



Y»*e 



= r. 



/i.a/3 U x> 



(32.8) 
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-i J 




















(32.9a) 



In an abbreviated notation these matrices can be written 
where a) are the Pauli matrices and 1 the unit matrix 



(32.9b) 



ox 



0z 






(32.10) 



Since the operators (32.8) are defined in terms of their effect on 
m + , u_, v + , v_, condition II is automatically satisfied. It is also easy 
to verify using the relation 



(rxary = — o v a % = ia z , etc. 



(32.11) 



that the matrices (32.9) and hence the operators (32.8) satisfy 
condition I. 

We now establish the transformation properties of the y„ under 
£, and hence verify condition III. Since the y M are not expressible 
in terms of x, y, z, T, one cannot transform them by a simple sub- 
stitution of variables as in § 3. However, one can still define in- 
directly what is meant by transforming such an operator. Suppose 
<fi and <f> are two functions related by <£ = ytjj, and denote trans- 
formed quantities by primes. Transforming this equation in the 
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sense of §§ 3 and 5 means obtaining from it <j> = y'tfi', and if we 
know the transformation properties of <j> and ^ we can determine 
those of y. Expressed in a slightly different notation, if T is any 
transformation, 

The operator satisfying this equation is 

/ = TyT-\ (32.12) 

which gives the transformation of an operator y (cf. equation 
(5.4f)). In our case if y is represented by a matrix F (32.8) and T 
a proper or improper Lorentz transformation, then / is represented 
by the matrix 

lD ( i°+°*>(T)]r [J5<*o+o*)(y)]-i. 

We confine ourselves from now on to the base vectors u + , u_, v + , 
v_ and use the same symbol T to denote the Lorentz transformation 
and the matrix representing it with respect to these base vectors. 

The transformation of the y M under 77 and t can be derived from 
(31.24) and (31.25). 

ujv/t- 1 = r T , nrjii- 1 = r } , 

T r T t- 1 = -r T , r r } r- 1 = r } . (32.13) 

Thus under II, r, Ilr the y M transform in the same way as x, y, z, 
T, i.e. as a regular vector. Turning now to the proper Lorentz 
transformations, the matrices L representing them can be calculated 
from (31 .26). Consider the rotation B(d, z) represented by the matrix 
exp($i6M) where M is given by (31.26). From (32.9) M = ir y r x so 
that from (32.6) M commutes with T z and F T . Thus 

Rr z R-i = MR- i r z , RrrB- 1 = r T . 

Also from (32.6) M anticommutes with F x and r v , 

jur x = ir y r x r x = -ir x r y r x = -r^, Mr y = -r y M . 

Also M 2 = E. By expanding the exponentials we obtain 

r x exp(-ii6M) = exp(li8M)r x 
and e^ M r x or*** 1 = e ^ M e^ u r x 

= (E cos 6 + iM sin 6)r x 

= r x cos o — r y sm. e. (32.14) 

Thus the J^ transform according to D (ii) under the spatial Lorentz 
transformation E(6, z). The same applies to the transformations 
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R(0, x) and L(v, z) which are represented by exg(\i6N) and 
exp(|t0i£) (31.26). This follows immediately from the above 
analysis by noting that N = ir z r y , K = ir^t and by changing 
the appropriate suffices . Now any proper Lorentz transformation 
can be expressed as a product of R(0, z), R(6, x) and L(v, z). It 
therefore follows from all the above that the y M transform under the 
complete Lorentz group according to £)<**;<» in the same way as 
x, y, z, T and the p^. This verifies condition III. 

Uniqueness of the y M 

It remains to prove that the operators y„ defined by (32.8), 
(32.9) are the only ones satisfying all of the conditions I, II and 
III. Let y M be another set of operators satisfying the three conditions. 
From condition II we can write 

%*, = r^u a , (32.15) 

where from condition I the matrices 7^ satisfy the relations (32.6). 
We now use condition III to prove /^ = ±/^. 

The first step is to show that the matrices f M are linearly indepen- 
dent, in fact that all the 16 matrices 

e, /;, /;n, /W P , r x r y r z r T (32.16) 

are linearly independent. Using (32.6) we note that each of these 
matrices except E can be written as a product of two anticom- 
muting matrices AB = —BA. E.g. 

r x = (r x r y )r y = — r y (r x r y ), 
r x r y r z = (r x r y r z r T )r T = -r T (r x r y r z r T ). 

The trace (sum of the diagonal elements) of any such matrix is 
zero, since 

4#B* = Trace(.4.B) = Trace(-B^) = —B^A^. 

Let us denote the 16 matrices (32.16) by TV, r = 1 to 16. Then from 
(32.6) any product J^/V is another F,. In particular 7VT f = ±E. 
Consider now the matrix 

w 
Q = 2 «<JV 
l 
We have that 

Trace (JVQ) = a r Trace (±E) 

which is non-zero unless a r = 0. Hence Q ^ unless all a r = 0, 
r = 1 to 16. I.e. the matrices T r are linearly independent. 
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The conclusion of the last paragraph does not depend on the 
number of vecj»rs u a in (32.15) and applies to square matrices of 
any order n by n satisfying (32.6). The maximum number of linearly 
independent matrices of order n by n is w 2 , and since there are 16 
matrices F r they must be at least of order 4x4. Thus there is no 
representation of the operators y M (32.6) of dimension less than 
four, and the matrices 7^ defined by (32.9) in terms of the four 
vectors u a = u + , u_, v + , «_ are irreducible. Equation (14.14) then 
shows that there is, apart from equivalence, only this one irreducible 
representation. Thus r„ and T M defined by (32.9), (32.15) are equiva- 
lent, and from (5.15) there exists a matrix P such that 

r r = PrrP' 1 . (32.17) 

The last step of the proof is to determine P. Let us apply any 
proper or improper Lorentz transformation T. In the notation of 
(32.12) let 

r, = Tr,T-i = D rs r r , 

where from condition III D r s is determined by the representation 
D<»;°>. Similarly 

7", = ar.r- 1 = TPr^-*T-\ 
and F a = D rs r r = PD rs r r P- 1 =» PTr.T-^P-^. 

Comparing these two equations, we obtain 

Qr s = rsQ where Q = T~ 1 P- 1 TP. (32.18) 

Since this is true for any r s , by Schur's lemma (appendix D) we 
have Q = XE. Now det|Q| = 1 = A 4 , whence A = ±1 or ±*. 
When T = E, then A = 1 so that, by continuity, A = 1 for all 
proper Lorentz transformations L, and from (32.18) 

PL = LP. (32.19) 

The conditions of Schur's lemma are not completely fulfilled by 
(32.19) since the w„ and hence the matrices L are not irreducible 
under proper Lorentz transformations. Thus Schur's lemma only 
gives 

where P is now expressed in abbreviated form with respect to the 
base vectors w +0 , w_ and « 0+ , w _. In this representation 77 becomes 

' , and from 77 _1 P -1 77P = XE we easily obtain, by trying 
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the four possibilities A = ± 1 or ±.i, that ^ = -q t or — tj 2 . In terms of 
w + , w_, v + , v_ these two possibilities become 



P = 



V2 



1 



or 



% 



whence from (32.9) and (32.17) we obtain J^ = J^ or — i^, respec- 
tively. The minus sign in the latter case just corresponds to using 
the reversed order of factors in (32.5), and can be shown to lead to 
no new consequences of physical significance. 

Thus apart from the trivial alternative of sign, the y„ operators 
are uniquely denned by the conditions I, II and III. We are there 
fore completely justified in using the specific form (32.9) for the 
y M without any loss of generality, although some authors prefer to 
derive all results using the defining properties I, II and III directly 
without ever writing, down the actual matrices (32.9) explicitly 
(Jauch and Rohrlich 1955). 

Plane wave solutions 

Since (32.1) applies to a free particle without any interactions, 
we expect the Dirac equation (32.7) to have plane wave solutions 

((y* + + a 2 u_ + a„t> + + a 4 «_)e < * ,r e-" f " B (32.20) 

where the a x are constants giving the amplitudes of the four com- 
ponents <l> a (32.4). Substituting (32.8), (32.9), (32.20) into (32.7), 
we obtain 

(E — mc 2 )^ + cHkzdg + c%{k x — ik y )a t = 
(E — mc 2 )a 2 + cfc(k x + ik y )a 3 — cftfe^ = 
—chkiflx — cfc{k x — ik y )a t — (E + mc 2 )^ = 
—cfo(Jcx + iky)^ -f cHktfi 2 — (E + mc^a^ = 0. 

For these equations to be consistent the determinant of the co- 
efficients of the a a must vanish, which gives 



(JE?2 _ TO 2 C 4 _ c^jk*)!! = o 



1 



i.e. E =E + ez (w^c* + c 2 £ 2 Jfc 2 ) 1/2 «* mc* + 3— ft 2 * 2 



2m 



> mc* 



E = jEL s= -(w«c« + c*h*k*)V* & -met _ __ n»k* 



-mc' 
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in accordance with (32.1). Corresponding to E + we obtain two linearly 
independent solutions for the a a , 

, . —cKkz —cK(k x — ik«) 

a, = 1 a. = a.— -= — ■ a. = — =r~^ ^ 

* ^ E + + mc* * E + +mc* 

—ch(k x + iky) chk z 



«i=0 a 8 = l <h=—s, — , „„, « 4 = 



E + + wc 2 * # + + mc 2 

(32.21a) 



and two solutions corresponding to E_ 

dikz ch(k x + iky) 

<h --E_+mc* a * - -E_ + me> a3 = * 



cSfe — iij,) — cftfc, 



« 



-jE_ + TOC 2 * -#_ + WIC 2 



«3 = o 4 = 1 

(32.21b) 

There are therefore two types of solution. The one type has a 
positive energy greater than mc*, and the components of the wave 
function involving u + and w_ are large while those involving v + , 
t>_ are small of order p/2mc. The reverse situation applies to the 
other type of solution with negative energy. 

Motion in an electromagnetic field 

The properties of the particles to which the Dirac equation applies 
become much more apparent when we consider their interaction 
with an electromagnetic field. An arbitrary field can be described 
by the four- vector {A x , A u , A z , A T = i<f>) where A is the magnetic 
vector potential and <f> the scalar electric potential (Stratton 1941, 
p. 73). In a field we still have the relation (32.1) and hence (32.7) 
provided E& and p are the purely kinetic energy and kinetic momen- 
tum mv. However the canonical momenta are given for an electron 

by 

2>„ (canonical) = p^ (kinetic) — eAJc 

where e is the charge on a proton, and it is these canonical momenta 
that have to be replaced by the operators (32.3). Hence in (32.7) 
we put 

p " =B - a 8£ + ^»- ( 32 - 22 ) 

The equation still retains all its invariance properties under the 
proper Lorentz group. However, it is no longer exactly equivalent 
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to (32.2) because the p„ now do not commute, but we shall assume 
that the correct description of our particles in an electromagnetic 
field is obtained from (32.7) rather than (32.2). This is justified 
firstly by the fact that it correctly describes observed physical 
phenomena, and secondly because the corresponding extra terms in 
(32.2) are just the ones required to keep it Lorentz invariant and 
have no classical analogue. 
If we put 

we can from (32.9b) write (32.7) as two equations for two functions 
fa and fa- each having two components (fa, fa) and (fa, fa) respectively. 

<»/(-» |. + l A i)^ + (E+e<j>- mc*)fa = (32.23a) 

c*J-ih^ + i^i)'h + (E+e<j> + mc*)fa = (32.23b) 

This shows that fa is large and fa is small for positive energy states 
and vice versa for negative energy, in accordance with (32.21). 
We can separate the large and small components more clearly. 
Suppose E is positive and equal to W + me 2 : multiply (32.23a) 
by (E + e<£ - mc 2 ), (32.23b) by ca^-iHd/dj + eArfc), subtract 
and divide by — 2mc 2 . Then we obtain 



\ 2m 



. ** » * ei% a- k , eM2 \ / , 

e*--A-grad-^divA + — 2 J^ + 

mc mc Amc' 



(32.24) 

Here s = %ho is the spin angular momentum operator used in 
§11 (see particularly problem 11.1), and 8, H are the electric and 
magnetic fields. (32.24) shows that fa almost satisfies an orthodox 
Schrodinger equation. The terms in brackets describe the inter- 
action between the charged particle and the field in strict analogy 
with classical mechanics (Schiff 1955, pp. 138, 292). In particular, 
for a uniform magnetic field, 

— A'grad = ^-1-H (32.25) 

mc "mc 



BBLATTVISTIO QUANTUM MECHANICS 375 

where 1 is the angular momentum (8.27). The term (e/»ic)s • H 
gives an additional interaction with an intrinsic magnetic moment 
(— e/mc)s. This is proportional to the spin angular momentum 
out twice as large as one would expect by analogy with the orbital 
angular momentum term (32.25). The next term gives the spin- 
orbit coupling as can be seen after some further manipulation. 
From (32.23b) neglecting A and small quantities of order (etf> 
+ E^/mc 2 , we obtain 



£(-«)*• 



Putting also 

ldd> 1 

*=4dr|), « = -- r f r r, s=-fto, 

we have from (32.11) 

— i di 
(a-6 ) (o • — ih grad) =t#A (—ih grad) • s = — -^ Is, 

— s-<? *. = - y-Vi " ¥ »•■ h, (32.26) 

mc 2w 2 c 2 v dr 

which is the usual spin-orbit coupling term for an electron in a 
central field (11.21). The last term on the left of (32.24) is another 
small relativistic correction which shifts all the energy levels slightly 
but introduces no new effects. Thus (32.24) has the following three 
features. 

(i) The large components fa = (fa, fa) occur in the wave function 
multiplied by the spinors w + , w_. Those transform according to 
£> (1/2) under pure rotations as shown in the previous section. This 
point is most important because it means that 

(ii) we can identify the operators s x = J^z, etc., with the com- 
ponents of the intrinsic (spin) angular momentum operator. We 
recapitulate briefly the argument of § 11 (see particularly problem 
11.1). In quantum mechanics the angular momentum in the 
absence of a classical analogue is denned through the infinitesimal 
rotation operators (appendix F). The infinitesimal rotations 
operating on u + , u_ are represented by the matrices \a x , \<? y , \a t . 
Hence, if we write the wave function in component form (fa, fa), 
the spin angular momentum operators are s x = \Ko x , etc. 

(iii) On neglecting the last term on the left of (32.24) and the 
approximations inherent in (32.26), fa satisfies an orthodox two 
component Schrodinger equation. The Hamiltonian besides the 
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usual classical terms includes the interaction of an intrinsic magnetic 
moment (— e/rac)s parallel to the spin of the particle, and also a 
spin-orbit coupling term (32.26). 

This is precisely the description of an electron used in § 11 which is 
known to give agreement with experiment (apart from relativistic 
and radiative corrections). We therefore conclude that particles 
described by the Dirac equation really are electrons as expected. 

Positrons and charge conjugation 

In a field theoretical discussion, we find that a theory based on 
the Dirac equation not only describes states with any number of 
electrons but also states containing two types of particles, electrons 
and positrons, which have identical properties except for opposite 
charge. This property is connected with the fact that the field 
equation is invariant under an additional symmetry transforma- 
tion called charge conjugation. When this operates on a state 
vector (wave function) describing the system, it turns it into a 
new state in which electrons are replaced by positrons and vice 
versa. All states have positive energy relative to the vacuum state 
(defined as the state with no particles). 

Now our present one-electron wave equation type of approach 
is really rather inadequate for discussing these features of positrons 
and charge conjugation, but we can exhibit something of their 
properties by considering the negative energy solutions of the 
Dirac equation and going through certain mental gymnastics. 
To start with we note that there are an unlimited number of negative 
energy states (32.21b) with energy going to — oo, so that at first 
sight an electron initially in any state would continuously radiate 
energy as it jumps to states of lower and lower negative energy 
without limit. However, electrons do not behave in this fashion 
experimentally, and we must suppose that all the negative energy 
states are ordinarily filled and that electrons satisfy the exclusion 
principle (obey Fermi statistics) which prevents them from jumping 
into the filled negative energy states, f The infinite charge density 
corresponding to all these filled states is somehow supposed to be 
unobservable, but if a negative energy state happens to be tempor- 
arily empty this will be observed as a net positive charge, namely 
as a positron. The energy is also positive, corresponding to the 
energy required to lift the electron out of the negative energy state. 

t Incidentally this explains in part why particles with a spin of half an odd 
integer have to obey Fermi Dirac statistics, while particles of integer spin 
obey Bose-Einstein statistics (Pauli 1955). 
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To derive the behaviour of a positron, we have to study the 
dynamical properties of a negative energy state. Equation (32.23) 
shows that fa, is now large and fa small in accordance with our 
experience with the free particle solutions (32.21b). If we put 
E = — mc* — E" we can separate the large and small components 
as before, and obtain an equation (A) which we shall not write 
down but which is similar to (32.24). The similarity in fact becomes 
striking if we take the complex conjugate of (A) and put fa = (faf, 
—fa*), fa = (— "Aa*» <Ai*)- The* 1 ( A ) becomes 



/— h 2 eih eih ,. . , 

(_JL v* + e4 + — A • grad + — div A + 
\2m mc 



2mc 



h 



e ie 

— s . H<ij 8 

mc mc 



(E" - e<j>) 
2mc 2 



+. 



E"</>i 
(32.27) 

This is identical with (32.24) except that the sign of the charge 
has been reversed! The orbital motion of an electron is described 
by the orbital functions fa or fa, fa,, and hence (32.27) shows that 
an electron in a negative energy state moves in an electromagnetic 
fields as if it had a positive charge but otherwise the ordinary mass 
and spin of an electron. Returning to our picture with all negative 
energy states except ^ filled, all the electrons in the filled state, 
move as if they had a positive charge, so that the hole corresponding 
to the unfilled state also moves as if it had a positive charge. In 
short, a positron behaves in every way as an electron with a positive 
charge e. 

The relationship between electrons and positrons can also be 
demonstrated using the charge conjugation operator J 1 where f 



rfa = fa* 



(32.28) 



where 



G = 



This transformation turns a negative energy state \j> into a positive 
energy one as is seen in two ways. Firstly from (32.20), taking the 
complex conjugate changes the sign of the energy, and secondly 

t The operator r should not be confused with the matrioes T M of (32.9). 
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the operator turns a wave function with large u + , u_ components 
into one with large v + , t»_ ones. Now the probability density 

*.*(r, *) #«(r, t) = (r+ a )*W a ) (32.29) 

(<x summed) 

is the same for both >p and Jty, so that they have the same dynamical 
properties which we shall determine by deriving the equation 
satisfied by the positive energy wave function I\fi. The negative 
energy state <fi satisfies the Dirac equation (32.7) for an electron, 
which in component form becomes 

(r^tfPn - »WM#0M« = 0. 
Taking the complex conjugate we obtainf 

VZ&* + *»«#«* V = ° (32.30) 

It follows from problem 31.4 that the spinors u + *, u_*, v + *, v_* 
transform under all Lorentz transformations like «_, — v + , — u_, 
u + , i.e. u* transforms like Cu a . We must regard u* as still a func- 
tion of the same intrinsic variables as u a and hence as a function 
in the vector space (tt + , u_, v + , v_). Then by Schur's lemma u a * 
is proportional to Gu a (problem D.2). It can also be verified from 
(32.3), (32.9), (32.28) that I^fP* = -(Orfi-^fi^ Hence 
from (32.30) we obtain 

UCrjJ-*)^ - inCcWSCu,, = 0. 

Here by definition (32.14), the operator represented by the matrix 
CrjD- 1 with respect to the vectors Cu^ is just y„. We therefore have 

yj-ih —J -imc iy = 0. (32.31) 

Thus rip satisfies the same equation as <ji does. However, if we 
include the interaction with an electromagnetic field, (32.7) and 
(32.31) become respectively 

[ y "( - ** lfc)~ imC + i y ^"] * = °' (3232) 

[ y "(~** erf ~ imc ~ I y ^-J ^ ~ ° (3233a) 

t Since the u a transform with complex coefficient matrices under real rota 
tions and Lorentz transformations, they must be regarded as complex 
quantities. 
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A comparison of these equations now shows that Tifi describes the 
motion of a particle which behaves dynamically in exactly the same 
way as an electron with positive energy but having opposite charge, 
and hence from (32.29) so does the negative energy electron state \jj. 
As before, we suppose </> is unoccupied whereas all the other negative 
energy states are filled with electrons, which is observed as a net 
positive charge. We have now shown therefore that this system 
can be described from the point of view of the total energy, the 
net charge and the dynamical properties by saying that we have a 
positron with positive energy. 

We can now see vaguely how it is possible in field theory to obtain 
the more satisfactory and tidy kind of description of positrons 
already outlined at the beginning of this subsection. We first note 
that by using the pair of equations (32.32) and (32.33) instead of 
just (32.32) alone, we can discard all negative energy solutions as 
physically meaningless, because the negative energy solutions of 
each equation have been redescribed as the positive energy solutions 
of the other. Furthermore if we regard charge conjugation as also 
changing the sign of the electromagnetic field or the charge 



FA = —A or fe = —e but not both, 



then (32.32) and (32.33) become formally the same equation and 
we have r as a symmetry property of the equation. Since r(r>ft) 
= <jj, the theory is then completely symmetrical between electrons 
and positrons. 

Transformation properties of physical quantities 

All quantities of physical interest such as matrix elements or the 
charge density, involve expressions of the formf 

+*H = <l>*A aff j,f>- (32.34) 

Here 8 is some operator and A the matrix representing it with 
respect to the u a . In general 8 may also involve multiplication by 
a function of y. or differentiation, but this generalization can easily 
be made at the end. 

We shall now discuss the transformation properties of (32.34) 
and start by examining what precisely is meant by transforming it. 
Let P be the point x, y, z, T in our system of co-ordinates and x', 
y', z', T' for another observer whom we shall refer to as "him". 

t In writing ^*, we are here interpreting u* in the sense of (19.9), and not 
in the sense of (19.10) as was done when discussing charge oonjugation. 
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Let L denote a proper Lorentz transformation and also the corre- 
sponding matrix. Then from the fundamental definition of trans- 
forming a function, Lu = L a pU a means 

(our Up) = L a0 (his u„), 

and (our fa) = L^- 1 (his fa). 

Hence we have 

(our fa*) J., (our fa) = (his fa*)(L*^AL-\ p (his fa). 

(32.35) 

Now li*- x Alr x does not appear to be equal to anything special, 
certainly not to the transformed matrix LALr x (32.12) because 
Lorentz transformations are in general not unitary. However, we 
can simplify (32.35) if we write S in the form 

h=y T yr (32.36) 

where y r is any combination of the y operators, and use the fact 
that yr happens to have the special property 

L*-i YT = y T L (32.37) 

to be verified presently. Then we have 

X*-iJL-i = r T Lr r L- 1 . 

Suppose now that y r transform according to some representation D; 

(his y s ) = L{oxxr y^L- 1 = D rs (our y r ). 
Using the relation 

(his y r ) (his u e ) = r r , a/3 (his u a ), 
we finally obtain from (32.35) 

(our ifi*) (our yryr) (our ifi) 
= D r8 (his fa*) {r T r r U (Ws fa) 
= D r , (his <p*) (his yryr) (his i/>), 
that is, 



*li*yTyr<li transforms under 'proper Lorentz 
transformations in the same way as y r . 



(32.38) 



For example the charge density p — —e<fi*^ is not invariant under 
Lorentz transformations as we might naively expect. (Lemma 
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C.2, appendix C, is inapplicable because a Lorentz transformation 
is not unitary.) However, if we write p as 

P = —&f>*ip = —e4*yryT<l>, 

we see that it transforms like the fourth component of a four- 
vector, as a charge density in relativity should (Stratton 1941, 
p. 70). However the total charge 

— e I i/i*i/i dv = — e I i/i*yTyr<li dxdydz 

is invariant; because from (32.38) this transforms like yr dx dy ds, 
which transforms in the same way as da; dy dz dT, which is invariant 
as can easily be shown in the manner of problem 32.6. Incidentally 
because of the importance of property (32.38), ^*y<r is abbreviated 
by many authors to ifi. 

It now remains to verify (32.37). In the notation of (31.26), 
consider L = B{6, z) = exp(\idM ), where M = ir y r x = M — M*. 
Hence L* — exp(— \iOM) = L~ l , and TtM = Mr T . Hence 

L*r T L = l-^tL = L-*Lr T = r T . 

Thus (32.37) is satisfied for B(0, z), and similarly for R{0, x). 
Consider now L(v, z) — exp^ftK") (31.26), where K = ir T r z = R 
= K*, KTt — —TtK, and id is real. We have 

L*r T L = lt t l = ll-^t = r T , 

and (32.37) is again satisfied. For a product L = L t L 2 of two such 
Lorentz transformations we have 

Since any proper Lorentz transformation can be written in the form 
i?(0 1( z)R{9 i , x)L{v, z), it follows that (32.37) is satisfied for all 
proper Lorentz transformations. 

Summary 

We have sought relativistic wave functions transforming accord- 
ing to D<*°+°*> under the complete Lorentz group, and have arrived 
at the Dirac equation. This equation is invariant under the com- 
plete Lorentz group (with the proviso of problem 32.9). The in- 
variance property is sufficient to define the y a operators without 
arbitrariness. The particles described by the Dirac equation have 
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an intrinsic spin angular momentum and a magnetic moment. 
The equation exhibits two types of solution which are related by 
the charge conjugation transformation and which correspond to 
electrons and positrons; more precisely the absence of an electron 
from a negative energy state behaves in every way like a positively 
charged particle which we identify as the positron. The quantities 
like <p*yTyr*l' occurring in physical expectation values transform 
in the same way as the y r . 

References 

The relativistic invariance of the Dirac equation is shown nicely 
by Van der Waerden (1932). A comprehensive field theoretical 
treatment is contained in Jauch and Rohrlich (1955). 

Problems 

32.1 Derive equations (32.33) in detail. 

32.2 Calculate the matrix L representing L(v, z) in the re- 
presentation jD<i°+°*>. Is £ a unitary matrix? Why does lemma 2 
of appendix C not apply? In the manner of problem A.9, prove 
LL = E and det|£| = 1. (Dirac 1947, p. 259.) 

32.3 Using (32.22) find the extra terms required to make (32.2a) 
equivalent to (32.7) and Lorentz invariant. 

32.4 A quantum mechanical operator such as the Hamiltonian 
which corresponds to a physically observable quantity, in this case 
the energy, is Hermitian. This means that if it is represented by a 
matrix A, then A* = A in the notation of appendix A (see Schiff 
1955, p. 129). Show from (32.9) that the y M are Hermitian. Show 
also that ytYx is Hermitian, and note the relevance of this to 
problem 32.5. 

32.5 Derive the electric current density in the usual way (Schiff 
1955, p. 23) from (32.7) and show that it has components 

J x = —iec(<fi*yT / yx>l'), etc. 

Note that the fourth component of this vector is correctly related 
to the charge density p by 

p = Jr/ic = — e>p*yTyT'l> = —e>jt*4i. 

32.6 If LygL' 1 = D vii y v where L is a proper Lorentz trans- 
formation, and if y 6 = y^yyzyr, show that Xy 6 £ _1 = det|X> VM |y 6 
= y 5 ; i.e. y 5 remains invariant under proper Lorentz transformations. 
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Hence show that the quantities 1, y„, y„„ = — \i(y^y, ~ YvVj> 
yiYiu y« transform respectively as a scalar, vector, skew-symmetric 
second rank tensor, pseudo- vector and pseudo-scalar under proper 
Lorentz transformations and space-inversion. 

32.7 Show, using problem 32.6, that the transformation pro- 
perties of 

fyWyiy&d (j = x, y, z) 

under proper and improper Lorentz transformations are just those 
of an angular momentum vector. This quantity is in fact the spin 
angular momentum density. Verify this for the plane wave states 
(32.20), and prove it generally from the definition of angular momen- 
tum (appendix F). 

32.8 Show that the current density and spin density of a posi- 
tively charged particle in the state r<fi, is exactly the same as that 
given by the absence of an electron from the negative energy state >p. 

32.9* Prove that the electromagnetic vector potential A,, 
transforms as a pseudo-vector of type 1 (Table 36, § 31), whereas 
d/d/j. transforms as an ordinary vector. Hence, show that the Dirac 
equation with an electromagnetic field is still invariant under space- 
inversion 77, but no longer under the simple time-inversion (r, 
t -*■ r, — t) of equation (32.13). However, following Jauch and 
RohrUch (1955, p. 88), show that there exists a more complicated 
transformation called time-reversal which leaves the Dirac equation 
invariant, and establish its analogy to the non-relativistic trans- 
formation of § 19. 

32.10 Derive the irreducible representations of the 16 operators 
y r corresponding to the matrices (32.16). Hint: show that the 32 
operators y r , —yr form a group: derive its irreducible representations 
D, and strike out those not satisfying D(— y r ) = —D(y r ). 

32.11* Let y r be the 16 operators corresponding to the matrices 
(32.16). Write down their multiplication table and show that they 
do not form a group because of the occurrence of minus signs. They 
form what is called a ring. Discuss to what extent the theory of 
representations developed in § 6 and appendices C and D applies 
specifically to groups and to what extent also to rings. In this way 
justify our use of (14.14) and Schur's lemma in proving the unique- 
ness of the y„ in the text. References: Van der Waerden 1932, 
p. 54; Jauch and Rohrlich 1955, appendix A; Boerner 1955, Chapters 
I and H. 

32.12 Discuss the invariance of Maxwell's equations under 
rotations, space-inversion and Lorentz transformations. Consider 
only the transformation of the components & x , &y, &z, etc., among 
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one another and not their dependence on r, t. (See problem 11.9 
and Stratton 1941, p. 70.) 

32.13 In the field theoretical formalism, the Dirac equation is 
derived as a variational equation from the Lagrangian 

(d mc\ ie 

Verify that jSf is invariant under proper Lorentz transformations, 
space-inversion, and charge conjugation, but not under the simple 
time-inversion t (problem 32.9). Note: in the case of charge con- 
jugation, use (BfSldnWp + ^(d^/dp) = (see Schiff 1955, 
equation (47.8)), and ^yry^etyr/e^) + (^*/8/Lt)yry^ = (derivable 
from the Dirac equation). 

33. Beta Decay 

The electron- nuclear interaction 

Let us consider a nucleus, and suppose that the energy levels and 
eigenstates have been determined in principle from the forces 
between the nucleons as in Chapter VII. Now in practice it is observed 
that nuclei do not stay in such states indefinitely, as we would 
expect if they were true eigenstates for the system. For instance 
it may happen that the la atomic electron, which has a finite pro- 
bability of being at the nucleus, gets absorbed (like a photon) while 
the nucleus makes a transition to a new state (Bethe and Morrison 
1956, p. 230). Thus there must be some interaction term in our 
equations which couples the nuclear field with the electron field. 
In the previous section, it was shown how one can only obtain an 
adequate description of states containing several particles or a 
varying number of particles by using a field theory. These remarks 
apply particularly to the process considered above: we start off 
with a state containing Z electrons which then changes continuously 
into a state containing Z — 1 electrons. However, we shall not go 
into the intricacies of such a field theoretical calculation. For 
present purposes it is sufficient to note that the interaction between 
the electron and nucleon fields can be represented in our formalism 
by an interaction term Jf mt in the nuclear Hamiltonian, and that 
this interaction term gives rise in the usual manner of second order 
perturbation theory to a transition probability per unit time of 
(Schiff 1955, p. 199) 



2f „ I f 



^Hnal-^int^initial dt) 



(33.1) 
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Here the >J/'s are the initial and final wave functions of the whole 
nuclear-electron system and p(E) the density of final states per unit 
energy. 

In this section we shall not consider the electron absorption 
process mentioned above, but only the usual beta decay process in 
which an electron is emitted by the nucleus. We therefore write 
•/"final = Vti/ie where Wt is the final wave function for the nucleus 
and >p e a plane- wave wave function for the electron going off in some 
direction. It is known experimentally that to conserve spin, energy 
and momentum, the process must involve another particle, the 
neutrino, with zero mass, zero charge and spin £ which is difficult 
to observe directly (Bethe and Morrison 1956, p. 25). One can 
either consider a neutrino to be emitted in the process or an anti- 
neutrino to be absorbed. We shall adopt the latter description, 

neutron -f- antineutrino -> proton + electron, (33.2) 

and therefore write the initial wave function as ^Pufi,, where ¥*i is 
the initial nuclear wave function and ^„ is a plane-wave antineutrino 
wave function. 

Now the form oij^mt is not really known. For the sake of simpli- 
city it is usually assumed that it does not depend on the total charge 
(like an electromagnetic force), or on the momentum and angular 
momentum of the nucleons (like a spin-orbit coupling). If, further, 
34? int is to be relativistically invariant, it can be shown that 3V mt 
must have the following form (problem 33.2). 



f WtW^mthYi dv = f Wt* [2 ^(r„)T + „]fi dv 

j j „ 

JT(T) = YT(C s <l>e*y T <l>, + C's^yrvM + 

+ YTYv(Cvilie*yry»>f'v + C'v<l'e*Yry l iYf>'l'v) + 
+ h , ry*JCi>l'e*YTYi ill >li, + C'vj'(t*YTY^Yffl>,) + 
+ YTY»Yi( G *l'e*YTYi*Y6! l l>v + G' j^e*YTY^I>i) + 
+ YTYt(Gp/i e *YTyi<py + G'r^ e *YT>l'y)- 

(A, fi summed) 



(33.3) 



(33.4) 



Here the y„ are the operators (32.8), also y 6 = YxYvY&T, Ykh ~ 
— ii(Y*Yn — YnY*)- Th e operators outside the brackets operate 
on the n tb nucleon wave function, and the Og, etc., are arbitrary 
constants. The operators inside the brackets operate on the electron 
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and neutrino wave functions, i.e. in component form with the 
summation convention 

Also in (33.3) r +n is the isotopic spin operator of chapter VII. 
If the n th nucleon in the initial state is already a proton, it cannot 
beta decay and r +n gives zero. If it is a neutron, it can decay into a 
proton, and the t +b turns Wi into a wave function with the same 
total charge and M t as W{. If we wanted to describe positron 
emission and electron capture we would have to include in (33.3) 
also yrC r s*^ r „*yT^ r eT_ + . . . . 

Relativistic invariance 

The relativistic invariance of the interaction (33.3) follows imme- 
diately from the work of the preceding section. Equation (32.38) 
shows that ipfy 'Tyt^i transforms in the same way as y r under 
Lorentz transformations, where y r is any combination of the y M 
operators, e.g. y^y 5 . Thus, considering in (33.3) the term in Cy, 
^e*yTy^„ transforms like a four-vector and ¥ f f*y!nv+¥ f i like- 
wise transforms like a four-vector, so that the summation over ft 
gives us the invariant scalar product. Similarly, all the other terms 
in (33.3) are invariant under proper Lorentz transformations, 
each being the scalar product of two factors which transform in 
the same way. The suffices S, V, T, A, P stand for scalar, vector, 
tensor, axial vector (pseudo- vector), and pseudo-scalar, respectively, 
because of the transformation properties of the respective factors 
(problem 32.6). However, from (32.13), y h changes sign under 
space-inversion since y x , yy, yz each do but yr does not, so that the 
two terms in each bracket of (33.3) have opposite parities, and the 
whole interaction is not invariant under space-inversion. The 
consequences of this are discussed below. 

Allowed transitions t selection rules 

As a first approximation the size of a nucleus is small compared 
with the wavelengths of the electron and neutrino, so that we may 
put ^e(r) = const = ^ e (0), ^„(r) = ^„(0) over the nucleus in (33.4). 
This gives the probability for an allowed transition. If it is zero, 
the actual transition probability may still be non-zero though 
small through the variation of ^r e (r) over the nucleus, such transitions 
being termed forbidden. We shall return to these later and now 
discuss the nuclear part of (33.3) for an allowed transition. Consider 
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the axial vector term. We have for the operators operating on the 
nuclear spin functions 

VTWs = * [J' ^J , (j = x, y, 2), yryrn = [j J (33.5) 

in the abbreviated notation of (32.9b). Now protons and neutrons 
are spin \ particles, and from the previous section we would expect 
the one-particle wave functions to satisfy a Dirac equation. While 
this cannot be precisely right because the particles do not have the 
magnetic moment deduced from the equation, we shall assume 
that for our purposes it is sufficient to assume that the Dirac equation 
applies. Then the first two components of the wave function are 
large and the last two smaller by a factor v(nucleon)/c. The opera- 
tors ytyiYs connect large with large components, and if they give 
a non-zero matrix element we have an ordinary transition. On the 
other hand yryTYi connects large with small components, and if 
it is the only term giving a non-zero probabiUty, we have a relativistic 
transition with probability reduced by about (fl/c) 2 «* 10 -s . Similarly 
all transitions can be classified as ordinary or relativistic. 

Let us now return to the operators yrysy 6 (33.5). For calculating 
the transition probability we may neglect the small components 
of the nuclear wave functions completely and write the operators 
simply as iaj = (2i/h)sj. They transform according to Z> (1 > under 
rotations, whence in the manner of (13.12) we have the selection rule 
for the nuclear angular momentum quantum number: 



J -*-J, J ± 1 except -*■ 0, wi = wt . 



(33.6) 



The selection rule for the parity w follows from the fact that yryryt 
is invariant under the space inversion II (yj> is invariant, yj and y 5 
change sign). Similarly, the tensor interaction of (33.4) leads to 
ordinary transitions with the same selection rule (33.6), which is 
called the Gamow-Tetter rule. However the operator for the scalar 
interaction has the form 



YT 



-r.i] 



which is invariant under rotations, and hence has the Fermi selection 
rule, 



J ~>J, tt>i = Wt. 



(33.7) 



The vector interaction has the same selection rule. The selection 



388 GBOUP THEORY IN QUANTUM MECHANICS 

rules for all the interactions in allowed transitions are summarized 
in Table 38, the rules for rdativistic transitions being 

J -»■ J, J ± 1 except -+ 0, u>i = — w t , (33.8) 

or J -+ J, m = -m- (33.9) 

Note the difference between the parity rules for ordinary and 
relativistic transitions. 

Table 38 
Selection Rules for Allowed Transitions 





Selection rules 


Interaction 


Ordinary 


Relativistic 




transition 


transition 


Scalar 


equ. (33-7) 


none 


Vector 


(33.7) 


equ. (33-8) 


Tensor 


(33.6) 


(33.8) 


Axial veotor 


(33.6) 


(33-9) 


Fseudosoalar 


none 


(33.9) 



Favoured and unfavoured transitions 

So far we have classified transitions as allowed or "forbidden", 
and as ordinary or relativistic. We shall now subdivide each cate- 
gory further into favoured and unfavoured. Consider the allowed 
ordinary transitions, and let us suppose the Wi, !ff are expressed 
in terms of the shell model as linear combinations of determinants 
of one-nucleon wave functions. Now r +n operating on such a 
determinant gives identically zero if the w th nucleon belongs to a 
doubly-filled shell, i.e. a shell filled for both protons and neutrons, 
because there is no vacant proton state to go into. Thus doubly- 
filled shells do not contribute to beta decay, and for this reason 
transition probabilities do not increase rapidly with atomic number. 

Using determinant wave functions, we may further reduce 
(33.3) to a sum of simple proton-neutron matrix elements 



f >/ip*MfT + tli N dv. 



(33.10) 



If we neglect the small components of the nuclear wave functions, 
2f becomes a linear combination of 1, o x , a v and o- z (problem 11.1). 
Thus ^f changes at most the spin of the particle, and (33.10) is 
zero unless ifip and tfijf have the same n and I quantum numbers. 
For instance a 2p 3/2 state can decay into a 2p 1/2 or 2p 3/2 state but 
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aot into 2s 1/2 . Thus Wi and Tt must belong to the same set of 
n, I quantum numbers for a transition to be favoured. Otherwise 
(33.3) is non-zero only because of conngurational mixing, which 
reduces the transition probability by a factor of about 0.02 to 0.05 
(Blatt and Weisskopf 1952, p. 721). An example of a favoured 
transition is 

He«(«/ =0) H-Li 8 (J = 1) 

the configuration in both nuclei being (ls 1/2 ) i (2p 3/2 ) i . A useful 
measure of the size of the nuclear matrix element squared is the 
quantity l/(ft) where t is the half-life and / a correction factor that 
takes into account the energy of the electron-neutrino pair. Favoured 
transitions have log 10 ft & 3-1 ± 0-3 (Table 39). Now most nuclei 

Table 39 
Some Beta Decays 



Initial 




Final 






nucleus 


'i 


nucleus 


J t 


log 10 /< 


neutron 


i 


H> 


i 


3-2 


H» 


i 


He* 


i 


3-1 


He» 





Li« 


1 


2-8 


Cio 





B 10 ** 
(positron 
emission) 





3-8 


about 25% of all known decays 




5-0 ± 0-5 


Be" 





Bio 


3 


13-7 



contain rather more neutrons than protons, so that when one neutron 
decays into a proton, the latter for energetic reasons would be 
expected to lie in a lower subshell, i.e. Wi and Wt belong to different 
configurations. We may conclude therefore that, except in light 
nuclei, most transitions will be unfavoured. Indeed the most 
common value of log 10 /t is around 5, corresponding to allowed 
ordinary but unfavoured transitions. 

In the case of the scalar and vector interactions, M? reduces to a 
constant for allowed ordinary transitions, and the conditions for a 
favoured transition become even more stringent. (33.3) becomes 

/ ¥t* 2 T + „f i(a, T, M T ) dv = j WfT+Wfa, T, M T ) dt> 

= [T(T + 1) - M T {M T + l)] v »JVi*yi(a, T, M T + 1) dv, 

where a stands for all other quantum numbers required to designate 
the initial state completely. This matrix element is zero, therefore 
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unless Wt belongs to the same r-multiplet as Wi (§ 29). This situa- 
tion is rare for the following reason. Neglecting the Coulomb forces 
and the proton-neutron mass difference, the initial and final states 
have the same energies if the nuclear forces are charge-independent. 
But when we include the effect of the Coulomb repulsion and the 
mass difference, the initial nucleus with lower Z has the lower 
energy, so that we would not ordinarily expect beta decay to be 
energetically possible. An exception is H 3 -> He 8 in a T — \, 
J = \ T-multiplet (Table 39). Instead the Coulomb forces favour 
positron emission, and an example being the decay C 10 ->B 10 ** 
(second excited state) in the T-multiplet T — 1, J = shown in 
Fig. 44. Incidentally this J = -*■ J = transition shows that the 
Hamiltonian (33.4) must contain some scalar or vector term from 
(33.7), whereas the A J = 1 transition He 3 -+ Li 3 (Table 39) show 
that it must also contain a tensor or axial- vector term. 

The present subdivision into favoured and unfavoured transitions 
can also be applied to relativistic and forbidden transitions, though 
in the latter case it becomes much more complicated and loses its 
usefulness. 

Parity non-conservation 

So far in the selection rules (33.6) to (33.9) we have only con- 
sidered parity as far as it affects the nuclear matrix element. We 
shall now consider the effect of the space inversion IJ on the whole 
interaction (33.4). Since the terms with unprimed coefficients 
contain each y operator twice, once operating on the nuclear com- 
ponents and once on the electron-neutrino ones, they all remain 
invariant under II. The terms with primed coefficients contain an 
extra factor y 5 , so that they change sign. Thus the transition prob- 
ability would be unaffected by II if either all primed or all unprimed 
coefficients were zero, because the probability depends on the square 
of the matrix element. However, the transition probability is not 
invariant under II if (33.4) contains both non-zero primed and 
unprimed terms (Lee and Yang 1956). We shall now illustrate 
this asymmetry by a particular example. 

A nucleus undergoes a decay with spin change J ->J — 1. 
By the use of magnetic fields and low temperatures, the nuclei 
have all been oriented with their magnetic moments along the 
s-axis, i.e. they are in the M j = J state, so that the transition must 
involve the change Mj =J ->• Mj = J — 1. From the selection 
rules (33.6), (33.7), only the tensor and axial vector interactions 
can take part in this transition, and for the sake of simplicity we 
shall assume all coefficients in (33.4) to be zero except Ca, C'a- 
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The axial vector interaction can be rewritten in terms of y = y x 
± iy y instead of y x , yy, and because of the change in M j the only 
terms giving non-zero contributions to the matrix element (33.3) are 

YTV-y 6 {0 A <li e *yTy + y^> v + 0'^ e *yry+yA)- (33.11) 

We shall only calculate some probabilities for the cases when both 
electron and neutrino are travelling parallel to one another in the 
positive or negative 2-direction (upper and lower signs below). 
We only consider allowed transitions, and from (32.21) the com- 
ponents of ^e(r), t/i v {r) for electron spin parallel and neutrino spin 
antiparallel to the z-axis are 

.MO): (I, 0, TB, 0) ^(0): (0, q=l, 0, 1) (33.12) 

where B = cp e /(E e -\- mc 2 ). 

The neutrino function follows from (32.21) by putting m = 
and noting that, in our formalism, <fi, denotes an antineutrino wave 
function (negative energy solution; see (33.2)). Substituting (33.12) 
into (33.11) we obtain for the bracketed quantity in (33.11) the 
values 

-iC A (l + B)+ iC' A (l + B), (tt;H), (33.13a) 

iC A (l +B)+ iC' A (l + B), (|tU4)- (33.13b) 

The set of arrows denote the directions of the electron and neutrino 
momenta and spins with respect to the z-axis as follows (p e , s e ; 
p„, s,,). Since the nucleus loses one unit of spin angular momentum 
in the process, (33.2) shows that all other arrangements of electron 
and neutrino spin give zero probability: in particular we have the 
value 

zero for(ff;4.t). (33.13c) 

In all these transitions the value of the nuclear matrix element is 
the same. Thus from (33.13) we obtain transition probabilities 
proportional to 

(1 + B)\\C A \* + \C' A \* - 210*110', |), (tt;H), 

(1 + Z?)*(|0,|* + \C' A \ +2\C A \\C' A \), at-,u). 

I.e. if neither C A nor C' A is zero, parity non-conversion in the inter- 
action leads to different transition probabilities for the electron 
and neutrino travelling together along the positive and negative 
z-axes. Note that in (33.13) we are comparing states in which the 
spin directions are the same, because spin is invariant under 77 
(appendix F). However, even with a parity conserving interaction 
we would not expect equality between (33.13a) and (33.13c), for 
26 
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here we have reversed all momentum and spin directions. This 
corresponds to a 180° rotation about the z-axis, and since we are 
observing the decay of an oriented nucleus, the whole system does 
not have this rotational symmetry. Experimentally one usually 
measures only the rate at which electrons are emitted without 
measuring their spin, and this too is not equal in the positive and 
negative z-directions, as can easily be shown by integrating the 
transition probability over all orientations for the neutrino and 
summing over all spin combinations. We have therefore shown by 
direct calculation that the non- conservation of parity in the inter- 
action (33.4) leads to an asymmetry in the observed angular dis- 
tribution of the electron, an asymmetry that is absent for a parity 
conserving interaction. 

Tests of parity conservation 

In practice, it has only recently been discovered that parity is 
not conserved in the interaction, because previously no experi- 
ment had been done in which parity non-conservation could produce 
an asymmetry (Lee and Yang 1956). For example, in the above 
calculation, we did assume that we had oriented nuclei initially, 
and this is not easy to achieve experimentally. It is therefore 
important to be able to decide easily which experiments will show 
up an asymmetry due to parity non-conservation, and also which 
will give a crucial test of whether other symmetry properties like 
time-reversal or charge- conjugation apply. 

Let us consider the decay of a single nucleus. The quantities 
that can readily be measured are the initial direction of the angular 
momentum J, the momentum p e and spin (polarization) s of the 
electron, and the momentum p„ of the neutrino. The last is obtained 
from the recoil momentum p N of the nucleus by the conservation 
of momentum p„ = — p N — p e . The parities are 



J and s — even; p e and p„ — odd 



(33.14) 



It may also be possible to obtain information about the final angular 
momentum of the nucleus from angular correlation measurements 
on a y-ray emitted after the ^-decay, but we shall not consider 
that here. Let us denote the quantum mechanical operators corre- 
sponding to these and any other variables by Pi, Pf with i, f = 1, 
2, 3 ... , and denote their numerical values in a particular experi- 
ment by pi, p f . Here suffices i and / refer to measurements made 
before and after the decay. Furthermore let the initial state ^initial 
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be changed into ^fmai by the interaction J^mt- Now by making the 
measurements pi on the system, we pick out from ^initial the 
component 

8(Pi — Pi)t/imitM 

which is an eigenf unction of P< with eigenvalue pt. Here S is the 
Dirac delta function, or rather a product of delta functions, one' 
for each measured quantity. This state then decays into 

JflnttyPt — PiWlviUal, 
and by making the measurements p f we pick out the component 

8(-P/ — Pf)JfmMPi — P()</>initial, 
which has the amplitude 

M = j ^*nna 1 3(P / - JVprintS(i>« - P<Winitlal dv 

(33.15a) 

in the final wave function. The probability of obtaining the set of 
measurements pu p f is therefore proportional to \M | 2 ; 

Prob(2»i, 3>2. Ps, • • •) oc \M | 2 . (33.15b) 

Let us further apply the inversion transformation 77 under the 
integral sign in (33.15a). This does not change the value of the 
total integral (lemma 2, appendix C). 

M = j 77^1 na i8(77P / - p f )(nje int )8(nP { - pi)n^ lnitM dv. 

(33.16) 

Note that here pt, p f are just constant parameters in the integral 
which remain untransformed. For the delta functions we have 
S(P) = S(-P) and hence 

S(77P r - Pr ) = S(P r - n Pr ) 

whether 77P r = P r or — P r . Although the p r are just numerical 
parameters, they do refer to physical quantities P r and we have 
written 77p r to denote ±p r according to whether 77P r = ±P r . 

If we now suppose that 3^ mt is a parity conserving interaction, 
nj(?i n t = ±J?int» then ^initial and ^mai have definite parities and 
(33.16) becomes 

M = J" ./-final 8(P f - PyJJTtat 8(P< - Pi)4> iaU M dv. 
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Comparison with (33.15) gives for the probabilities 



Prob(j9 1 , jp 2 , p a , ...)= Prob(77p 1 , 77p 2 , IIp 3 , . . .). 



(33.17) 

Physically this just means that we get the same results from two 
apparatuses which are inversion images of one another, which is 
just what one would expect from a parity conserving interaction. 
Returning now to the notation of (33.14), we can expand the 
probability (33.17) in terms of J, p e , s, p„ and this gives powers and 
combinations of the products 

Pe ' P„, J ' 8, J • p e A p„, etc. (33.18a) 

J • Pe, J ' P„ Pe • 8. J • p e A 8, etc. 

(33.18b) 

From (33.14) and (33.17), if ^fj n t is parity conserving, then only 
the even parity combinations (33.18a) can occur in the transition 
probability. Thus to demonstrate parity non- conservation, it is 
necessary to measure a combination such as J and p e occurring in 
(33.18b), and to show that the probability distribution contains 
an odd power of cos = J • p e /|</| |i>e|, i.e. that P(0) ^ P{ir — 6). 
On the other hand measurements of p e and p„ alone can never 
show up an asymmetry due to parity non- conservation, since we 
cannot make any odd-parity combination out of these two vectors. 

Forbidden transitions 

If in (33.4) we put «/r e (r) = ^e(O), ^„(r) = ^„(0), we obtain zero 
probability for many transitions. These are said to be forbidden, 
but because of the crudeness of our approximation they really 
have a small non-zero probability in general. Taking again plane- 
wave wave functions, we have for the electron-neutrino parts of 
(33.4) 

lAe*(r)y&(r) = ^e*(0)^(0) exp-i(ke - k,) • r 

= W<e*(O)y&(0)] f 2 * ',, ^(0, <PMrlWY lm *(0, 0] 

(33.19) 

where 1/A = |ke — k,|, and ©, give the direction of ke — k„. 
The term in the last square bracket enters into the nuclear matrix 
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element. The Yi m *( 0, <j>) transform according to D (l) under spatial 
rotations and have parity (— 1)'. Thus the selection rules become 

\Ji —Jt\ < I < Ji + Jt, (Fermi) 

or \l - 1 j < j < I + 1 with |J, - J s \ < j < Jj + Jt, 

(Gamow-Teller) (33.20) 

and wi = (—l) l wt (ordinary transitions) 

i»i = (— 1) I+1 wt (relativistic transitions). 

From (33.19) introducing the factor {rjX) 1 into the nuclear matrix 
element reduces it considerably because Rj\ <^ 1 where R is the 
radius of the nucleus. Consider for instance the decay 

Be 1 V = 0, T = 1, w = +1) -+ B 10 (J = 3, T = 0, w = +1) 

among the levels of Fig. 44. From (33.20) the matrix element with 
lowest I is for an ordinary transition of the Gamov-Teller type with 
I = 2 given by the tensor and axial vector interactions. Since the 
initial and final configurations are (l« 1 / 2 ) 4 (2i> 3 / 2 ) 6 , the terms 



j ^i>*o-/T + r 2 7 2 m(^, $)>Pn dv 



in the nuclear matrix element are non-zero without invoking con- 
figurational mixing, so that the transition can be regarded as 
favoured. Thus from (33.19) the matrix element is reduced by 
(i?/A)'/(2Z -f 1)!! compared with an ordinary favoured allowed 
(I = 0) transition. With iJ/A *a 1.0 x 10- 2 and I = 2, this gives 

logio/* ^3-1+2 log 10 (15 X 10 4 ) = 13-5. 

The closeness of the agreement with the experimental value 13-7 
(Table 39) must be regarded as somewhat fortuitous. 

References 

For further details about beta decay the reader is referred to any 
text on nuclear physics, e.g. Bethe and Morrison (1956), Sachs 
(1953), Blatt and Weisskopf (1952). Siegbahn (1955) is an exhaustive 
handbook covering the situation prior to the discovery of parity 
non-conservation. The consequences of parity non-conservation are 
discussed by Lee and Yang (1956) and many papers since then. 

Summary 

Beta decays have been classified into allowed or forbidden, 
ordinary or relativistic, and favoured or unfavoured. Selection 
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rules have been calculated and transition probabilities estimated 
accordingly. The asymmetry in the motion of the emitted electron 
due to parity non- conservation of the interaction has been illustrated. 



Problems 

33.1 Recapitulate problem 32.6 of the previous section. 

33.2 Verify in detail that the j8-decay interaction (33.4) is a 
scalar under proper Lorentz transformations. Also prove that any 
Lorentz invariant scalar interaction not involving derivatives must 
have that general form (33.4) if we always couple protons with 
neutrons, electrons with neutrinos. Hint: any 4x4 matrix can 
be written as a linear combination of the 16 products of r^ matrices 
(§ 32) which form a reducible representation of the Lorentz group. 

33.3 Prove in detail the selection rules for ordinary relativistic 
transitions (33.8), (33.9) and for forbidden transitions (33.20). 

33.4 Classify the following transitions as allowed or "forbidden" 
of order I, ordinary or relativistic, favoured or unfavoured: Be 7 
-> Li 7 , Si 31 -> P 31 , N 17 -> O 17 , Mg 27 -> Al 27 . Use the shell model 
(§ 29) to determine the initial and final J and parity. Note that in 
an odd A nucleus, the nucleons almost always pair themselves so 
that the total J and parity is that of the last unpaired nucleon. 
It may be assumed that this rule applies to all the above nuclei. 

33.5* A given atom can decay either by the nucleus capturing a 
1b electron or by emitting a positron. Outline how you would 
calculate the ratio of the two probabilities, and discuss whether it 
will depend on the relative magnitude of the C's in (33.4) (Blatt and 
Weisskopf 1952, p. 684; Bethe and Morrison 1956, p. 230). 

33.6 With the notation of § 31, 

if) = IpjU+o + ^ 2 W_ + <p a Uo + + lplU _ 

is a spin | wave function. Show that there is nothing inconsistent 
in having ^ 8 = c^*, ifn = c*l>*, c — ±1 as regards transformation 
properties under proper Lorentz transformations and under space 
inversion. Express such a ift in terms of w + , w_, v + , v_ (31.23), and 
verify from (32.23), with charge put equal to zero, that the Dirac 
equation can have solutions of this type. Wave functions of this 
kind can be used to describe neutrinos in a "two-component" 
theory (cf. Case 1957). 

33.7 Complete the list of (33.18) up to all triple products and 
write down which ones are not invariant under time-reversal. 
Hence discuss possible experiments to test whether or not the 
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beta-decay interaction is invariant under time-reversal symmetry 
(Jackson et al. 1957). 



34. Positronium 

A positron and an electron can form a bound system similar to a 
hydrogen atom, known as positronium. In this section we shall 
discuss the symmetries describing its different energy levels, and 
whether the system in a given state annihilates into two photons 
or into three. A thorough analysis of the interaction between 
electrons, positrons and electromagnetic radiation belongs to the 
realm of field theory (Jauch and Rohrlich 1955, p. 274), but it is 
possible to point out all the (known) symmetries in the non- 
relativistic limit without such an amount of elaborate apparatus. 
Only an occasional reference to the work of §§ 31 and 32 is necessary. 

Symmetry transformations 

Let us consider two charges e x and e 2 each of which for the present 
may be an electron or a positron. The Hamiltonian for their inter- 
action is 

* = - 5^' - ^ V + -^ + ^ spin , (34.1) 

where the spin-dependent interaction is 



T 12 



+ 



^ spln = _ «*|>i ~ r *> A (v t - v.) _ (r, - r 2 ) A v, ] . 

«CiL r 12 3 2r 12 s J Sl_ 

_ Vi pr,-!-!) A fa-v,) _ (r, - r t ) A v 2 ] 
mc 2 L r 12 3 2r 12 a J* 8 * 

e l62 r Sl • s a 3 Sl • (r 2 - rQs, • (r 2 - fl ) 1 

»nv ^ J - (3 *' 2) 

This may be derived in the same way as the spin-orbit coupling 
in § 11 (Heisenberg 1926). 

The Hamiltonian (34.1), and indeed any Hamiltonian describing 
only electrons, positrons and radiation, is invariant under space 
inversion, time-reversal, charge conjugation and permutations. 
Time-reversal will not interest us in this section. The charge con- 
jugation operation T replaces each electron by a positron and vice 
versa, i.e. re t = — e it and this is seen to leave 3tf invariant. Now 
the state of our system depends on whether each particle is an 
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electron or a positron, so that we include e± and e 2 explicitly in the 
wave function and writef 

rifi(r lt r 2 , a x , <r 2 , e u e 2 ) = <jj{r lt r it o v o- 2 , — ej, — e 2 ). (34.3) 

The Hamiltonian is also invariant under the space inversion, II 
(32.16). The effect of 77 on the orbital variables is to replace r< 
by — Tt, but we must also consider its effect on the spin functions. 
We saw in § 32 that in relativistic quantum theory the wave function 
of an electron can be written 

<Aj+w+ + <pi-U- + h+ v + + fa-"-, (34-4) 

where u + , u_ and v + , v_ transform according to D n/2) under pure 
rotations. For an electron with a small energy the component 
<j>i+, 4>i- are large of order unity, and tp s+ , <l>s- are very small of 
order vjc. For a state describing what is called a positron the com- 
ponents in v + , v_ are the large ones (see equations (32.23)). Hence 
as in Chapter II, we shall in our non-relativistic discussion neglect 
the small components, and write electron and positron wave func- 
tions purely in terms of w + , u_ and « + , v_. In § 11 the convention 
was made that u + , u_ are invariant under 77, and in § 31 it was 
shown that therefore v + , v_ change sign under 77 (cf. equation 
(31.24))J 

nv + = -v + , nv_ = -v_. (34.5) 

Thus if i/i describes a state with p positrons (p = 0, 1 or 2 in our 
case), it will contain products of p spin function « ± j, and from (34.5) 

77^^, r 2) a lt o- 2 , e u e 2 ) = (— l)^— r i. — r a. "v °"2> &i, e 2 ). 

(34.6) 

t This charge conjugation operator is the same as that defined by (32.28). 
It leaves the spin a of each particle invariant (problem 32.8). There is no 
complex conjugation in (34.3) because there are two particles and the complex 
conjugation of (32.28) comes in twice. 

% This can also be proved more directly as follows. Since H commutes with 
the full rotation group, by Sohur's lemma (appendix D) it is represented 
by A X .E and X,E with respect to («+, «_) and v+, »_), where each A = ±1 or 
±i since 11* = ±E. Hence with respect to (u + , «_, «+, «_) II is represented 
by the diagonal matrices 

(-fclor ±i)diag[l, 1, 1, 1] (A) 

or (±1 or ±») diag [1, 1, -1, -1]. (B) 

The other combinations of A^ A, contradict II' = ±.E. If L(\) is a Lorentz 
transformation with velooity v, then J7£(v) = L(— v)77. Writing £(±v) 
= exp(±iW) as in (31.5) shows that the matrices representing £(v) and 
L{ — v) are not equal so that H cannot have the form (A). In accordance with 
the convention of chapter II and of (31.24), we choose +1 in (B), whioh 
proves (34.5). 
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The Hamiltonian (34.1) is further invariant under the permutation. 
operation P, 

Pr i = r a» P"i = <*2> p «i = e 2 , Pr 2 = r v Po 2 = a lt Pe 2 = e v 

There are only two particles so that the eigenfunctions of (34.1) 
can be sorted out to be symmetric or antisymmetric with respect 
to P (§ 7). If the particles are both electrons or both positrons, 
the wave function must be antisymmetric according to the usual 
statement of the exclusion principle (§12). In fact <fi must still be 
antisymmetric if it describes an electron, positron pair. This is not 
obvious in a purely non-relativistic discussion in which the electron 
and positron are being treated almost as unrelated particles. How- 
ever it follows in a relativistic theory because the difference between 
an electron and a positron function is a quantitative one in the 
relative sizes of the four components in (34.4). Thus whatever 
e x and e 2 are 

Pffrv r s. <*i> °* en, e 2 ) = «/.(r 2 , r u a 2 , a v e 2 , e 2 ) 

= —f(Ti, r 2 , oj, ct 2 , e 1 , e 2 ) (34.7) 

Now (34.1) can be expressed in terms of the position i(r t + r 2 ) 
and velocity i^ + v 2 ) of the centre of mass, and the relative 
position (i-j — r 2 ) and velocity fo — v 2 ) of the two particles. Let 
us assume from now on that the centre of mass is at rest. Every- 
thing then depends only on r x — r 2 as regards space variables and 

^(1-j, r 2) a v o 2 , e 1( e 2 ) =/(r a - r 2 ) 

= H— r 2. — «"i. ax, °i, ^ e 2 ). (34.8) 

Also the first two terms of (34.2) reduce to 

3 e 1 e 2 fa - r 2 ) A fa - v 2 ) 

4 mc* r 12 3 (Sl + S2) ' 

and^f (34.1) becomes invariant under the spin interchanges trans- 
formation E, 



E*i = r<, Ee { = e<, Ea t = a 2 , Ea 2 = 



<r. 



i.e. 



2 0(i"i, r 2 , <r v a 2 , d, e 2 ) = i/,(r lt r 2 , a 2 , a it e lt c 2 ). (34.9) 



Symmetry classification of the eigenstates 

The transformations T, 77, P, E all commute with one another 
and with the full rotation group. Since we have an even number 
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of particles, "we shall only require the single-valued irreducible 
representations D (J > of the rotation group, and it follows from the 
general theory of § 15 that each D lJ) gives rise to 2* irreducible 
representations of the complete symmetry group of (34.1) by 
associating Z) (J) with a set of characters 

x(n = ±h #) = ±i, x(P) = ±i, x(^) = ±i, 

such that the matrix x( a )D (J) (R) represents the transformation aR 
where R is a proper rotation and a = T, IJ, P, £ or any combina- 
tion of these. Because of the exclusion principle we have already 
restricted ourselves to the antisymmetrical representations with 
x(P) = — 1. The fact that we wish to describe positronium con- 
sisting of one electron and one positron gives the further restrictions 







&1 — e 2' 


(34.10a) 






P = l. 


(34.10b) 


It follows that 








zrn^r v r„ <t 1; 


°2, 


e l> e 2) 




= (-l)ty(- 


-i"i 


> r 2 , cr 2 , <t 1; Cj, e 2 ) 








from (34.3), (34.6), 


(34.9), 


= -A(-r 2 , - 


-«i, 


a 1( <r 2 , -e 2 , -e^ from (34.7), (34.10b), 


= <l>{T lt r 2 , 
Hence 


a x ,i 


r 2 , e lt e 2 ) from (34.8), (34.10a). 

x(Z)x(r)x(n) = 1. 


(34.11) 



As in the theory of atomic spectra, ^f B pin in (34.1) is relatively 
small and can be neglected in a first approximation, Jf is then 
invariant under separate rotations of the orbital variable r x — r 2 
and of the spin co-ordinates, giving a configuration with degenerate 
wave functions transforming according to 

D<» x I> (S) , where S = or 1. (34.12) 

Any 8=0 wave function contains the spin function 



as a factor so that it is antisymmetric under the spin interchange 
E, and similarly the 8 = 1 ones are symmetric. 

X (Z) = - 1 for S = 0, X (S) = 1 for S = 1 . (34.13) 
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The orbital parts of the wave functions contain the spherical har- 
monics and are multiplied by (—1)' under inversion, so that in 
view of (34.6) and (34.10b) we have 



Now from (34.11) 



X (II) = (-l)«+i. 

xin = (-!)<+* 



(34.14) 
(34.15) 



Thus the symmetry properties of one configuration are completely 
determined by I and S with the help of (34.13), (34.14), (34.15). 

•^spin is now considered as a perturbation, and this splits every 
configuration into terms characterized by a J quantum number. 
The configurational set of wave functions transforming according 
to (34.12) decomposes into several term sets transforming according 
to D iJ) where the values of J are given by the vector coupling 
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Energy Levels of Positronium 






Level 


I 


S 


J 


xtf) 


x(P) 
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+ 1 


+ i 
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+ 1 


+ i 



rule (9.2) as usual. In this way we obtain energy levels (terms) 
such as are shown in the usual spectroscopic notation (Chapter II) 
in Table 40. The table also shows the characters of P, E, IJ, r as 
determined by (34.7) and (34.13) to (34.15). 

Transition selection rules 

If an atom makes a transition from one state to another with the 
emission of a photon, this transition is accompanied by a change 
in the charge distribution in the atom. In a semi-classical discussion 
of radiative transitions (Schiff 1955, p. 260), the current associated 
with this shift in the charge is considered to radiate the electro- 
magnetic wave corresponding to the photon. If now the current 
is reversed corresponding to charge conjugation, it follows from 
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Maxwell's equations that all the fields are also reversed. Thus we 
can write 

2>(r) = - flr), 

where ^(r) is a state function describing the electromagnetic field 
of one photon. Two crossed beams of light are known not to inter- 
act appreciably with one another, so that a multi-photon state is 
just a product of single free photon states, 

# = <f>i( r i) &(r s )&(r 8 ) • • • M*n) 
and r<P = (-l)»tf>, x(JT) = (-1)», (34.16) 

where n is the number of photons. 

The Hamiltonian for a free electromagnetic field is quadratic 
in the field strength 



-£/<» 



2 + <^ 2 ) dv, 



and the interaction term between electrons and the field has been 
discussed in § 32. We see therefore that the total Hamiltonian 
■J^tot for electrons, positrons and radiation is invariant under J 1 . 
If ^tot is a total wave function, we have 

■T(^tot^tot) =.#'tot(J r V , tot)- 

Therefore r, considered as a quantum mechanical operator, com- 
mutes with the Hamiltonian and is a constant of the motion. This 
means that its expectation value x(-H remains constant during any 
interaction process (see equation (17.1) or the fundamental theorem 
of § 30). In particular if the electron and positron in positronium 
annihilate into n photons, we must have from (34.16) 

where x<(-H refers to the initial positronium state. For instance 
from Table 40, the ground state ^o annihilates into an even number 
of photons, usually two. Similarly the 3 S t state annihilates into an 
odd number of photons, the minimum number being three since the 
total momentum has also to be conserved. 

Problems 

34.1 Derive the selection rules for dipole transitions between 
the levels of positronium (Jauch and Rohrlich 1955, p. 279). 

34.2 Write down for a system of two electrons the relations 
which correspond to (34.10), (34.13), (34.14). Show that there is 
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no relation directly analogous to (34.11), but instead x( n )x(^) 
= x(P) — — 1, and construct a table of levels similar to Table 40. 
Hence show that the exclusion principle in this case excludes some 
of the terms that are allowed in Table 40, and illustrate this by 
writing down the form of some of the wave functions or by con- 
sidering Slater's scheme (§12). 

34.3 Show that the quantities e 1; e a in (34.1) may be regarded 
as vectors in a two dimensional pseudo spin space, and hence that 
the energy levels may be described by an additional pseudo spin 
quantum number T = or 1. Using this formalism discuss the 
difference between the symmetry properties of states of positronium 
and of two electrons as noted in problem 34.2. Also write down the 
annihilation selection rules in this general formalism. 

34.4* Write down in the notation of field theory the relations 
that correspond to equations (34.3), (34.6), (34.7), (34.8), (34.9), 
(34.10), and hence derive (34.11), (34.13), (34.14) (Jauch and Rohr- 
lich 1955, p. 274). Note in particular how the commutation relations 
in field theory replace the exclusion principle, i.e. antisymmetry of 
^ in the wave function formalism. 



Appendix A 

Matrix Algebra 

The following gives the amount of matrix algebra assumed in the 
text. On some occasions when a more advanced result or concept 
is required, references are given to Margenau and Murphy (1943, 
Chapter 10). 

Definition of a matrix 

Consider the linear transformation of co-ordinates from (x, y, z) 
to (X, Y, Z) 

x = A U X + A 12 Y + A a Z, 
y = A 21 X + A 22 Y + A^Z, 
z = A 31 X + A 32 Y + A 33 Z. (A.l) 

This system of equations is one linear transformation and it is 
also often convenient to treat the coefficients A u , A l2 , . . . A 33 
as a whole. The square array of coefficients 

■A n A 12 A 13 /A 11 A 12 A 1I \ 

A 2 ^A 22 A 23 or I A 21 A 22 A 23 J 

AmA 32"^ 33 J \A 3 \A 32 A 33 I 

is the square matrix A, the brackets indicating that the matrix 
refers to the array as a whole and incidentally not to the deter- 
minant of the coefficients. More generally, it is convenient to 
consider rectangular matrices with m rows and n columns, these 
then being of order m X n (pronounced m by n). Ay is the (ij) tb 
element of A, where i is the number of the row and j the number of 
the column in which Ay is situated. Sometimes A is referred to as 
"the matrix Ay", meaning the matrix whose (ij) tb element is Ay. 
In general it is not necessary for matrices to arise only in connection 
with linear transformations in the way they have been introduced 
here, but they frequently do either directly or indirectly. 

Multiplication 

Consider another linear transformation 

-^ = #ii£ + Bitfl + B 13 C, 
Y = #ai£ + B Z2 t] + B^t,, 
Z = B S1 ( + B 32V + B^l (A.2) 

404 
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Suppose we have a function of a;, y, z and we wish to express it first 
in terms of X, Y, Z and then in terms of £, v , £. We would first 
substitute for x, y, z using (A.l) and then use (A.2). If, however, 
we are only interested in the final result, we can shorten the cal- 
culation by eliminating X, Y, Z between (A.l) and (A.2) and 
using directly the resulting transformation 

x = (A U B U + A 12 B 21 + B 13 A 31 )£ + (A U B 12 + A 12 B 22 + 
+ A 13 B 32 ) V + (A U B U + A 12 B 23 + A^B^K, 

V = iA u B u + A 22 B 21 + A^B^i + (A 21 B 12 + A 22 B 22 + 
+ A 23 B 32 ) V + (A 21 B 13 + A 22 B 23 + A^B^, 

z = (A 31 B n + A 32 B 21 + A 33 B 31 )£ + (A 31 B 12 + A 32 B 2i + 

+ A„B„jr, + (A n B u + A 32 B 23 + A„B„)C, 

(A.3) 

which is a combination of (A.l) and (A.2). Denoting the coefficients 
in (A.3) by 

3 

C V = 2 A tkB k ), (A.4) 

K — 1 

we would like to express the relationship of the matrix C t] to the 
matrices A and B. This is accomplished by defining C to be the 
matrix product 

C =A* (A.5) 

of A and B in this order, where (A.4) is the rule for finding the 
elements of C from those of A and B. More generally, if lis a 
matrix of order m x p and B is of order p x n, the jw*,* C 
= ^i* is defined as the matrix C {} of order m x n where 



p 

*=1 



(A.6) 



The order of multiplication is important, and the product D = BA 
is a different matrix from O. 

D fi = £ B lk A k] . (A.7) 

In fact unless m = » it is impossible to carry out the summation 
in (A.7), and even then we see from (A.6) and (A.7) that D« ± C« 
Also (A.6) and (A.7) are similar to the laws for multiplying deter- 
minants, so that if A and 5 are square matrices of the same order, then 

\AB\ = \BA\ = \A\\B\, (A.8) 

where \AB\ is the determinant of the matrix AB. 
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With this definition of matrix multiplication, the transformation 
(A.l) can also be written completely in matrix form. Let q be the 
matrix 

~x 



9 = 



(A.9) 



Such a matrix with one column is called a column matrix (or 
column vector) and is often written {xyz} to save space. Similarly 
a 1 x n matrix is a row matrix. In this notation (A.l) becomes 

q = AQ (A.10) 

where Q = {XYZ} . Similarly (A.2) can be written 

Q = Bv (A.11) 

where v = {|i?0- Tk en (A- 3 ) becomes 

q = ABv, (A.12) 

and this result also follows directly by substituting (A.ll) in (A.10). 

The double suffix summation convention, also known as the 
dummy suffix notation. 
Although it is often convenient to write matrix products in the 
compact form (A.5), it is on other occasions useful to work in terms 
of the elements as in (A.6). Then summations over some of the 
suffices appear constantly, and it is customary to omit the sum- 
mation signs but to consider any product to be automatically 
summed over every suffix such as h in (A.6) that occurs twice in 
one product. With this convention (A.4) and (A.6) become 

O v = A ik B kj . (A.13) 

Before (A.l) or (A.10) can be written in this form, it is necessary 
to alter the notation slightly and to put 

q t =x, q 2 =y, q 3 =z, Q X =X, etc. (A.14) 

Then (A.l) and (A.10), (A.2) and (A.ll) become 

q ( = AijQj, Q] = B jk v k 

whence by substituting for Q } we have immediately 

q { = A t] B }k v k = C ik v k from (A.13), 

in agreement with (A.3) and (A.12). Incidentally (A.13) can equally 
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well be written Cy = A^By or Cm = A*iBu or in any other equiva- 
lent form which retains the relationship between the suffices. In 
particular a repeated suffix can be called anything at all, since it 
is being summed over and thus would not appear in the relation 
if it were written out in full. Such changes are frequently necessary 
in making substitutions, to ensure that the same letter is not being 
used for indices that are not necessarily equal and that should not 
be summed. The particular symbol 



8 W = 1 for i = j, 
= for i =£ j, 



(A.15) 



is often used. For instance SyAjk — Aw. It has the effect of re- 
placing the suffix j by i or vice versa. 

Derived matrices and special matrices 

Starting with a matrix A of order m x n we can construct another 
matrix A of order n X m called the transpose of A, such that the 
(ij) th element of A is given by 



At] = Aji. 



(A.16) 



If A is a square matrix of order n x n and the determinant 
| .4 1 ^0, it is possible to construct its reciprocal or inverse A -1 
also of order n x n with the property 



AA- 1 = A-i-A = E 



(A.17) 



where E is the unit matrix (which is always square) of order n with 
elements 



Ey = By, 



(A.18) 



i.e. E has the form 



"1 











1 











1 



27 
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It is possible to express the elements of A~* in terms of the Ay 
but for the present purposes it is immaterial to know what they 
are. From (A.17) and (A.8) 

l 4-1 l=JJ|. (AJ9 > 

which shows why it is not possible to construct A' 1 if \A | = 0. 
A unitary matrix U is a square matrix with the property 

U- 1 = 0* (A.20) 

where * denotes taking the complex conjugate of every element. 
Thus from (A.17) 

' ' (A.21) 



tJ*U = UO* = E 



and from (A.8) 

|tf||*7|* = l. (A.22) 

The zero matrix is a matrix of any order with all elements zero. 

Problems 

A.l Write down some matrices with simple numbers as elements 
and find their products. With square matrices check your result 
using (A.8), and also verify that in general AB ^ BA. 

A.2 Write down the (ij) tb element of each of the matrices 
D x = A(BC) and D 2 = (AB)C using the double suffix summation 
convention, and hence show that D t and D 2 are the same. Also 
write equations (A.17), (A.20) and (A.21) in terms of the elements 
in this way. 

A.3 Using the summation convention show that (AB) = SA 
and that (A) = A. 

A.4 Show that if A is a matrix of order m x n and E m , E n 
are respectively unit matrices of order m X m and n x n, then 

AE n = E m A = A. 

A.5 By matrix multiplication show that (AB)' 1 = B^A- 1 
and that (A- 1 )- 1 = A. 

A.6 Show using (A.21) that the transformation matrix B of 
the transformation (2.2) is unitary. What are |.R| and i? _1 ? With 
the notation of (A.10) if q = RQ, show by multiplying by R~ l 
that Q = R~ x q and verify this by solving the three simultaneous 
equations (2.2) for X, Y and Z in terms of x, y, z. 

A.7 If B = tJ*AU where U is unitary, show that \B\ = \A\ 
and Bu = An (summed!). 
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A.8 Show that the product of any number of unitary matrices 
is also unitary. 

A.9 If q = AQ in the notation of equation (A.10), show using 
the result of problem A.3 that 

Q*A*AQ = q*q (A.23) 

and that each side of this equation is a one by one matrix, i.e. a 
single number. Show further that if A is unitary, then (A.23) when 
multiplied out becomes 

** + y* + Z * = X s + Y* + ZK (A.24) 

Conversely, show that if equation (A.24) is to hold, then A* A must 
be the unit matrix E, i.e. A is unitary. This is in a simplified form 
the most important property of unitary matrices (cf. appendix 
C). Since the Hamiltonian of almost every conceivable physical 
system can be written so as to involve r or r# (cf. § 3), it follows 
at once that the symmetry transformations of such a Hamiltonian 
are unitary transformations. 

A.10 The functions <f>t, i = 1 to n, are normalized and ortho- 
gonal. The n functions i/ij = Ay fa (summed) are also normalized 
and orthogonal to one another. Prove that the matrix A is unitary. 



Appendix B 

Homomorphism and Isomorphism 

Definition. Two groups (S x and <S 2 are homomorphicf if some 
element of & 2 can be associated with every element of <5 lt such that if 
P X Q X = R t then P 2 Q 2 = R 2 , where P 2 , Q 2 , R 2 are the elements of 
<8 2 that correspond to the elements P lt Q lt R x of <S V 

Definition. Two groups <5 t and (S 2 are isomorphic if there 
exists a one-to-one correspondence between the elements A x , B lt C lt . . . 
of (Sx and A 2 , B 2 , C 2 , . . . of <g 2 , such that if PyQ x = R t then P 2 Q 2 
= R 2 and vice versa. A relationship between the elements of <S> X 
and <S 2 is said to be a one-to-one correspondence if the elements of 
(Si and <S 2 can be paired off together, A x and A 2 , B x and B 2 , etc., 
in such a way that each element of each group is paired with one 
and only one element of the other group. If the groups are finite 
this implies that they have the same number of elements. From 
the definitions, an isomorphism is automatically a homomorphism, 
and is in fact a special symmetrical kind of homomorphism which 
can be described approximately by saying that two isomorphic 
groups have exactly the same structure as regards the relationships 
of the elements in each group to one another. 

The rotations (4.1), the linear transformations (4.13), the matrices 
of the coefficients in these transformations (the law of combina- 
tion in this case being matrix multiplication in the order FS = C, 
cf. equation (4.19)), and the permutations (4.22) form groups which 
are all isomorphic with one another. This follows from the discussion 
of § 4 which establishes a one-to-one correspondence between 
elements of any two of these groups. As a first example of a homo- 
morphism, consider the point-group 32 of rotations E, A, B, K, 
L, M (equation (4.1)) as <& lt and the group a, = (c, a, b, k, I, m) 
as <S 2 where e = a = b = 1 and k = 1 = m = — 1. The fact 
that the six elements of 9 are not all different from one another 
does not violate any of the group properties of § 4.J Now if we 

t Some authors denote by simple isomorphism and by isomorphism (or 
multiple isomorphism) what we call isomorphism and homomorphism res- 
pectively. 

t Some authors adopt a more restrictive definition of a group than that 
given in § 4, by including the further condition that all the elements be distinct 
(Ledermann 1953, pp. 2, 3). Then the matrices of a representation do not 
always form a group, which would be inconvenient for the purposes of this 
book. 

410 
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have a relation such as KA = L (4.5), then ka = I also holds as 
can easily be verified from the multiplication table of (S t (Table 1), 
so that the groups are homomorphic. However, since I = m, we 
also have ka — m although KA ^ M. Thus the "vice versa" 
condition of the definition of isomorphism is not satisfied. Our 
second example of homomorphism is closely related to the first. 
Consider the group of rotations 32 again as <5 t and the group 
9' = (1, — 1) as <g 2 . If we associate the element 1 of 9' = 03 2 with 
each of the elements E, A, B of <S X and —1 with the elements 
K, L, M, then as before 8^ = C, always implies S 2 F 2 = C 2 
so that the groups are homomorphic. However, the "vice versa" 
is again not satisfied and in addition the number of group elements 
is unequal so that the groups are not isomorphic. As a third example 
consider the roles of the groups 32 and 9' reversed, i.e. 9' as <5 a 
and 32 as <S 2 . Then we can associate E with +1 and K with — 1, 
in which case 8 1 F 1 = C t always implies S 2 F 2 = C 2 and vice versa, 
so that the groups are again at least homomorphic. However, they 
are still not isomorphic because although the "vice versa" condition 
is satisfied, not all the elements of <g 2 have been paired off with 
elements of <S V 

Problems 

B.l Construct some other examples of isomorphism and 
homomorphism . 

B.2 The matrices A, B, . . . form a group <S. Show that the 
determinants \A\, \B\, . . . form a group which is homomorphic 
but not necessarily isomorphic with <3. 

B.3 Try to express in your own words the additional condition 
that a homomorphism must satisfy for it to be an isomorphism, and 
test your wording on the examples given above. 

B.4 Compare the definitions of homomorphism and isomorphism 
in some of the texts on group theory given in the bibliography, 
testing them on the examples given above. 



Appendix G 

Theorems on Vector Spaces and Group Representations 

In § 5 the results of certain theorems are appealed to, and these 
will now be proved. It should be noted that the following (rather 
clumsy) proofs have been produced only to show that the argument 
of the main text can be justified step by step. They are therefore 
as elementary as possible, involving only the minimum number of 
intermediate concepts and results. For much more comprehensive 
and elegant developments of the theory of representations, the 
reader is referred to the standard texts mentioned in the biblio- 
graphy, e.g. Van der Waerden 1932, Wigner 1931, Speiser 1937, 
Weyl 1931. 

Theorem 1 . The dimension of a vector space is unique. Let <j>), 
j = 1 to n, be n linearly independent base vectors spanning the 
space H(^ . . . <f> n ). Further let <ft't, i = 1 to m, be another set of 
m linearly independent vectors spanning exactly the same space H. 
It is required to prove that m = n. 

Suppose m < n. Since the </>\ span the space K, we can express 
the tf>] in terms of the <f>'i and we have the n relations 

+i = Pit+'t (C.l) 

where the Py are some coefficients. Let P be the square matrix 
of order m X m formed from the first m rows of the coefficients 
Pi], i = 1 to m, j = 1 to m. Since the <f>] are linearly independent, 
it is impossible to find m coefficients oy such that 

*,Pil = 0, (C.2) 

as otherwise we would have aqfa = oyPyfit = 0. Since (C.2) has 
only the solution ocj = 0, all j, we have det|P| ^ 0, and hence 
can solve the first m equations of (C.l) and obtain 

4>'t = [P-^wk- 

This result can be substituted into the (m + l) th equation of the 
set (C.l), which then gives a linear relation among the fa contrary 
to the hypothesis that they are linearly independent. Therefore 
m < n, and similarly n < m. Therefore m = n, which proves the 
theorem. 

Lemma 1. If 'R is a vector space and r a subspace of H, then it 
is possible to construct a unique vector space 5 such that s is orthogonal 
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to r and H = r -f s. Let the orthogonal, linearly independent 
functions <£„ . . . ^ r span the space r. By taking any functions of 
H, it is possible to define further base vectors in H, and by the 
process of § 5 to make them orthogonal to the <f> lt . . . $ T and to 
one another. Let this give the further base vectors <f> r+1 , . . . <f>„, 
where n is the dimension of H. Now the vector space s = (<j> r+1 , 
<f>n) is orthogonal to r (i.e. any function of s is orthogonal to 
any function of r). Further any function <f> of S can be written 

<f> = 2 <*<k> i-e. in the form <f> = ^< r > + ^ where ^«> = f <H<h is some 
1 i 

function belonging to r and <£<*> = £ <*fc some function belonging 

T+l 

to s. Hence H = r + s. Moreover, the splitting up of <f> into «£< r > 
and <£<*> is unique if <£<«> has to be orthogonal to <£< r >, so that s is 
unique. This proves the lemma. 

Lemma 2. All symmetry transformations (except Lorentz trans- 
formations) leave the scalar product of two functions invariant. We 
shall first prove the lemma for a rotation R. Let / be a function 
of x, y, z, and let us for the present consider R as a change to a new 
co-ordinate system X, ¥, Z in the sense of §§ 2 and 3. Then / can 
be expressed in terms of X, Y, Z, say / (x, y, z) = F(X, Y, Z). 
The volume element dr can be written as either da; Ay Az or dX d Y AZ 
(Margenau and Murphy 1943, p. 190), and thus if the integrations 
are carried out over all space, 

/ / (*, V, z) dx dy Az = j F(X, Y,Z)AXAY AZ. (C.3) 

Physically the reason for this equality is that we have not changed 
the value of the integrand at any point P, but simply referred to 
the same point P by two different labels (*, y, z) and (X, Y, Z). 
If we put / = <\>*t\> where <f> and ifr are two functions, and interpret 
(C.3) in terms of the notation of equation (5.3), we obtain 



j 4>**l> Ax Ay Az = j (2ty)*(ity) Ax Ay Az. 



Thus the scalar product of ^ and tfi remains invariant under the 
transformation R. 

The same proof also applies to any transformation for which the 
volume elements are equal, Aq t Aq 2 . . . Aq Sn = AQ t d& . . . AQ Sn 
in the notation of equation (4.15), and this is clearly true for the 
other types of symmetry transformation that arise namely permuta- 
tions, the inversion and reflections, though not for a Lorentz trans- 
formation (problem C.l). This establishes the lemma. Incidentally 
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the reader should have no difficulty now in writing a general proof 
of the lemma using the above type of argument and the hint con- 
tained in problem C.3. Transformations which leave the scalar 
product of two functions invariant are called unitary transformations 
(cf. problem C.2), and it will be implicitly assumed in this appendix 
that all transformations mentioned are unitary. 

Corollary to lemma 2. If the functions (f> and i/j are orthogonal, 
then so are T<f> and Tty where T is a unitary transformation. 

Lemma 3. If the vector space H = r + s, and H and t are each 
invariant under a group 03 of (unitary) transformations, then s is 
also invariant under 03. Let <f> (t) and <£ (S > be any two functions 
belonging to r and s, and let ^ 1 (t) = T~ x <j> {X) where T is a trans- 
formation of 03. Since T~ x also belongs to 03, <f> x m belongs to r. 
Therefore <£ (8 > is orthogonal to ^ 1 <t) , and by the corollary to lemma 

2, T<f>& } is orthogonal to T^ {t) — <f> (t K Since K is invariant under 

03, T</>&> belongs to K. We therefore have that T<j> i3) belongs to H 
but is orthogonal to any function <j> m of r. Hence T<f> {i) belongs to 
s, and s is invariant under 03, which proves the lemma. 

Theorem 2. If H is a vector space invariant under a group 03 
of transformations, then 2t is either irreducible and contains no 
invariant subspace, or 21 is reducible into a sum of orthogonal invariant 
subspaces. We shall first point out just what there is to be proved. 
In § 5 we defined and investigated the consequences of having an 
irreducible or reducible vector space, and showed that a reducible 
space can be split up into a sum of invariant subspaces. Proceeding 
in this way we were not able to prove that the representation can 
always be reduced in such a way that the invariant subspaces are 
orthogonal to one another. For even if K had been referred to 
orthogonal base vectors fa initially, this is no guarantee that after 
the equivalence transformation (5.15) the base vectors <j>'t of the 
reduced space would be orthogonal. The present theorem shows 
that the invariant subspaces can be made orthogonal to one another. 
We were also unable to prove in § 5 that the following situation 
never in fact arises. Consider K transforming according to the 
representation D. Suppose that D is irreducible, but by choosing 
new base vectors <£'< in H and applying the equivalence trans- 
formation (5.15) it is possible to bring the matrices of D halfway 
towards reduced form, i.e. into the form 



W»(T) Q i} (T) 1 

L o A* (2, mJ' 



where Qy(T) is not zero and Dy n) (T) of order n x X n v Then the 
first n x base vectors <f>\ . . . <f>' ni transform according to the 
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representation Dq a) (T) and form an invariant subspace. However, 
the remaining <j>\ do not transform according to Dy (a '(T) because 
Qt](T) is not zero. Thus we would have an irreducible vector space 
containing an invariant subspace. This situation does not corre- 
spond to either of the two possibilities allowed by the theorem and 
cannot in fact arise. 

Prom § 5, a reducible vector space always contains an invariant 
subspace. Hence a space that does not contain an invariant sub- 
space is irreducible. Now consider on the other hand that K does 
contain an invariant subspace r. Then by lemma 3 it also contains 
another invariant subspace s orthogonal to r and such that H 
= r + s. Let 4>\, ■ ■ ■ <f>' r an( i ^'r+i> • • • <t>'n he two sets of base vectors 
spanning r and s. Then the transformation in H to the base vectors 
<f>\, . . . <j>' n is an equivalence transformation of type (5.15) which 
brings all the matrices of the representation D into reduced form. 
The process can then be continued until none of the subspaces can 
be reduced further. We have therefore shown that if a vector 
space K does not contain an invariant subspace, then it is irreducible; 
also if it does contain an invariant subspace, then it is reducible 
into a series of orthogonal, invariant subspaces. Since "3. must 
either contain or not contain an invariant subspace, this exhausts 
all the possibilities, which proves the theorem. 

Schur's lemma fits into the logical sequence of steps at this 
stage. In view of the importance of this lemma, its proof has been 
placed in a separate appendix (appendix D). 

Lemma 4. If a reducible representation D of a group <S is reduced 
into irreducible components D {i) one way 

D = D (1 > -f D<*> + . . . + D<r>, 

and also in another way 

D = D<«> + D«" + . . . + D«», 

then D<«» is equivalent to one of the representations D (1) , . . . Z> (r '. 
Let K be a vector space transforming according to D. Let the base 

vectors fa™, ^< 2 >, . . . ^<r>, » = 1 ton,, j = 1 ton, i = l 

to » r hi H transform according to D (1 >, D< 2 > £)«■» and similarly 

let the vectors <£(<»>, ^<">, . . . <f> k n>> in H transform according to 
D M , Z> (W , . . . Z><« Each of these two sets of vectors is linearly 
independent in accordance with an equivalence transformation of the 
form (5.15) with det|P| ^ 0, so that none of the vectors are zero. The 
<f>i w can be expressed in terms of the base vectors <f>t n> , . . . <fo (, >; thus 
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If T is any transformation of (8, T<f>} M can now be written in two 
ways, 

2W«> = P i} <"D k( <"(T)W» + ... 

and 2W> = A/""'* W' 

= D«<«>(r)P w «"^«» + . . . 

Hence each of the matrices P (>) satisfies the conditions for Schur's 
lemma (appendix D) and is therefore zero unless D w is equivalent 
to D <s) . Since the <j>t M are not zero, D la) is equivalent to at least 
one of the representations D a) , . . . D ir) , which proves the lemma. 

Lemma 5 . Functions transforming according to different irreducible 
representations of a group are orthogonal. Let ^ (1) (i = 1 to n) be 
a set of normalized orthogonal functions and <fo M another such set, 
transforming respectively according to the non-equivalent irreducible 
representations D a} and D M . Take any functions and orthogonalize 
them to the <f>i a) and to one another by the process described in 
§ 5 to give a set ^„ +1 , <j> n +i> ■ • • which together with the •fr' 1 ' form a 
complete set. Then 

<t>) M = f Pi]<h W + I Plrtr- 

l »+l 

As in lemma 4, P# = since D n) and D M are not equivalent. 
But Ptj is just J <j>t m *4>j M dv integrated over all space, so that <f>i a) 
and <f>j M are orthogonal for all i and j. 

Theorem 3. The reduction of a reducible representation is unique, 
apart from equivalence. In the notation of lemma 4, it is required to 
prove that the representations D (1 », D <2 >, . . . D"-> and D M , D">K . . 
D ip) are pairwise equivalent. From lemma 4, each D M , . . . D w 
is equivalent to one of the D a) , . . . D {T) , and this proves the unique- 
ness if none of the D (1) , . . . D (r) is equivalent to another. 
Consider now the following case in which this is not so. Let D M 
be equivalent to 2) (1) and Z> <2 > but not to any of the Z> (3) , . . . D w , 
and let us make a trivial change of base vectors such that these 
representations become identical. Then in the notation of lemma 
4, from Schur's lemma (appendix D) P<» = aE, P< 2 > = bE, P< 8 > 
= P<« = ...== P<r> = o, i.e. 4>t^ = a<tH a) + b<f> t (2) . Now construct 
^ t <*> = b<f>i {1) — a<l>i (i) . Then the vector space 

( . . . *<» ...)+(... &<*> ...) + ••• + (... <h lr) ■ ■ •) (C4) 

is orthogonal to (. . .<f>i M . . .) by lemma 5 and by construction. 
Similarly from the <f>t im , . . . fa™ we can construct functions 
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fa m , . . . fa M transforming according to the same representations 
D^\ . . . Z)"» but orthogonal to the fa™. Hence the vector space 

(. . . W» ...) + (... fa M ...) + ... + (... *«'» • . .) 

is also orthogonal to (. . . faM . . .), and hence by the uniqueness part 
of lemma 1 equal to the space (C.4). Hence 

Z)(w .(_ j)i3> -f . . . + z>(r) = Dm + D i V ) + . . . + j)<"K 

The process can now be repeated until all the component representa- 
tions have been paired off. The proof can also be extended easily 
to the case where any number of the irreducible components are 
equivalent, which proves the theorem. 

Problems 

C.l Show that the inversion transformation (3.11) and the 
permutation of two co-ordinates (3.10) are unitary transformations. 
If two transformations S and T are each unitary, show that the 
combined transformations TS and ST are also unitary. Hence 
show that all symmetry transformations mentioned in §§ 3 and 4 
are unitary. 

C.2 A unitary transformation T operating on a set of normalized 
orthogonal functions fa induces the transformations Tfa = Dij(T)fa. 
Show that D{T) is a unitary matrix (appendix A). 

C.3 Give a general proof of lemma 2 using problem A.9 (appen- 
dix A) and the form of the volume element in general co-ordinates 
(Margenau and Murphy 1943, pp. 187, 190). 

C.4 With the notation of problem C.2, show that 2 fa* fa is 
invariant under T. t 



Appendix D 
Schur's Lemma 



Given: ry (1) (T) and 7V 2) (T) are the matrices of two irreduc- 
ible representations r n) and r <2 > (of dimensions Wj and n 2 ) 
of some group, and there exists a matrix P (of order 
n 2 x n x ) such that 

Pr™(T) = r"»(T)P (D.l) 

for all group elements T. 

The lemma states that 

(i) if r (1 > and P <2 > are not equivalent, then P = 0; 

(ii) if T< » and r (2 > are equivalent, then P = or det | P | # ; 

(iii) if r ti n) {T) = TV "(T), i.e. all the matrices of r<» 
and r l2) are equal and not just equivalent, then P = or 
P — XE where A is a constant and £ is the unit matrix. 



Proof. Step 1. Choose any set of « 2 linearly independent vectors 
m transforming according to P <2> , i.e. 

Tu } = 7V»(T)ufo (D.2) 

and define a set of n^ vectors 

v, = Pi^c (D-3) 

Let us also assume that % ^ w 2 . This involves no loss of generality, 
since if n x > » 2 we can replace P, f (1) (T), r (2) !JP by the transposed 
matrices P, f {2) (T), t a) (T) respectively throughout the argument. 
Step 2. Now Tv] = TPyUi from (D.3), 

= r w « 2 >(T)P« Wt from (D.2), 

= P«P« (1) (y)«* from (D.l), 

= rV^T)^ from (D.3); (D.4) 

i.e. the vectors u< transform according to the irreducible representa- 
tion r< x >. 

Step 3. Suppose that P ^ 0. From (D.3) the vector space 
(. . . Vi . . .), i = 1 to m x , has a dimension n' x :S n x which is less than 
or equal to the dimension n 2 of the space (. . . w< . . .), i = 1 to n 2 . 
Hence from step 2, we have inside the space (. . . in . . .) an invariant 
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subspace (. . . v t . . .) transforming according to T'". If n\ were 
less than n 2 , this would make the space (...«<...) and hence the 
representation f' 2 ' reducible contrary to hypothesis. Hence n\ — n* 

Step 4. Hence the space (. . . w, . . .) and the space (. . . v t . . .) are 
the same (appendix C, Theorem 1). Since also n\ ^ r^ g n 2 , 
from step 3, n ± = » 2 , and the representations r (1 > and T' 8 ' are 
equivalent. This is still on the assumption that P ^ 0. Thus if 
r (1) and r <2 » are not equivalent, we must have P = 0, which proves 
part (i) of the lemma. 

Step 5. Now suppose that r< x » and r< 2 » are equivalent. Thus 
n x = n 2 , and by step 3 if P ^ the vectors v { are linearly indepen- 
dent. I.e. it is impossible to find a set of numbers ecj (not all zero) 
such that <x)Vj = 0. 

Step 6. It is therefore also impossible to find numbers a. } (not all 
zero) such that 

0LjP i} = for all i, (D.5) 

since (D.5) would imply ajv } = a } Piju ( = contrary to the result 
of step 5. Since the equations (D.5) have no solution except oy = 
for all j, we have \P\ =£ (Margenau and Murphy 1943, p. 299), 
which proves part (ii). 

Step 7. Consider now r tf ™{T) = 7V»(T), and assume P ^ 0. 
From step 6, \P\ ^ 0. 

Step 8. Hence we can find A ^ such that \P — XE\ =0, for 
the constant term in this equation in A is just |P| #0. 

Step 9. Consider Q = P — AE and the vectors w } = Q ti u t = 
Vj — Xuj. From (D.2) and (D.4) we have Tw } = r v a >(T)w t . 

Step 10. Now the argument of steps 5 and 6 applied to Q and the 
vectors w } gives that either \Q\ ^ contrary to our definition of Q 
from step 8, or Q = 0, i.e. P = XE which proves part (iii) of the lemma. 

Corollary. Part (iii) of Schur's lemma can also be stated thus: 



a matrix which commutes with every matrix of an irreducible 
representation of some group is a multiple of the unit matrix. 



Problems 

D.l Trace the similarities and differences between the above 
proof of Schur's lemma with those found in Van der Waerden 
1932, Wigner 1931, and effectively in Speiser 1937. 

D.2 Two sets of functions fa and <j>' t , * = 1 to n, span the same 
vector space. They also transform according to exactly the same 
irreducible representation r t j(T) under a group of transformations 
T. Prove that <f>t — X<f>' t for all i, where A is a constant. 



Appendix E 



Irreducible Representations of Abelian Groups 

Theorem. All irreducible representations of an Abelian group 
are one-dimensional. Consider any representation Di)(A), Dy(B), . . . 
of the Abelian group <8(j4, B, . . .). In our case all the matrices are 
unitary so that any one of them can be reduced to diagonal form by 
an equivalence transformation of the type (5.15) (see appendix C, 
lemma 2 and problem C.2; Van der Waerden 1932, p. 26; Margenau 
and Murphy 1943, p. 316). 

Step 1. Let P~ l D{A)P = D'(A) be the diagonal matrix 



Ax 



Ai 



K 



and put P- 1 I>(5)P = D'(B). Since <g is Abelian 
D'(A)D'(B) = D'{B)D'(A). 



(E.l) 



(E.2) 



Now the left side of (E.2) is just the matrix D'(B) with each row 
multiplied by the corresponding X m of D'(A), and the right side is 
D'(B) with each column multiplied by the corresponding A m of 
D'(A). Thus D' t )(B) = if the A m 's in the i and.?'" 1 rows of D'(A) 
are not equal, i.e. if D'u(A) ^ D']j(A) (i, j not summed). Thus 
D'(B) has the form (E.3) where the blocks correspond to equal 
diagonal elements in D'(A). 

Step 2. D'(B) can now be reduced to diagonal form by a trans- 
formation P'- 1 D'(B)P' with P' also having the form (E.3). This 
does not alter the D (A) because we are only making transformations 
between rows having the same X m . Thus both D(A) and D(B) have 
been reduced simultaneously to diagonal form. 
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Similarly all the other matrices can be reduced. For consider 
D{T) and suppose that the preceding transformations have trans- 
formed it to D"(T). Then by step 1, D V "(T) = if rows * and j 
contain different diagonal elements in any of the matrices that have 
already been reduced to the diagonal form (E.l). If they do not, 
then by step 2, D t} "(T) can be reduced to zero by a transformation 




(E.3) 



of the type (5.15), without altering the matrices that have already 
been diagonalized. Hence all matrices can be simultaneously 
diagonalized. 

Thus any representation of an Abelian group can be reduced to 
a sum of one-dimensional representations, and these are therefore 
the only possible irreducible ones. 



Appendix F 

Momenta and Infinitesimal Transformations 

Let q lt q lt . . . qN be a complete set of co-ordinates describing 
a system, and let T be the transformation to new co-ordinates 
Q n where 

qi = Q 1 + 8Q lt q n =Q n , n = 2, 3, . . . N, 

and where in accordance with the convention of § 5 we replace the 
Qn by q n after the transformation. Then analogously to (8.1), 
(8.2) we can define the infinitesimal transformation I x by 

T = 1 + U x 9q x + 0(S 3l 2 ). (F.l) 

We shall prove in this appendix that I t is related to the momentum 
operator p t which is conjugate to the co-ordinate q x in the usual 
sense (Schiff 1955, p. 133), in fact that we have (cf. equation 8.29) 



p t = U v 



(F.2) 



Let 8 be any operator, i/i some function, and let the suffix t denote 
transformed quantities after applying T. Then 

T(8+) = S4 t = aw. 

Comparing left and right members of this equation, we must have 
(cf. footnote to equation (5.4)) 



S t = TST-K 



(F.3) 



The variable q t is an operator in quantum mechanics as well as a 
co-ordinate occurring in a wave function. Hence putting q l for 
S and using (F.l), we obtain from (F.3) 

ft + *fc = U + tfi*fc)fc(l - i7 iS?i) + 0(8?i 2 ). 
i.e. q x h - Itfi = i- (F.4») 

Similarly 

qtJi — Itfn = 0, w#l; 
PfJi - IiPn =0, all n. (F.4b) 
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Now (F.4) shows that hl 1 has exactly the same commutation 
relations as p 1 (Schiff 1955, p. 135). Thus the difference 

p 1 -hl 1 =f(p n ,q n ) (F.5) 

commutes with all p n and all q n . Since it commutes with p n , f 
cannot depend on q„ which is the only fundamental variable not com- 
muting with p n . Similarly/ does not depend on p„ and is therefore 
a constant. We now operate with (F.5) on the wave function tfi = con- 
stant. This represents a free particle at rest since it depends on 
no co-ordinates and hence cannot represent any motion or changing 
co-ordinates. Consequently p n </> = 0, and also 1^ = 0. Hence 
ft/i = 0, and since / is a constant, it must be zero. The result (F.2) 
now follows. 

Another important result also follows from (F.3). The space 
inversion IJ (3.11) commutes with every rotation B(x, $), so that 
from (8.3) it commutes with every infinitesimal rotation I ( . Thus 



i H = ni e n- 1 = nn-u ( = i ( , 



(P.6) 



and I ( is invariant under II. Thus from (F.2) all the angular momen- 
tum vectors are invariant under II. As regards the orbital angular 
momentum L this fact is already obvious from (8.27), but it also 
applies to J (8.30) and the spin angular momentum operators 
introduced in § 11. 
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The Simple Harmonic Oscillator 
The Hamiltonian 

Consider the Hamiltonian 



* = 2^ + m2 <"V)> 



(G.1) 



where m is the mass of a particle, q its position co-ordinate, and p 
the conjugate momentum. If this Hamiltonian is treated classi- 
cally, it can easily be shown that the particle executes simple har- 
monic motion with angular frequency 10. Quantum mechanically, 
the operators p and q have to satisfy the commutation relation 

qp — pq = ih. 

Instead of using p and q it is more convenient to introduce the 
operator 

(G.2a) 

(G.3) 
(G.2b) 

(G.4) 



a = (2mhcj)~ 1,2 (p + imtaq), 



and its Hermitian conjugate operator a* defined by 

I (a*ifi)*<f> dv = I t/i*cuf> dv. 

Since p and q are both self-conjugate, we have 

a* = (2mhct))- 1/2 (p — imcaq). 

It is also convenient to define the operator 

N =aa*. 
We then have 

N = aa* = (2mho})~ 1 (p + imwq)(p — imcoq) 
= (2mhca)- 1 [p 2 + mPui^q 2 + inuo(qp — pq)] 
= (2mMa>)- 1 [p t + m 2 a> 2 q 2 — mJia>\. 



Thus 



30> = (N + Dfko = (aa* + i)Rio 



(G.5) 
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and in the same way it can be verified that 



a*a — aa* = 1, 
a*a n — a n a* = bo"- 1 . 



Eigenfunctions and eigenvalues 

Consider a function fa with the property 



a* fa = 0. 
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(G.6a) 
(G.6b) 



(G.7) 



From (G.4) we have Nfa = 0, so that fa is an eigenfunction of N 
belonging to the eigenvalue n = 0. Consider now the function 



*• = (»!)- 1/2 a»«Ao 



(G.8) 



where n is a positive integer. From (G.6) and (G.7) we have 
Nfa = (n\)- 1 < 2 aa*a»fa 

= (nlj-v^afno*- 1 + a»a*ty 

so that fa is an eigenfunction of N belonging to the eigenvalue n. 
It now follows from (G.5) that the fa are also eigenfunctions of tf 
belonging to the eigenvalues 

*• = (» + Wot, 

where » is a positive integer or zero. It can easily be verified that 
the fa's are normalized and orthogonal (problems G.l and G.2). 

Physically we say that the energy level E n contains n quanta 
of energy hut, and (G.8) is described by saying that each factor of 
a "creates" an extra quantum out of the ground state fa. It is 
this property (and see also (G.ll)) which gives a and a* their names 
of creation and destruction operators. N is the operator that counts 
the number of quanta. 

Completeness of eigenfunctions 

We shall now show, following Dirac (1958), that no further eigen- 
functions of N and MT exist. Let fa be a normalized eigenfunction 
of N belonging to some eigenvalue k, which for the present is quite 
unrestricted. Then 

] fa*Nfa dv = k; 



f< 
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and from (G.3) and (G.4) 

jfa*Nfadv = j (a*«/*)*(a*</*) dv £ 0. 

Comparing these, we conclude that 

k £ 0, (G.9) 

and if a*i/* = 0, then k = 0. (G.10) 

We also have from (G.4) 

N(a*il>i:') = aa*a*4> k ' = a*Aty*' - a*i/<*' = (k' - l)a*<pk'- (G.ll) 

Hence a*>p/c' belongs to the eigenvalue k' — 1, and by repeated 
multiplication by a* we can produce eigenfunctions fa = (a*)"0*' 

belonging to the eigenvalues k — k', k' — 1, k' — 2, fc' — 3 

If jfc' is not an integer, then k never has the value zero, and from 
(G.10) we never have a"% = 0. Thus the series of eigenfunctions 
^ fc goes on for ever, and sooner or later we reach a negative eigen- 
value k, which is contrary to (G.9). We conclude therefore that 
ifc' can only have positive integer values, in which case our sequence 
of eigenfunctions terminates with the lowest one ^ satisfying 
(G.10). 
Analogously to (G.ll), we have 

Ncu/i k ' = (k' + l)a</*'. 

so that cu/)jc' is an eigenfunction belonging to the eigenvalue k' + 1. 
Thus starting from i/i , we can, by repeated multiplication 
by a, produce one eigenfunction belonging to each eigenvalue n. 
We have therefore derived the series of eigenfunctions <ji n (G.8) 
instead of just conjuring them out of a hat. It now remains to show 
that each eigenvalue is non-degenerate, in which case it follows 
that the </i n are all the eigenfunctions. We show this by noting that 
N is invariant under the transformations 

R(6):— a-*e is a, a* -* e~ ie a; 
II: — a -v —a, a* -+ —a*; 

where 8 is any (real) angle. These transformations commute, and 
there do not appear to be any others, so that the complete symmetry 
group of N is Abelian. All its irreducible representations are one- 
dimensional (appendix E), and we conclude that the eigenvalues 
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of N are non-degenerate because there are no further symmetry 
properties that could produce any degeneracy. 

Matrix dements 

Any operator F can be expressed in terms of p and q, and hence 
as a power series in a and a*. With the help of the commutation 
relation (G.6), any term in the expansion can be written frs(a*) r a*. 
The matrix elements of this can be calculated easily from (G.8). 
We have 

<m\(a*Ya*\n> 

= (m!w!)-i' 2 j ( a mj, )*{a*)ra*a«>fio dv 
= (mM)- 1 '* j fo*(a*)>»+ra'+*fo dv. (G.13) 

This transforms under (G.12) according to 

exp i(s + n — m — r)8, 

so that (G.13) is zero unless m — n = s — r (from equation (13.8c) 
of the fundamental theorem of § 13). From (G.6b), (G.13) becomes 
for m — n = s — r 

<m\(a*ya>\n> = (m\n\)-"*(s + »)! U *+ dv = { ' + "}' 

J (mlnl) 1/2 

(G.14) 
Problems 

G.l Using (G.13), show that the ijj m and >p„ (m =£ n) are ortho- 
gonal. Also verify using (G.3) that the wave functions (G.8) are 
normalized if we assume if> is. 

G.2 Calculate the matrix elements of q. 

G.3 Calculate §<l> n *q 2 >l>n dv and compare this with the mean 
value of q* for a classical oscillator with the same energy. 

G.4 Show that j<f/ m *q r tli„ dv = unless ra — w = r, r — 2, 
r — 4 — r. 



Appendix H 

The Irreducible Representations of the Complete Lorentz 

Group 

In this appendix we shall construct systematically all the finite 
irreducible representations of the complete Lorentz group £, 
following the notation of § 31. 

Step 1. Consider a vector space which is invariant under £. We 
can reduce it according to the proper Lorentz group I, and let 
Umm De a se t °f standard base vectors in it transforming according 
to D'#'>. If j, j' are both integers or both half odd integers, Z>W> is 
single-valued, and otherwise double-valued (problems 31.6 and 
31.9). 

Step 2. Now TIt commutes with every proper and improper 
Lorentz transformation so that by Schur's lemma it is represented 
by a multiple aE of the unit matrix E. Also (iTr) 2 is the identity 
transformation, so that a = 1 or — 1 in single- valued representa- 
tions. In double-valued representations we have a = ±1 a s one 
possibility because of the double-valuedness, and a — ±i as another. 

Step 3. Now we have that 

t L(v,z)t = L(— »,z), i.e. t exp(iftZs2>) = exp(— %BI tT ) r, 

whence by expanding the exponential we obtain 

IzT t = — tI z t. 

Also t commutes with a pure rotation and hence with I w . Therefore 
equations (31.10), (31.12) imply 

A z (ru mm ') = (— \I X yT — \IzTr)u mm ' 
= (— Vxy + \TlzT)Umm' 
= — TBzU mm ' = — m'(ru mm '), 

Bz{ru m m') = — m(ru mm '). 

Thus the ru mm ' behave as base vectors TJ- m '- m . By operating also 
with A + , A_, B + , B_ it is easily shown that the vectors 8ru mm ' in 
fact transform like (31.12) according to ZWV> under I, where 8 — 

Step 4. We also have IIL(v, z)II = L(— v, z) and II commutes 
with every pure rotation. Step 3 therefore applies also to IIu mm '. 

428 
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Now TIu mm ' — r(TIr)u mm ' == aru mm ' where a is given by step 2, so 
that IIu mm ' is proportional to m mm '. The vectors u mm > and rv, mm ' 
therefore span a vector space which is invariant under £. Also the 
matrix representing II is always uniquely determined by those 
representing IIt and t. 

Step 5. If j =f, the u mm > and ru mm ' both transform under I 
according to D<»» and may be related. In fact if we put 

U mm ' = u mm ' + 8-n*_ m ' _ m , V mm ' = u mm ' — 8rM_ m ' > _ m , 

we have since DW> is single-valued and Thi mm ' = u mm ', 

rU mm ' = 8U- m ' _ m , rV mm ' = -8V- m > _, 



-m- 



Thus the ?7 m »,' span a vector space of dimension (2j + l) 2 which is 
invariant under £, and so do the V mm '. Coupled with the two 
possibilities of step 2, this gives four different representations of £. 
We denote them by &»*>, r = 0, 1, 2, 3, and they are related to 
one another in the same way (31.17) as the Z><«;»-> discussed there 
in detail. 

Step 6. If j # / the u mm > and ru mm < transform under I according 
to different irreducible representations and are therefore orthogonal. 
Hence to obtain a vector space invariant under £ we must take 
the 2(2j + 1)(2/ + 1) vectors u mm ', ru mm > together. Since t 2 is 
the identity transformation, t is represented with respect to these 
base vectors by X>(t) where 

for single-valued representations, and 

*"»-±[S o] <""■> - ±[_J »] (H-ib) 

for double-valued ones. Coupled with two alternatives of step 2, 
this gives two different representations D<W'+«;r> ( r = 0, 1 when 
single-valued, and four representations D<#'+«;r> ( r = 4, 5, 6, 7 
when double-valued. In the case of (H.lb) it is convenient to use 
i'TUmm' instead of ru mm ' as base vectors, in which case D{r) 
becomes 



, . [0 E~\ 
±l [E Oj 



The representations DW+]'};r) an, therefore related like the 
£)(lo+oi;r) by 

DW'+«;r>(T) = Xr ( a )DW+i'};0(T), 
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where a = E, IJ, t, 77t as T belongs to the branches I, 771, rl, 77tI, 
and the xr(«) are given by Table 37. The single-valued ones are 
related to one another like D^- r) , r = 0, 1 (equation (31.17)): the 
representations corresponding to r = 2, 3 are equivalent to those 
with r = 1, respectively when j ^=j'. In all cases the represen- 
tation with r = or 4 is defined to be the one obtained from (31.15) 
where «+<,, m_ , u ±, u _ transform according to D<*°+°i; 4 >. The 
single-valued ones can also be obtained by reducing 

Z)<li;0) x £)<li;<» x 2)<JM> x . . . 

Step 7. We now show that all the above representations are in- 
equivalent. Clearly this is so for those belonging to different pairs of 
values of j, j' because they are inequivalent under proper Lorentz 
transformations. Suppose now for j =j' 

D<«;r)(T) = PDW\T)P-\ (H.2) 

i.e. that the two representations r and s (for short) are equivalent. 
By construction r and s are identical for proper Lorentz transfor- 
mations L, and from (H.2) P commutes with the irreducible repre- 
sentation D { M' r) (L) = DW> S) (L) of the proper Lorentz group. Hence 
by Schur's lemma P = cE where c is a constant. Then from (H.2) 
r and s are completely identical. Suppose similarly for j =£ j' 

DW+yi;r)(T) — PB(«'+«;»)(T)p-l. (H.3) 

The representations are again equal for proper Lorentz transforma- 
tions. However they become reducible 



D<M'+1'1;r>(L) = 



L, ] 
L 2 \ 



when we restrict ourselves to proper Lorentz transformations. 
Hence if we write 



\P> P.] 



Schur's lemma gives P t = c^E, P 2 = c^E, P s = P t = 0. By using 
this P and putting T = r and 77t in (H.3), it can easily be verified 
that the constants Cj, c 2 cannot be chosen such that (H.3) is satisfied 
if r ^ s. Thus all the representations described are inequivalent. 

Step 8. Given a finite vector space H which is irreducible under 
£, we can construct in this space one of the above representations 
by the procedure we have used. Using A z , B z we first pick out from 
21 a vector ujj' with the highest eigenvalues m = j, m' = j'. From 
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it using A_, B_ (31.12) we construct all the u mm '. Then from steps 
4 and 5 we obtain in a unique way a definite set of base vectors. 
Now in steps 2, 5, 6 we listed aU possible alternatives, so that our 
base vectors must transform according to one of the representations 
DW;r), r = 0, 1, 2, 3 or flUf^rt r = 0, 1 (single-valued) or r = 4, 
5, 6, 7 (double-valued). Hence the irreducible space H transforms 
according to a representation which is equivalent to one of these. 
It follows that we have derived all the finite irreducible representa- 
tions of the complete Lorentz group. 



Appendix I 

Table of Wigner Coefficients (jj'mm'\JM) 

Note: Reading down one column in the table gives the coefficients 
in the expansion 



W M < J > = 2 W'mm'\JM)U m WV n >W>, 

m,m' 

and reading across one row gives the coefficients in 
U m WV m 'W> = 2 (jj'mm'\JM)W M M 

J,M 



(20.1) 



(20.5) 



The tables are taken from Cohen (1949)f, who also gives a table for 

£)<3/2) x 2)(s/s) no t included here. Algebraic tables have been 

given by the following: 

Z><» x Z> (1/! ", Z><» X D' 1 ', D<» X D <2 », Condon and Shortley (1951); 

2)(» x 2)(3/«, Cohen (1949); 

D«» X Z> (6/2 », Melvin and Swamy (1957); 

£><» X 23< s », Falkoff et al. (1952). 

Extensive numerical tables in decimal form have been published 
by Rose (1957) and Simon (1954). 

Dx X Di 





w\ 


wl w% 


Wli 


U 112 V 112 


1 






j-rl/2 V 1I2 
V1I2 V-112 
TJ1I2 V 1I2 
V-H2 ¥112 




Vi Vi 

Vi -Vi 




rrl/2 T/l/2 
U —1/2 V-112 






l 



t The tables are reproduced here through the kind permission of Dr. Cohen. 
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Dj X D 1 





w%>,% 


win win 


w*Jl ti wl'l. 


rp-3/2 

" — 3/2 


Ul Vlil 


1 








Ul Fl'l",, 

ul vl>,% 




Vi VI 
VI -VI 






Ul Fl'!,2 

uix vl>,\ 






VI VI 
VI -VI 




tfii Fi'f/2 








1 



Di X D» 





JFl 


IF! wl 


wl wl 


JFli 


wl x 


w 2 -2 


Uljt Fill 


1 










UV,% Fi'f,2 
ff?J2 Fiji 




Vi VI 
Vt -Vi 






Ul\l Vl!l. 
U 3 JU Fiji 






Vi Vi 
Vi ~Vi 
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VI 
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1 
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Appendix J 

Notation for the Thirty-two Crystal Point-groups 

International Full symmetry Schoenflies 

symbol symbol symbol 

1 1 C x 

1 I S,(<7,) 

2 2 tf 2 

m m G lh (C,) 

2/m - C 2h 

2mm 2mm C tv 

222 222 X> 2 (F) 

2 2 2 

mmm D ih (V h ) 

m m m 

4 4 <7 4 

3 4 <S 4 

4/m ^ C 4 » 

4mm 4mm (7 4t) 

i 2m 1 2m A«*(Fd) 

4 2 2 4 2 2 X>4 

4 2 2 

4/mmm D 4ft 

mmm 

3 3 C 3 

3 5 S 6 (C ai ) 

3m 3m C 3V 

2 

3m 3 — D M 

m 

32 32 D s 

6 6 G 6 

6 6 G ah 

6 

m 
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6/m 



sen 



International 
symbol 

6 mm 
6m2 
622 

6/mmm 

23 

m3 

$3m 
432 

m 3 m 
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Appendix K 
Character Tables for the Crystal Point-groups 

Notation 

The point-groups are designated by their international symbols 
which are explained in § 16. The corresponding Schoenflies symbols 
may be found in appendix J. 

The dosses of group elements are indicated by one typical element 
from each class. These elements are given by using an extension 
of the international notation for the groups. The symbol n now 
stands for a rotation by 360/ra degrees and n r for 360 r/n degrees. 
The rotation axis is given by a suffix, e.g. x, y, z, and d meaning an 
axis at 45° to Ox and Oy. The symbol m z thus means a reflection 
in a plane perpendicular to the z-axis. ii is an improper rotation by 
360/m°, i.e. a proper rotation by this angle followed by inversion 
through the origin. The inversion 77 (3.11) itself is thus denoted 
by I. 

The irreducible representations are labelled systematically as 
follows. A and B always denote one-dimensional representations, 
B being used if a rotation by 360/w° about the principal axis (chosen 
as z-axis) has the character — 1. E is used for a two-dimensional 
representation, and T for a three-dimensional one. A pair of 
complex conjugate one-dimensional representations are always 
bracketed together and regarded as a two-dimensional representa- 
tion E, because for most purposes they behave as such due to time- 
reversal symmetry (§§19 and 23). If there are two representations 
in which the characters of m z differ in sign, they are distinguished 
by ' and ". Subscripts g and u (German, gerade and ungerade) 
refer to positive and negative characters of the inversion 77 (or 
1 in the above notation). When this system allows several different 
labellings, the use of u and g takes preference over ' and ", which 
in turn takes preference over suffices 1, 2, etc. We have followed 
this scheme consistently in this appendix, though this has meant 
introducing minor differences from the notation of other authors. 

Some point-groups are direct products g X I (§ 15), where g is a 
proper point-group and 1 the inversion group (E, 77). Their character 
tables are not given explicitly but may easily be constructed as 
follows. Each representation D of a, gives rise to two representations 
D g and D n of the group cj x 1. In these the proper rotations B 
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have the same characters as in D, but the improper rotations IIR 
have the characters 

XillR) = X (R) in D e , 

= - X (R) in 2V 

The classes are as follows. Suppose R 1 , R 2 , . . . form a class of 9. 
Then the proper rotations R x , R i7 . . . of the group 9 x I again 
form a class, and the corresponding improper rotations IJR lt 
IJR 2 , . . . form another class. Thus 9 X I has twice as many classes 
as 9, which checks with the fact that it also has twice as many 
representations (cf. equation (14.16)). The above construction for 
the character table of g X I follows deductively from the theory 
of § 15, or can be justified a posteriori by noting that the character 
table satisfies all the orthogonality requirements, etc., of § 14. 

On the right side of each character table are listed the quantities 
x, y, z, x 2 , y 2 , z 2 , xy, yz, zx, I x , I y , I z in the row of the representation 
to which they belong. Here I x , l y , l z are the infinitesimal rotation 
operators which transform as a pseudovector. The chief use of this 
is in connection with the vibrational modes of molecules as sum- 
marized in Table 23. In the case of groups 9 X I whose character 
tables are not given in full, the quantities x, y, z always transform 
according to the appropriate ungerade representations, D u , and x a , 
y*, z 2 , xy, yz, zx, I x , I y , I z according to gerade representations D g . 

Triclinic, monoclinic and orthorhombic point-groups 



I 


E 


I 






1 
1 


1 
-1 


* 2 ; y\ 2 2 ; xy; yz; ar; 
ix; iy; iz- 
*; y; z. 




2 


E 


2 Z 




A 
B 


1 
1 


1 
-1 


z; y 2 ; a 2 ; z 2 ; xy; I z . 
x; y; xz; yz; l x ; l v . 




m 


E 


m z 




A' 
A" 


1 
1 


1 
-1 


z; y; x 2 ; y 2 ; « 8 ; xy; i z . 

z; yz; xz; l x ; I y . 
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222 


E 2 X 


2* 


2* 




A 


1 1 


1 


1 


x 2 ; y 2 ; z 2 . 


Bi 


1 -1 


-1 


1 


z; xy; I z 


B* 


1 -1 


1 


-1 


y; xz; ly 


B 3 


1 1 


-1 


-1 


x; yz; I x 



Here A, B lt B 2 , B a are used for 222 because any one of the two- 
fold axes can be considered the principal one. 



mmm = 222 x 1 



2mm 


E 2 Z 


m y m x 




A 

B 2 


1 1 
1 1 
1 -1 
1 -1 


1 1 
-1 -1 

1 -1 
-1 1 


z; x 2 ; y 2 ; z 2 . 
xy;I z . 

X\ XZf ly. 

y, yz; Ix- 



2/m 


E 2 Z 


m z 


I 




B g 


1 1 
1 -1 
1 1 
1 -1 


1 
-1 
-1 

1 


1 

1 

-1 

-1 


x 2 ; y 2 ; z 2 ; xy; I z . 
yz; xz; I x ; ly. 

x;y; 



Tetragonal point-groups 




z; x 2 + y 2 ; z\ I z . 
x 2 — y 2 ; xy. 
x, y; xz, yz; 

Ix, ly. 
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I 


E 


2 Z 


h 


h* 




A 
B 

'{ 


1 
1 
1 
1 


1 

1 

-1 

-1 


1 
— 1 

i 
—i 


1 
-1 
— t 

i 


x 2 + y 2 ; z 2 ; I z . 
z; x 2 — y 2 ; xy. 
fx, y; xz, yz; 



422 


E 


2* 


4* 


2* 


2« 




A 


1 


1 


1 


1 


1 


x 2 + y 2 ; z 2 . 


A 


1 


1 


1 


-1 


-1 


z;I z . 


J*i 


1 


1 


-1 


1 


-1 


x 2 — y 2 . 


B* 


1 


1 


-1 


-1 


1 


xy. 


E 


2 - 


-2 











x, y; xz, yz; I x , I y . 



4mm 



4. 

B, 

E 



4/mmm = 422 X I 



E 2- 



*t m x m g 



11111 
1 1 l-l-l 

1 1-1 1-1 
1 1-1-1 1 

2-2000 



z; x 2 + y 2 ; z\ 

Iz- 

x 2 - y 2 . 

xy. 

x, y; xz, yz; I x , I y . 



I2m 


E 


2 Z 


iz 


2* 


m a 




A 


1 


1 


1 


1 


1 


x 2 + y 2 ; x\ 


A 2 


1 


1 


1 


— 1 


— 1 


Iz- 


B 1 


1 


1 


-1 


1 


-1 


x 2 - y 2 . 


B* 


1 


1 


-1 


— 1 


1 


z;xy. 


E 


2 


-2 











x, y; xz, yz; I x , I y . 
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Trigonal and hexagonal point-groups 



z; x* + y 2 ; z 2 ; I z . 




x, y; x< 



xz, W> Ix, Iy 



xy; 



where to = exp(27rt/3). 



3=3x1 



32 


E 


3 2 


2* 




a* 

E 


1 
1 

2 


1 

1 

-1 


1 

-1 




x 2 + y 2 ; z 2 . 

z;I z . 

x, y; x 2 — y i , xy; xz > v z > J x> *v 



The representations A v A z , E of this group are the same as J ' , 
sf,r of Tables 3 and 8. 



3m = 32 x I 



3m 


E 


3* 


m x 




E 


1 
1 
2 


1 

1 

-1 


1 

-1 




z; x 2 + y 2 ; z 2 . 

h. 

x, y; x 2 — y 2 ; xy; xz, yz; I x , I„. 



6 


E 


6* 


3 Z 


2z 


3* 2 


6** 




A 




1 


1 


1 


1 


1 


z; x 2 + y 2 ; z 2 ; I z . 


B 




-1 


1 


— 1 


1 


-1 




«i{ 




-to 2 
— to 


to 
at 2 


-1 
— 1 


to 2 
to 


— to 
-to 2 


fx, y; xz, yz; 
\lx, Iy 


*.{ 




to 
to 2 


a> 2 
to 


1 
1 


to 
to 2 


to 2 
to 


\x 2 — y 2 , xy. 



where to == exp(27rt/3). 
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6 


E 


3* 


3** m z 


% 6> 




A' 
A" 




1 
1 


1 1 
1 -1 


1 1 
-1 -1 


x 2 + y 2 ; z 2 ; I z . 

z. 


E' / 




to 
m 2 


to* 1 

to 1 


CO CO 2 
CO 2 CO 


\x, y; x 2 — y 2 , xy. 


E"S 




w 
to 2 


to 2 -1 
to 1 


— CO — to 2 
—to 2 (O 


\xz, yz; I x , I y . 



where at = exp(2m'/3). 



622 


E 2„ 


3, 


6* 


2* 


2* 




A 1 


1 1 
1 1 
1 -1 






1 

-1 

1 


1 
-1 
-1 


x 2 + y 2 ; z 2 . 
z;I z . 




B 2 


1 -1 




— ] 


-1 


1 








2 -2 
2 2 


— 1 


— 1 










x, y; xz, yz; I x , I y . 
x 2 — y 2 , xy. 











6/mmm = 622 


X I 




6mm 


E 2 Z 


3* 


6 Z m y m x 




A t 

B* 

E l 
E 2 


1 1 
1 1 
1 -1 

1 -1 

2 -2 
2 2 


— 1 


1 1 1 

1 -1 -1 

-1 -1 1 

-1 1 -1 

1 

-10 


z; x 2 + y 2 ; z 2 . 
Iz- 

x, y; xz, yz; I x , l y . 
x 2 — y 2 , xy. 





6m2 



A', 
A\ 

A\ 
W 

E" 



E m z 3 Z l z 2„ 



m x 



2 2 

2 -2 



1 
-1 

1 
-1 







1 

-1 

-1 

1 







x 2 + y 2 ; z 2 . 
Iz. 



2. 



x, y; x 2 — y\ xy. 
xz, yz; I x , I y . 
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Cubic point-groups 



23 


E 


2* 


3 


3 2 




A 

'{ 

T 


1 
1 
1 
3 


1 

1 

1 

-1 


1 

CO 

co 2 



1 

to 2 

CO 



z 2 + y 2 + z 2 = r 2 . 
1-s 2 - y 2 , 3z 2 - r 2 . 
*, y, z; xy, yz, zx; I x , I y , I z . 



where to = exp(27ri/3). 



m3 = 23 X 1 



432 


E 


3 


2* 


2« 4 Z 




A 


1 


1 


1 


1 1 


x 2 + y 2 + z 2 = r 2 . 


A 


1 


1 


1 


-1 -1 




E 


2 


-1 


2 





a; 2 — y 2 , 3z 2 - r 2 . 


Jfi 


3 





-1 


-1 1 


*, y, z; /*, /», h- 


T, 


3 





-1 


1 -1 


xy, yz, zx. 



m3m = 432 x 1 



43m 


tf 


3 


2 Z 


m t 


h 




A, 


1 


1 


1 


1 


1 


* 2 + y* + z 2 = r 2 . 


A 


1 


1 


1 


— 1 


-1 




E 


2 - 


-1 


2 








s 2 — y 2 . 3z 2 — r 2 . 


2\ 


3 





-1 


— 1 


1 


-**> •* yi ■*«• 


^ 


3 





-1 


1 


-1 


x, y, z; xy, yz, zx. 



Appendix L 

Character Tables for the Axial Rotation Group and Derived 

Groups 

Notation 

The notation follows that of appendix K as closely as possible. 
The groups oom and oo/mm are denoted by C xv and D Kh in the 
Schoenflies notation. 



oo 



E 



W, *) 



A 

E, 

E. 
E. 



{ 
•{ 



1 

exp(i^) 
exp(— i<j>) 
exp(i2<f>) 
exp(— i2<f>) 

exp(im^>) 
exp(— im$) 



z; z 2 ; x* + y 2 ; I z . 
Cx, y; xz, yz; 
\Ix, ly 



} 



x 2 — y 2 , xy. 



m 


E 


R(<f>, z) 


% 




A 1 =U+ 
A 2 =Z- 

E x = n 

E 2 =A 


1 
1 

2 
2 

2 


1 
1 

2 cos <l> 
2 cos 2<f> 

2 cos mtf) 


1 

-1 








z; z % ; x % + y 2 . 

x, y; xz, yz; I x , I y . 

x 2 — y 2 , xy. 


E m 





30 
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oo/mm 


E 


*(*,*) 2;, 


I 


lR(<f>, z) m x 




A le =Z e + 


1 


1 1 


1 


1 1 


z 2 ; a; 2 + y 2 . 


A-yyx — Z'vT 


1 


1 1 


-1 


-1 -1 




■Asg = £g~ 


1 


1 -1 


1 


1 -1 


/*• 


A 2U = £u+ 


1 


1 -1 


-1 


-1 1 


2. 


Ei g = 77 g 


2 


2 cos ^ 


2 


2 cos ^ 


zz, yz ,/*; Jy. 


E\ u = J7 U 


2 


2 cos <f> 


-2 


—2 cos $ 


x,y. 


^2g = ^g 


2 


2 cos 2<f> 


2 


2 cos 2<j> 


x 2 — y 2 , a^. 


■®2U == ^U 


2 


2 cos 2<£ 


-2 


—2 cos 2<f> 




■Emg 


2 


2 cos m^> 


2 


2 cos wi^> 




Emu 


2 


2 cos m^ 


-2 


—2 cos m<£ 





oo/m = ooxI 
oo 2 is isomorphic with oom. 



GENERAL REFERENCES 
Group theory applied to quantum mechanics 

B. L. Van der Waeeden; Die Oruppentheoretische Methode in der Quanten- 
mechanik, 1932. After a summary of the relevant parts of quantum mech- 
anics in Chapter I, Chapter II develops in 32 pages all the necessary general 
theory of vector spaces and group representation from first principles. The 
whole treatment is extremely concise, neat and elegant, yet -without being 
more general and abstract than is required for the purpose at hand. The 
style is terse, occasionally to the point of making the argument difficult to 
follow on a first reading. The properties of group characters are developed 
but not used. In succeeding chapters the irreducible representations of the 
rotation group and the Lorentz group are derived, and then applied to the 
theory of atomic spectra. The final chapter deals with the applications to 
diatomic molecules. It appears that at least three different unpublished 
translations of this book are in existence for purpose of private study. 

E. Wigner; Gruppentheorie und ihre Anwendung auf die Quantenmechanik 
der Atmospeitren (translated Group Theory and Its Application to the Quantum 
Mechanics of Atomic Spectra), 1931. Although the subject matter is very 
similar to that of the previous book, the treatment is somewhat different. 
The representation theory is developed from the point of view of the group 
characters, even for continuous groups. In the discussion of the rotation 
group this makes for rather more algebraic manipulation. The exclusion 
principle is taken into account via a detailed discussion of the representations 
of the permutation group (as outlined in § 28), because it had not been realized 
at the time that this could be avoided. Altogether the book is a mine of infor- 
mation on the detailed manipulation of the rotation and permutation groups, 
but this has the consequence that the wood is often lost for the trees and the 
present author finds the book rather unsuitable as a first introduction to the 
subject of Group Theory in Quantum Mechanics in general, t 

H. Weyl; Gruppentheorie und Quantenmechanik (translated The Theory 
of Groups and Quantum Mechanics), 1931. This book is considerably more 
difficult reading than either of the previous two. However, after having mas- 
tered it, many people feel that they have a much deeper and more satisfying 
understanding of the whole subject than they had before, for in this book 
the actual structure of the quantum theory is developed from a group- 
theoretical point of view. As regards specific applications, the rotation, 
Lorentz and permutation groups are discussed in detail and applied to atomic 
spectra and to Dirac's relativistic theory of photons and electrons. 

H. Eyeing, J. Walter and G. E. Kimball; Quantum Chemistry, 1944. 
From the present point of view, the importance of this book lies in the fact 
that it is the first and best known standard general text book which has 
dared to assume that elementary group theory is, or should be, part of a 
modern student's equipment just as much as being able to write down the 

t Note added in prool; An English translation in a revised and enlarged edition has recently 
been published (E. P. Wigner, 1959. Group Theory and Its Application to the Quantum Mechanics of 
Atomic Spectra, Academic Press, New York and London). Three new chaptere have been added- one 
on Racah Coefficients; one on Time Reversal Symmetry; and one on the Physical Interpretation 
and Classical Limits of Wigner and Eacah Coefficients. 
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Schrodinger equation. The elements of group theory are given in very con- 
densed form in one chapter near the middle of the book, very much from the 
point of view of getting some useful algebraic relations about group charac- 
ters for use as a tool later on in the calculation of molecular energy levels 
and vibrations. The more general group-theoretical attitude towards degen- 
eracy and selection rules is not stressed. 

L. D. Landau and E. M. Lifshitz; Quantum Mechanics, Non-Relativistic 
Theory, 1958. This general quantum mechanics text also includes a chapter, 
which is very clearly written, on group-theoretical symmetry arguments. 

C. Eckabt; The Application of Group Theory to the Quantum Dynamics of 
Monatomic Systems, Rev. Mod. Phys. 2, 304, 1930. This review article of 75 
pages develops the theory from first principles, together with the simpler and 
more important applications to atomic spectra. 

H. Margenau and G. M. Mttbphy; The Mathematics of Physics and Chemis- 
try, 1943. This volume includes a chapter on group theory, which contains 
some useful information about groups and their irreducible representations. 
The discussion of its application to quantum mechanics is so brief as to be of 
not much help to the reader. 

S. Bhagavantam and T. Venkataraytotj; Theory of Groups and Its 
Application to Physical Problems, 1948. The book includes an introduction 
to group theory and its use in physics, including quantum mechanics. The 
principal application is to vibrations in molecules and solids. The discussion 
of solids is incorrect in parts (at least it seems so to the present author). 

Mathematical theory of group representations 

A Speiser; Theorie der Gruppen von Endlicher Ordnung, 1937. From the 
point of view of the student of quantum mechanics the importance of this 
book lies primarily in its discussion of group representations, which forms a 
very satisfactory alternative reference to Van der Waerden (1932) as an 
elementary but systematic and rigorous presentation of the basic theory. 
The emphasis is on finite groups, group characters and their orthogonality 
relations, so that the treatment appeals particularly to those who have in 
mind the applications to molecular problems. Chapter 6 with its beautiful 
illustrations of two-dimensional space-groups is also noteworthy. 

G. Birkhoff and S. MacLanb; A Survey of Modern Algebra, 1941. Chapters 
6 to 9 of this standard text book give an introductory account of the algebra 
of groups, vector spaces, matrices and linear transformations. Although 
not all the aspects required in quantum mechanical applications are included, 
the treatment is particularly noteworthy for its simple style and for the 
many examples which illustrate the meaning of the various terms as they are 
introduced. 

W. Ledebman; Introduction to the Theory of Finite Groups, 1953. This 
gives a good introduction to groups, but does not mention group representations . 

F. D. Mttrnaghan; The Theory of Group Representations, 1938. A rather 
advanced account of the theory of group representations is given, with 
particular reference to the permutation, rotation, Lorentz and crystallographic 
point-groups. 

H. Boerster; DarsteUungen von Gruppen mit Berucksichtigung der Bedurf- 
nisse der Modernen Physik, 1955. The mathematical theory is presented of 
the representations of the permutation group and of continuous groups of 
non-singular linear transformations in n-dimensions (including the unitary, 
rotation, Lorentz but not simplectio groups). 
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INDEX 



Abelian group, 14, 49, 124, 420. 

Accidental degeneracy, 44, 222, 278, 
301. 

Ammonia, 241. 

Angular distributions, 339. 

Angular momentum, 62-4, 80: coup- 
ling of, 67-72, 176-89. 

Anharmonicity, 256. 

Antisymmetric representation, 51, 90. 

Axial rotation group, 15, 55, 67, 
218: representations, 49, 1 36, 455-6. 



Band structure, 271-303: sticking 
together of bands, 285-93. 

Base vectors, 29: " standard," 58, 
66, 354. 

Basis, for representation, 28. 

Benzene, 213, 227, 244. 

Beta decay, 164, 384-396. 

Blooh function (orbital), 216, 266, 281. 

Body centred cubic structure, 265, 
268, 280. 

Brillouin zone, 267: special points, 
273: extended zone scheme 282: 
reduced zone scheme, 268. 



Carbon, 210. 

Carbon dioxide, 241, 263. 

Central self-consistent field Hamil- 
tonian, 75. 

Cerium ethylsulphate, 149. 

Characters, 114-124: for character 
tables of particular groups, see 
under names of groups, particularly 
Point-group. 

Charge conjugation, 376, 384, 397. 

Charge independence of nuclear forces 
321-333. 

Chromous sulphate, 155. 

Classes, 114, 122, 124-5. 

Clebsoh-Gordon, see Wigner coeffi- 
cients. 



Combination tone, 252. 
Commutation, 14, 146, 419. 
Commutation relations, 54, 352-4, 

367, 368, 423. 
Compatibility relations, 277. 
Complex conjugate representations, 

171, 235, 448. 
Configurational interaction, 77, 206. 
Configurations, atomic, 75, 91, 92, 

98: of the elements, 93: molecular, 

221: nuclear, 327. 
Constants of the motion, 144-7, 337, 

348. 
Continuous groups, 113, 125, 144. 
Covalent bond, 208-21. 
Crystal field splittings, 47, 112, 

148-163. 
Cubic group, see point-group. 
Cyclic group, 48. 

D 

D<i>, 58. 

Degeneracy, 2, 29, 42:' accidental, 
44, 222, 278, 301: splitting by 
perturbations, 44: due to time 
reversal, 171-3, 291, 448: in atoms, 
75-7, 84-5, 90-3: in molecular 
vibrations, 235, 258-61, 263: in 
solids, 278-9, 285-8, 291-303: due 
to isotopic spin, 325. 

Determinantal wave functions, 91, 
206. 

Deuteron, 328-30, 333, 337-8. 

Dimension of vector space, 26, 30, 412. 

Dirac equation, 366-383. 

Dirac method, 143-7. 

Direct inspection method, 310. 

Double suffix notation, 406. 

Double-valued (spin) representations, 
59-60, 137-41, 226, 293, 359-61, 
363. 

E 

Elastic constants, 305-12. 
Electromagnetic field, 349: vector 
potential, 383. 
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Element of a group, 14. 

Energy levels, crossing, 222: see 

also Degeneracy. 
Equivalence, of representations, 31-3, 

115, 119, 123: transformation, 32. 
Equivalent orbitals, 94. 
Eulerian angles, 60. 
Exchange, 91. 
Exclusion principle, electrons, 89-99, 

376, 403: nucleons, 315-21: posi- 

tronium, 399, 403. 



Face centred cubic structure, 265' 
268, 280, 281. 

Favoured transitions, 388. 

Finite groups, 113-25, 145: see also 
Point-groups. 

Forbidden transitions, 386, 394-5. 

Free electron model, 282. 

Full rotation and reflection group, 
15, 125-8. 

Full rotation group, 15, 51-72: 
irreducible representations, 55-61: 
characters, 117: reduction of pro- 
duct representation, 67-72. 

Fundamental theorems, of group 
theory, 412-19: on degeneracy of 
energy levels, 41-7: on matrix 
elements, 100-3, 120: on reactions, 
335-7, 348: on tensor components, 
309. 

G 

g-factor, 111, 153, 160-2. 

Gamma rays, 349. 

Gamma matrices, 367-87: definition, 

367-8: transformation properties, 

369: uniqueness, 370-2. 
General references, 457-8. 
Germanium, 296. 
Glide planes, 285, 285-302. 
Group, definition, 14: for specific 

groups and types of group, see 

under their respective name, e.g. 

Point-group. 
Group of k, 275, 299. 

H 

Hamiltonian, of free atom, 73: 
symmetry transformations of, 6-1 1 , 
19. 



Hartree's equations, 74. 

Hartree-Fock equations, 91, 96. 

Heitler-London wave function, 218. 

Homomorphism, 410. 

Hund's rule, 97. 

Hydrogen molecule, 10, 206-8, 216-8, 

228. 
Hyperfine structure, 189-205: s-elec- 

tron effect, 198. 



" Identical " representations, 33. 

Identity representation, 26, 103, 120. 

Improper rotations, 9, 129, 131, 238. 

Indium antimonide, 296. 

Infinitesimal rotation operators, 52— 
72, 106, 351-5: definition, 52: 
commutation relations, 54-5, 352- 
4: relation to angular momentum, 
62^1: relation to spin, 80, 375. 

Infinitesimal transformations, 422-3. 

Infra-red spectra, 239-41, 245-64. 

Inversion (in space), 9, 86, 356: 
group, 41: centre in point-groups, 
448: centre in solids, 295: in polar 
coordinates, 10: see also Parity and 
Time inversion. 

Irreducible representations, defini- 
tion, 34: in vector space, 35: 
specification by characters, 115: 
number of, 122: test for, 124: of 
specifio groups, see name of group 
or type of group, e.g. Point-group. 

Isomorphism, 20-2, 410-11. 

Isotopic spin, formalism, 313-21: 
and nuclear forces, 322-34: and 
reactions, 337-9, 346-9. 



Jahn-Teller effect, 175. 
jj -coupling, 86. 



Kramers' theorem, 166, 169-70. 



Lands splitting factor, 111. 
Level, of a term, 85: see also Degener- 
acy and Energy level. 
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Lorentz group, 351-63, 428: trans- 
formation under, 365-70, 379-81, 
385. 

M 

Magnetic field, Hamiltonian, 153, 
374: Zeeman effect, 111: Zeeman 
splitting in crystals, 148-62: effect 
of time reversal, 170, 383. 

Magnetic moment, of electron, 78, 
375: of nucleus, 190, 192. 

Matrix algebra, 404. 

Matrix elements, 2, 99-112: Funda- 
mental theorem on selection rules, 
100-3, 120: with Wigner and 
Racah coefficients, 183-6. 

Mesons, 331-2, 334, 338, 346. 

Molecular, wave functions, 206-228: 
vibrations, 229-44, 245-64. 

Multicomponent functions, 81-3, 88, 
365-6. 

N 

Negative energy states, 373, 376. 
Neutrino, 385, 391: two component, 

396. 
Normal coordinates, 232-3, 239. 
Nuclear, forces, 321-33: spin, 190: 

moments, 192. 

O 

Octahedral complexes, 227. 
Operator equivalents, 153, 163. 
Orbital angular momentum, 80: 

" quenched," 159. 
Orbitals, atomic, 74: in molecules, 

206-28. 
Orthogonality relations, 117-8, 123. 
Overtones, 252. 
Oxygen molecule, 220, 229. 
Ozone, 16, 233-40, 248-52, 259-60, 

262: see also " 32." 



Paramagnetic ions, 148-163. 

Parity, 86: of spin functions, 87, 361, 
398: of spherical harmonics, 87: 
atomic, 87, 104: nuclear, 190, 328, 
341—3: of fundamental particles, 
331, 334, 360: non-conservation of, 
386, 390, 395. See also Inversion. 



Paschen-Baok effect, 111. 

Periodic boundary conditions, 266. 

Periodic table, 92. 

Permutation (symmetric) group, 9, 
15: of order two, 41: of order three, 
21: of order n, representations, 50: 
see also Exclusion principle. 

Perturbation, splitting of levels, 44-6. 

Perturbation theory, degenerate, 106: 
spin-Hamiltonian form, 160, 223: 
for band structures, 283. 

Piezoelectric constants, 312. 

Point-groups, 15, 128-142: list of, 
130, 131, 135, 446: international 
and Shoenflies notation, 129-31, 
446: character tables, 136-7, 448- 
54, 455-6: double-valued repre- 
sentations, 137-41: point group 
three-two, 13-5, 27 (irred. reps.), 
115 (characters). 

Positron, 376: positronium, 397-403. 

Product groups, 125-8. 

Product representation, 67, 116: 
symmetrical, 260, 308. 

Projection operators, 119. 

Pseudo-vector, 89, 358, 383. 

Q 

Quadrupole moment, 201, 329. 
Quantum numbers, 75-6, 84. 
Quenching of orbital moment, 159. 



R 

Racah coefficients, 183-8, 202. 

Raman spectra, 239-41, 248-64: 
in solids, 284. 

Reactions, nuclear, 334-50: funda- 
mental theorem on, 335-7, 348: 
selection rules, 337-8, 341-3: angu- 
lar distribution of products 339-46: 
relative cross sections, 338-9, 
346-8. 

Reciprocal lattice, 267, 280. 

Reduced wave vector, 268. 

Reducibility, 33-7, 416. 

Reduction of a representation, 67, 
115. 

Reflection, 9. 

Representation(s), 25—9: reducible, 
irreducible, 33-7, 416: reduction 
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of, 67, 115: equivalence, 31-3: 
" identical," 33: identity repre- 
sentation, 26, 103, 120: complex 
conjugate, 171, 235: unfaithful, 
26: double-valued (spin), 59, 137, 
226, 293, 359, 363: regular, 121: 
of particular groups, see group or 
type of group, e.g. Point-groups. 

Relativistic, wave equation, 363-6: 
transitions, 387, 395. 

Rotations, 3-7, 11, 52-4: notation, 
4: composition of, 65: Eulerian 
angles, 60: see also Improper 
rotations, Infinitesimal rotation 
operators, Full rotation group, 
Axial rotation group, Point-groups. 

Russell-Saunders coupling, 85, 97. 



S 



(nuclei): -spin coupling, 81: -rep- 
resentations (double-valued), 59- 
60, 137-41, 226, 293, 359-61, 363. 

Spinor, 66, 83, 177, 355: fields, 360, 
365: invariants, 177. 

Splitting of levels, 1, 44-7: see 
also Degeneracy and Perturbation 
theory. 

Square lattice, 268-283. 

Star of k, 274, 299. 

Stereogram, 129-30. 

Sub-group, 20. 

Sum rule, 109. 

Symmetric group, see Permutation 
group. 

Symmetrical product, 260, 308. 

Symmetry, consequences of, 1-3: 
transformations, 3-6: of Hamil- 
tonian, 6-12, 16-20. 



Sohur's lemma, 101, 118, 415, 418. 

Screw axes, 285-7, 296, 299-301. 

Selection rules, Fundamental theo- 
rem for, 99, 102-3, 120: electric 
dipole transitions, 103: magnetic 
dipole, 110: molecular spectra, 240, 
247, 249: beta decay, 386-8, 395: 
gamma emission, 349, 350: reac- 
tions, 337-9: positronium, 401. 

Self -consistent field, 74, 91. 

Shell model, 326. 

Simple harmonic oscillator, 6, 233, 
252-4, 256-61, 264, 424-7. 

Space-groups, 128, 265, 284, 265-303: 
summary of irreducible representa- 
tions, 273-6, 299-300: spin rep- 
resentations, 293. 

Spectroscopic notation, 75, 218. 

Spherical harmonics, 58-9: parity, 
87: characters, 117: matrix ele 
ments, 149-53. 

Spin, electron, 78-9, 365-6, 375; 
nuclear, 190, 330: other particles, 
331, 365: functions, 82-3 (defini 
tion), 60, 83 (transformation), 87, 
360, 361, 398 (parity), 167 (time 
reversal): operators, 79, 88: mat 
rices, 88. 

Spin—, -Hamiltonian, 156-64, 223 
-orbit coupling, 81, 107, 226, 293, 
375, 397 (electrons), 329, 334 



Tensors, 70, 72, 184, 304-12. 

Terms (energy levels), atomic, 83-6, 
93-7, 107-110: molecular, 221, 225, 
229: positronium, 401. 

32 (point-group " three-two "), 13-5: 
irreducible representations, 27: 
characters, 115: see also Point- 
groups. 

Time-inversion, 164, 356, 428. See 
also Time -reversal. 

Time-reversal, 164-75: and complex 
representations, 235, 448: in band 
structures, 290, 295: symmetry of 
tensors, 312: Dirac equation, 383: 
beta decay, 396. See also Time- 
inversion. 

Transformations, 3-6, 12, 24, 30: of 
Hamiltonian, 6-12, 16-9: of wave 
functions, 8, 24, 41: of operators, 
25 footnote: of multi-component 
functions, 81-3, 88, 365-6: equi- 
valence, 32: unitary, 409, 414: 
relativistic, 379. 

Transitions, see Selection rules. 

Translation group, 265. 

U 

Unfavoured transitions, 388. 
Unitary, matrix, 408: transforma- 
tions, 409, 414. 
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Valence, bond orbital, 208, 213. 

Vector coupling, see Wigner coeffi- 
cient. 

Vector potential, 383. 

Vector space, definition, 29: reduc- 
ibility, 35: mathematical theory, 
412-7: application to quantum 
mechanics, 41. 

Vectors in ordinary space, 59, 70, 
358: pseudo-, 89, 358, 383. 

Vibrations, of molecules, 229-44, 
245-64: in solids, 284. 



W 

Wave functions, transformation of, 

8, 24, 41: multicomponent, 81-3, 

88, 365-6. 
Wave vector, 266: reduced, 268, 

282. 
Wigner coefficients, 70-2, 176-89: 

tables of, 432-45. 

X YZ 

Zeeman effect, 111: in crystals, 
148-62. 
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